
�ÆÆ�� ¾¼½�

ÌÀ�Ë� » ÍÆÁÎ�ÊËÁÌ� �� Ê�ÆÆ�Ë ½
×ÓÙ× Ð� ×��Ù �� Ð³ÍÒ�Ú�Ö×�Ø� �Ö�Ø��Ò� ÄÓ�Ö�

ÔÓÙÖ Ð� �Ö��� ��

�Ç�Ì�ÍÊ �� Ä³ÍÆÁÎ�ÊËÁÌ� �� Ê�ÆÆ�Ë ½

Å�ÒØ�ÓÒ � Å�Ø��Ñ�Ø�ÕÙ�× �Ø �ÔÔÐ��Ø�ÓÒ×

�ÓÐ� �ÓØÓÖ�Ð� Å�ÌÁËË�

ÔÖ�×�ÒØ�� Ô�Ö

ÇÔ��Ð�� ÊÓÙ�Ý

ÔÖ�Ô�Ö�� � Ð³ÙÒ�Ø� �� Ö���Ö�� ��¾� �Ù �ÆÊË � ÁÊÅ�Ê

ÁÒ×Ø�ØÙØ �� Ê���Ö�� Å�Ø��Ñ�Ø�ÕÙ� �� Ê�ÒÒ�×
Í�Ê �� Å�Ø��Ñ�Ø�ÕÙ�×

�ÓÒ��Ø�ÓÒ× ��

ÕÙ�ÒØ���Ø�ÓÒ ��

�Ó�Ö¹ËÓÑÑ�Ö��Ð�

ÔÓÙÖ ��× ÓÔ�Ö�Ø�ÙÖ×

×�Ñ�¹Ð�××�ÕÙ�×

ÒÓÒ �ÙØÓ¹���Ó�ÒØ×º

Ì��×� ×ÓÙØ�ÒÙ� � Ê�ÒÒ�×

Ð� ¾� ÒÓÚ�Ñ�Ö� ¾¼½�

��Ú�ÒØ Ð� �ÙÖÝ ÓÑÔÓ×� �� �

Ä�ÙÖ�ÒØ ���ÖÐ�× »Å��ØÖ� �� ÓÒ��Ö�Ò�×¸
ÍÒ�Ú�Ö×�Ø� È��ÖÖ� �Ø Å�Ö�� �ÙÖ�� » �Ü�Ñ�Ò�Ø�ÙÖ

�ÐÓØ�Ð�� ��ÖÑ�Ò��Ò Ã�ÑÑ�Ö�Ö
» ÈÖÓ��××�ÙÖ¸ ÍÒ�Ú�Ö×�Ø� È�Ö�× �×Ø ¹ �Ö�Ø��Ð Î�Ð ��

Å�ÖÒ� » �Ü�Ñ�Ò�ØÖ��

Å����Ð À�ØÖ�� »ÈÖÓ��××�ÙÖ¸ ÍÒ�Ú�Ö×�Ø� ��

��Ð��ÓÖÒ�� � ÄÓ× �Ò��Ð�× » Ö�ÔÔÓÖØ�ÙÖ

Ã�Ö�Ð ÈÖ�Ú��¹ËØ�ÖÓÚ » ÈÖÓ��××�ÙÖ¸

ÍÒ�Ú�Ö×�Ø� �� Ê�ÒÒ�× ½ » �Ü�Ñ�Ò�Ø�ÙÖ

Ì���ÖÖÝ Ê�ÑÓÒ� »Å��ØÖ� �� ÓÒ��Ö�Ò�×¸

ÍÒ�Ú�Ö×�Ø� È�Ö�× ËÙ� » Ö�ÔÔÓÖØ�ÙÖ

ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� » ��Ö�Ø�ÙÖ ��

Ö���Ö��× �Ñ�Ö�Ø�¸ ÍÒ�Ú�Ö×�Ø� �� �ÓÙÖ�Ó�Ò� »

�Ü�Ñ�Ò�Ø�ÙÖ

Ë�Ò Î£Ù Æ�Óº » ÈÖÓ��××�ÙÖ¸ ÍÒ�Ú�Ö×�Ø� ��

Ê�ÒÒ�× ½ » ��Ö�Ø�ÙÖ �� Ø��×�



¾



Ê�Ñ�Ö��Ñ�ÒØ×

�ÓÑÑ� �Ð �×Ø �� ÓÙØÙÑ� �� Ð� ���Ö�¸ �� ÓÑÑ�Ò� � Ñ�ÒÙ×Ö�Ø ´ÓÙ ÔÐÙØ�Ø ��Ò× Ð�

�ÖÓÒÓÐÓ��� �³�Ö�ØÙÖ� �� � ��ÖÒ��Ö �� �Ò�×µ Ô�Ö ÕÙ�ÐÕÙ�× Ö�Ñ�Ö��Ñ�ÒØ×º

���Ò �ÒØ�Ò�Ù¸ �� ×ÓÙ���Ø� �³��ÓÖ� Ö�Ñ�Ö��Ö ÑÓÒ ��Ö�Ø�ÙÖ �� Ø��×�¸ Ë�Ò¸ ÕÙ� �Ò ÔÖ�Ñ��Ö

Ð��Ù � ��ÔØ� Ð� ÐÓÙÖ�� Ö�×ÔÓÒ×���Ð�Ø� �� Ñ� ÔÖ�Ò�Ö� �Ò Ø��×� �Ø ÕÙ� Ñ³� ×ÓÙØ�ÒÙ� Ô�Ò��ÒØ

ØÓÙØ� Ð� �ÙÖ�� �� �ÐÐ�¹�º Å�Ö� �� Ñ³�ÚÓ�Ö �ÑÑ�Ò�� �Ò ÓÒ��Ö�Ò�× ÕÙ� � ×Ó�Ø �Ò �Ö�Ò�

ÓÙ � Ð³�ØÖ�Ò��Ö ´�Ø �³�ÚÓ�Ö ��ÔØ� ÒÓØ�ÑÑ�ÒØ �� Ñ³�ÓÑÔ��Ò�Ö ÔÓÙÖ Ñ�× ÔÖ�Ñ��Ö× ÚÓÐ×
�Ö �� Ò³�Ø��× Ô�× ÚÖ��Ñ�ÒØ Ö�××ÙÖ�� � Ð³���� �� ÕÙ�ØØ�Ö Ð� Ø�ÖÖ� ��ÖÑ�µº Å�Ö� �³�ÚÓ�Ö �Ò��Ö�

ÑÓÒ ØÖ�Ú��Ð ÐÓÖ× �� Ö�Ò��Þ¹ÚÓÙ× ����ÓÑ����Ö�×¸ � ÕÙ� Ñ� ÓÒÚ�Ò��Ø Ô�Ö���Ø�Ñ�ÒØ ´Ñ�Ñ�

×� Ô�Ö�Ó�×¸ ÐÓÖ× �� �× ��ÖÒ��Ö×¸ �� Ò³�Ú��× Ô�× ØÓÙ�ÓÙÖ× ÕÙ�ÐÕÙ�¹�Ó×� �� Ñ�Ø��Ñ�Ø�ÕÙ� �

Ö�ÓÒØ�Öµº Å�Ö� ���Ò ×�Ö �� Ñ³�ÚÓ�Ö �ÔÔÖ�× ��× Ñ�Ø��Ñ�Ø�ÕÙ�× �Ø �� Ñ³�ÚÓ�Ö ���Ø ��ÓÙÚÖ�Ö

ÕÙ³ÓÒ Ô�ÙØ �ØÖ� Ô�××�ÓÒÒ� Ô�Ö �ÐÐ�×º �Ò�Ò¸ Ñ�Ö� ���Ð�Ñ�ÒØ ÔÓÙÖ Ø� Ô�Ø��Ò� �Ø Ø� ��ÒØ�Ð¹

Ð�××� ØÓÙØ �Ù ÐÓÒ� �� � ØÖ�Ú��Ðº

Å�Ö� � Ä�ÙÖ�ÒØ ���ÖÐ�×¸ �ÐÓØ�Ð�� ��ÖÑ�Ò��Ò Ã�ÑÑ�Ö�Ö¸ Å����Ð À�ØÖ��¸ Ã�Ö�Ð ÈÖ�Ú��¹

ËØ�ÖÓÚ¸ Ì���ÖÖÝ Ê�ÑÓÒ� �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �³�ÚÓ�Ö ��ÔØ� �� ���Ö� Ô�ÖØ�� �� ÑÓÒ �ÙÖÝ

�� Ø��×�º Å�Ö� ÔÐÙ× ÔÖ��×�Ñ�ÒØ � Å����Ð À�ØÖ�� �Ø � Ì���ÖÖÝ Ê�ÑÓÒ� �³�ÚÓ�Ö ��ÔØ� ��

Ö�ÔÔÓÖØ�Ö Ñ� Ø��×�º Ì��Ò� ÝÓÙ Å����Ð �ÓÖ Ø�� �ÙÖ�Ø� ÓÑÑ�ÒØ× ÓÒ ÑÝ È�� Ñ�ÒÙ×Ö�ÔØ

�Ò ÝÓÙÖ Ö�ÔÓÖØ �Ò� Ø��Ò� ÝÓÙ Ú�ÖÝ ÑÙ� �ÓÖ ��Ú�Ò� ×ÙÔÔÓÖØ�� ÑÝ ÔÓ×Ø�ÓØÓÖ�Ð �ÔÔÐ��Ø�ÓÒ×
Ø��× Ý��Ö¸ �Ø �× ÔÖÓ���ÐÝ Ô�ÖØÐÝ Ø��Ò�× ØÓ ÝÓÙÖ Ö�ÓÑÑ�Ò��Ø�ÓÒ Ð�ØØ�Ö Ø��Ø Á Ó�Ø��Ò�� �

ÔÓ×Ø�ÓØÓÖ�Ð ÔÓ×�Ø�ÓÒº Å�Ö� � Ì���ÖÖÝ Ê�ÑÓÒ� ÔÓÙÖ ×ÓÒ Ö�ÔÔÓÖØ ��Ø��ÐÐ� �Ø �ÒÓÙÖ����ÒØ

ÔÓÙÖ Ð� ×Ù�Ø� ÓÒ�ÖÒ�ÒØ ÑÓÒ Ñ�ÒÙ×Ö�Ø �� Ø��×� �Ø Ñ�Ö� ���Ð�Ñ�ÒØ �³�ÚÓ�Ö ÔÖ�× Ð� Ø�ÑÔ×

�� ��×ÙØ�Ö �Ú� ÑÓ� �� ÑÓÒ Ñ�ÒÙ×Ö�Ø Ô�Ö Ø�Ð�Ô�ÓÒ�º Å�Ö� Ñ��ÒØ�Ò�ÒØ � Ä�ÙÖ�ÒØ ���ÖÐ�×¸

�ÐÓØ�Ð�� ��ÖÑ�Ò��Ò Ã�ÑÑ�Ö�Ö¸ Ã�Ö�Ð ÈÖ�Ú��¹ËØ�ÖÓÚ �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �³�ÚÓ�Ö ��ÔØ�

�³�Ò�Ó××�Ö Ð� Ö�Ð� �³�Ü�Ñ�Ò�Ø�ÙÖ× ÔÓÙÖ �ØØ� Ø��×� �Ø �³�ØÖ� Ð� �Ù�ÓÙÖ�³�Ù�º Å�Ö� � Ä�ÙÖ�ÒØ

���ÖÐ�× �� Ñ³�ÚÓ�Ö �Ù��ÐÐ�� � ÔÐÙ×��ÙÖ× Ö�ÔÖ�×�× � ÂÙ××��Ù¸ �� Ñ³�ÚÓ�Ö ����� ÒÓØ�ÑÑ�ÒØ

� ÓÑÔÖ�Ò�Ö� Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ÌÓ�ÔÐ�ØÞ �Ø ÙÒ Ô�Ù �� ��ÓÑ�ØÖ�� �Ø Ñ�Ö� ���Ð�Ñ�ÒØ ��

Ñ³�ÚÓ�Ö ×ÓÙØ�ÒÙ� ÐÓÖ×ÕÙ� �³�Ø��× ÓÑÔÐ�Ø�Ñ�ÒØ Ô�Ö�Ù�º Å�Ö� � Ã�Ö�Ð ÔÓÙÖ Ð�× ��×Ù××�ÓÒ×

�ÒØ�Ö�××�ÒØ�× ×ÙÖ Ð� Ñ���×Ø�Ö�¸ Ð³��Ö���Ø�ÓÒ¸ Ð�× Ð�××�× ÔÖ�Ô� ººº �Ò�Ò¸ Ñ�Ö� � ÂÓ��ÒÒ�×

Ë��×ØÖ�Ò� �� Ñ³�ÚÓ�Ö ×ÓÙØ�ÒÙ� ÐÓÖ× �� Ñ�× �Ò����ØÙÖ�× �� ÔÓ×Ø¹�Ó �Ø �³�Ø�Ö �ØØ� �ÒÒ��¸
Ñ�Ö� �� Ð³�ÒØ�Ö�Ø ÔÓÖØ� � ÑÓÒ ØÖ�Ú��Ð �Ø �³�ÚÓ�Ö ÓÒ×�Ö� �Ù Ø�ÑÔ× ÒÓØ�ÑÑ�ÒØ � ÑÓÒ

ÔÖ�Ñ��Ö �ÖØ�Ð� ��Ò× Ð�ÕÙ�Ð Ð³�ÔÔÐ��Ø�ÓÒ �ÙÜ ÓÔ�Ö�Ø�ÙÖ× PT ¹×ÝÑ�ØÖ�ÕÙ�× Ò³�Ü�×Ø�Ö��Ø Ô�×

×�ÒÓÒ¸ Ñ�Ö� ���Ð�Ñ�ÒØ ÔÓÙÖ Ð�× ÒÓÑ�Ö�ÙÜ ÓÑÑ�ÒØ��Ö�× ØÖ�× �ÒØ�Ö�××�ÒØ× ×ÙÖ �Ø �ÖØ�Ð� ÕÙ�

Ñ³ÓÒØ Ô�ÖÑ�× ÙÒ� ���Ò Ñ��ÐÐ�ÙÖ� ÓÑÔÖ���Ò×�ÓÒ �� Ð� Ø��ÓÖ�� Ñ�Ø��Ñ�Ø�ÕÙ� ×ÓÙ×¹���ÒØ�º

ÈÓÙÖ ØÓÙ× Ð�× �ÙØÖ�× ´�Ø ÚÓÙ× �Ø�× ÒÓÑ�Ö�ÙÜµ¸ �Ð ��Ù�Ö� ���Ö� ÙÒ Ô�Ø�Ø ��ÓÖØ ÔÓÙÖ ×�ÚÓ�Ö

×� ÓÙ� ÓÙ ÒÓÒ¸ ÚÓÙ× ÚÓÙ× ØÖÓÙÚ�Þ ��Ò× �× Ö�Ñ�Ö��Ñ�ÒØ×¸ Ñ��× �³ÙÒ �ÙØÖ� �Ø�¸ �Ð ��ÙØ ���Ò

ÕÙ� ÚÓÙ× �Ý�Þ ÕÙ�ÐÕÙ�¹�Ó×� � ���Ö� Ô�Ò��ÒØ �ØØ� ×ÓÙØ�Ò�Ò� ÕÙ� �Ó�Ø �ØÖ� ��×ÓÖÑ��× ØÖ�×

�ÒÒÙÝ�ÒØ� �

¿



197 1 2 253 3 312

4 199 5 215 6 7 257 261 267 272 293 298 303

8 205 221 9 10 11 317

12 13 279 14

15 16 236 240 17 18 306

19 20 248 21 318

22 23 216 24 25 273 285

26 206 27 28 299 307 313

29 30 231 254 31

32 33 34 268 35

36 37 222 38 39 255 40 286 41 319

42 43 44 241 45 46 47

48 49 50 51 274 52 308

53 54 55 56 287 57

58 59 223 242 262 280 60 61 320

62 63 64 65

66 67 227 68 263 69 288 294

207 70 71 275 72 314

73 200 217 74 75 300 76

77 78 243 256 79 304 309

80 211 81 258 82 276 281 83 84

85 86 87 88 289 89

90 212 244 91 264 92 321

93 94 228 232 95 249 96 97

98 99 100 269 101 295 301

102 245 103

104 208 105 250 106 107

108 218 109 237 110 282

111 112 224 113 114 277 115 315

116 209 117 118 119 296 120

198 121 122 123 124

125 201 126 127 128 129 316

130 131 246 251 132 290 305 133 322

134 210 213 135 136 137 310

138 139 229 233 265 297 140

141 202 142 259 143 283 291 144

145 146 147 247 148 270 149

150 151 234 152

153 219 154 155 156 311 323

157 203 158 225 238 252 159 160

161 214 162 163 271 164

165 230 166 167 168 169 324

170 171 172 173 174 175

176 204 220 177 178 179

180 181 226 182 260 183

184 185 186 187 278 284 292 302 188

189 190 235 239 191 266 192 325

193 194 195 196



ÀÓÖ�ÞÓÒØ�Ð

� ÑÓØ �Ò��ÒØ�Ò
� Ð�Ò�Ù� �Ù ×Ù�
� ÔÓ�Ñ� ÐÝÖ�ÕÙ� ÓÙ ��Ö�Ú��Ø�ÓÒ �³�Ò�ÐÝ×Ø�
�Ò�Ð��×
� �Ò��ÒÒ� ÒÓØ� ÓÙ � Ð³�ÒÚ�Ö× ÔÖÓÒÓÑ Ô�Ö×ÓÒÒ�Ð
� ÓÖ��Ø�Ð �ØÓÑ�ÕÙ�
� ÕÙ�Ò� ÓÒ Ö�Ø¸ ÓÒ Ð� Ö�Ô�Ø� ØÖÓ�× �Ó�×
� Ñ�Ö� � ÐÙ� ÔÓÙÖ ×� Ô�××�ÓÒ �� Ð³�Ð���Ö� �Ø �
�ÐÐ� ÔÓÙÖ Ð³�Ò�Ø��Ø�ÓÒ �Ù È�ÖÙ�Ó �
� ³�×Ø Ð� ÒÓÑ �³ÙÒ Ñ�Ø��Ñ�Ø���Ò �ÐÐ�Ñ�Ò� �Ø
³�×Ø ÙÒ ÑÓØ �ÑÔÓÖØ�ÒØ �� Ð� Ø��×�
� �ÐÐÙÑ�Ò�ÒØ ÙÒ� �ÓÙÖÒ��
�� ��Ð�Ó��� �Ò �Ò�ÓÒ�×��Ò
�� ÒÓØ� �� ÑÙ×�ÕÙ� ÓÙ Ñ�ÖÕÙ� �� ��Ó�ÓÖ�ÒØ
�� ÔÐ�ÒØ� ÕÙ³ÓÒ ���Ø Ñ��Ö�Ö ��Ò× Ð³��Ù �� Ú��
ÔÓÙÖ ���Ö� ÙÒ �Ô�Ö�Ø�� ØÝÔ�ÕÙ� �� Î�Ò���
�� Ñ�Ö� � �ØØ� ÒÓÙÚ�ÐÐ� �ÓÙ�Ù×� �³À�Ò��� �Ø ��
Ø�ÖÓØ �Ù Ñ��� ÒÓØ�ÑÑ�ÒØ ÔÓÙÖ ×�× �ÓÙÕÙ�ØØ�×
ººº
�� ÕÙ�Ð���Ø�� �� ÕÙ�ÐÕÙ³ÙÒ ÕÙ� � Ð� Ð�××� ÓÙ �
Ð³�ÒÚ�Ö× Ò���Ø�ÓÒ
�� ����Ø�� ÔÓÙÚ�ÒØ ��Ö�Ö� Ð� ÒÓÙÚ��Ù ÔÖ�×���ÒØ
�Ñ�Ö���Ò ÓÙ � ���Ö� ×ÙÖ Ð� ��Ð�Ò� �Ú�ÒØ ��
Ô�×�Ö ÕÙ�ÐÕÙ�¹�Ó×�
�� ×Ø�Ø�ÓÒ �� Ö���Ó Ú�Ò���ÒÒ�
�� ��ÙÖ� �³��Ù�Ò�
�� ÙÒ �ÖÓÙÔ� Ô�ÙØ Ð³�ØÖ� Ñ��× S3 Ò� Ð³�×Ø Ô�×
�� Ð�ØØÖ� �Ö�ÕÙ� ÓÙ ÓÖ��Ò�×�Ø�ÓÒ ��×ÕÙ�
�Ò��Ô�Ò��ÒØ�×Ø�
�� �Ú�Ø�× ÕÙ� ×� �ÓÖÑ�ÒØ ÐÓÖ× �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ
�Ñ�ÖÝÓÒÒ��Ö�
�� ����Ø�ÒØ �� �Ó×¹ÊÓ��Ö¹×ÙÖ¹�Ù�Ý
�� �ÒØ� Ñ�Ö����Ñ ÓÙ ×Ù�× �Ò �Ò�Ð��×
�� �ÖÙ�Ø �� Ð� Ô�Ò�ÙÐ� ÓÙ ÑÓÙÚ�Ñ�ÒØ ÓÑÔÙÐ¹
×��
�� �Ø Ð³�Ò�Ñ�Ð �Ñ�Ð�Ñ�Ø�ÕÙ� �Ù ÈÓ�ØÓÙ¹
���Ö�ÒØ�×
�� Ñ�Ö� � ÑÓÒ �Ô�Ø�Ø� �Ö�Ö� �� Ô�ÖØ���Ö ÙÒ�
Ô�××�ÓÒ ÓÑÑÙÒ� �Ú� ÑÓ� ��× Ñ�Ø��Ñ�Ø�ÕÙ�×¸
�Ù ÑÓ�Ò× ÓÒ ×� ÓÑÔÖ�Ò� �
�� ÒÓÑ �³ÙÒ� ØÖ�Ò×�ÓÖÑ�� ÕÙ³ÓÒ � ��Ø�×Ø� �Ò
��Ö��
�� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××�¸ ØÓÒ ���� �Ø ØÓÒ
����Ø� ÓÒ�ÖÒ�ÒØ Ð�× Ø���× ��Ñ�Ò�×ØÖ�Ø�Ú�×
ÕÙ� ÓÒØ Ö�Ò�Ù ÒÓØ�ÑÑ�ÒØ Ð� ��×Ø�ÓÒ �� Ð�
ÔÙ�Ð��Ø� �Ù ×�Ñ�Ò��Ö� Ä�Ò��Ù ���ÙÓÙÔ ÔÐÙ×
×�ÑÔÐ�
�� Ð� Ø�Ð�×ÓÔ� �×Ø ÙÒ �Ü�ÑÔÐ� �³ÙÒ Ø�Ð ×Ý×Ø�Ñ�
�� ÒÓÙ× Ð� ×ÓÑÑ�× ØÓÙ× ÙÒ Ô�Ù¸ ×ÙÖØÓÙØ Ð�×
Ñ�Ø��ÙÜ
�� COCH3 �Ò �Ò�Ð��×
�� �ÖÓ××�Ø ÓÙ �ÖÒ�ÕÙ�
�� Ñ�Ø��Ñ�Ø���Ò �ÓÒ�ÖÓ�× ÕÙ� � Ð��××� ×ÓÒ ÒÓÑ
� ÙÒ� Ñ�×ÙÖ�

Î�ÖØ��Ð

� �Ö��Ð� ÙØ�Ð�×�� ÔÖ�Ò�Ô�Ð�Ñ�ÒØ ÔÓÙÖ Ð� ÔÖ�Ô�¹
Ö�Ø�ÓÒ �� Ð� ���Ö� �Ø �Ù Û��×�Ý
� ÐÙ� �� �ÓÓØ ��× �Ò��Ò�ÙÖ×
� ³�×Ø ÙÒ ��× ÑÓØ× �Ù Ø�ØÖ� Ñ��× �Ò ×ÓÐÓ
� ��Ö�Ú��Ø�ÓÒ ÔÓÙÖ Ð³�ÝÔ�ÖØ�Ò×�ÓÒ �Ò �Ò�Ð��×
� ÓÙØ�Ð �� ��××�Ò
�� ÙØ�Ð�×� � Ð³ÙÒ�Ú�Ö×�Ø� ÔÓÙÖ �Ú�ÐÙ�Ö Ð�× �ØÙ��¹
�ÒØ× �Ù ÓÙÖ× ��× ×�Ñ�×ØÖ�×
�� Ñ�Ø��Ñ�Ø���Ò ÖÙ××� ØÓÙ�ÓÙÖ× ÓÐÐ� � ÙÒ
Ñ�Ø��Ñ�Ø���Ò �ÐÐ�Ñ�Ò�
�� Ñ�Ö� ÔÓÙÖ Ø�× ÓÙÖ× �� Ð�ÕÙ�ØØ�× ØÓÙ�ÓÙÖ×
�Ù ØÓÔ �Ø ÑÓØ�Ú�ÒØ �Ø Ø� �ÓÒÒ� �ÙÑ�ÙÖ ÓÑÑÙ¹
Ò��Ø�Ú�
�� ��ÙÚ� �Ù ÒÓÖ� ÓÙ ØÝÔ� �� Ô�Ð�
�� ��ÖÓ× �ÙÜ �ÓÙÞ� ØÖ�Ú�ÙÜ ´�Ò���Ø�ÓÒ � � Ò³�×Ø
Ô�× ÙÒ �ÓØÓÖ�ÒØµ
�� Ñ�Ö� ÔÓÙÖ Ø� �ÓÒÒ� �ÙÑ�ÙÖ¸ ØÓÒ Ö�Ø�Ö� ×Ý×¹
Ø�Ñ�Ø�ÕÙ� ÔÓÙÖ �ÐÐ�Ö Ñ�Ò��Ö¸ �³�ÚÓ�Ö �××�Ý� ��
���Ö Ð� Ø�� ��× ×�Ñ�Ò��Ö�× �Ø Ò³ÓÙ�Ð�� Ô�× Ð�
Ô��� �ÒØ��Ö� �� Ö�Ñ�Ö��Ñ�ÒØ× Ñ� ÓÒ�ÖÒ�ÒØ
��Ò× ØÓÒ Ñ�ÒÙ×Ö�Ø �� Ø��×�
�� Ô�ÖØ� ÔÓÐ�Ø�ÕÙ� Ñ�Ð����
�� Ñ�Ö� �� Ñ³�ÚÓ�Ö ���Ø ØÖ�Ú��ÐÐ�Ö ÑÓÒ �Ò�Ð��×
�Ò ÔÖ�Ñ��Ö� �ÒÒ�� �� Ø��×�¸ Ñ�Ö� ÔÓÙÖ ØÓÒ �Ô�Ò¹
Ô�Ò�¸ Ñ�Ö� ÔÓÙÖ Ø�× ÓÓ���× �Ù Ô�Ñ�ÒØ �Ø Ñ�Ö�
ÔÓÙÖ Ð�× ���Ö�× �Ø Ð�× �Ô��×
�� Ñ�Ö� ÔÓÙÖ Ø� Ù�×�Ò� �Ù ×Ù� ×� ��Ð���Ù×�
�� ��Ò×� ��× ���Ö�Ø× �Ö�Ò���× ÓÙ ��Ú�Ö����
�� Ñ�Ø��Ö� ��Ø�×Ø�� Ô�Ö Ð� ÔÐÙÔ�ÖØ �Ò Ð�××�
ÔÖ�Ô�
�� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××� �Ø ×ÙÖØÓÙØ Ñ�Ö�
ÔÓÙÖ ØÓÒ ��Ø��Ù �Ù �ÓÓÐ�Ø �Ø � Ð� ×ÓÙÔ� ��
ØÓÑ�Ø�
�� Ô�× �� ��×� ��× Ð�ÕÙ�ØØ�× ÓÒ×Ø�ØÙ� �� ��ÙÜ
×ÓÒ×
�� ÑÓÒÒ��� �Ù ÑÓÝ�Ò¹���
�� �××ÙÖ�Ò� ÓÙ ÒÓÑ �³ÙÒ ��ÒØ�ÙÖ �� Ú�Ö��Ø�
�Ö�Ò���×�
�� ���Ð� ��× ��ÓÑ�ØÖ�×
�� ��×ÓÐ� �Ò Ð�Ò���� ×Ñ× ÓÙ � Ð³�ÒÚ�Ö× �ÖÓ�Ù�
��ÒØ�� Ô�Ö Ð�× ���ØÐ�×
�� ÓÒ Ô�ÙØ ���Ö� ��× ÓÒ×ØÖÙØ�ÓÒ× ��ÓÑ�ØÖ�ÕÙ�×
�Ò ×³����ÒØ �� �× ��ÖÒ��Ö�× �Ø �� ÓÑÔ�×
�� Ñ�Ò��Ò�×�
�� ÔÐ�Ø ×�Ò���Ð��×
��� ÚÓ�Ö �Ò Ð�Ø�Ò
��� �ÔÙ�×� ÓÙ � Ð³�ÒÚ�Ö× ×�Ð �Ò ÔÓÖØÙ���×
��� Ñ�Ö� ÔÓÙÖ ��× ��×Ù××�ÓÒ× ØÓÙ�ÓÙÖ× ØÖ�× �Ò¹
Ø�Ö�××�ÒØ�× ÓÙ ØÖ�× �Ò�Ñ��× ×ÙÖ Ð� ÔÓÐ�Ø�ÕÙ� ÐÓÖ×
��× Ñ�Ò���×Ø�Ø�ÓÒ× �Ø ×ÙÖØÓÙØ ÙÒ �Ö�Ò� Ñ�Ö�
ÔÓÙÖ Ð� Ì� � Ð³�Ò×�� �
��� Ñ�Ö� � ÑÓÒ �Ö�Ò�¹�Ö�Ö� �� Ø��×� ÔÓÙÖ
ØÓÙØ�× Ð�× �Ò�ÓÖÑ�Ø�ÓÒ× ÕÙ³�Ð Ñ³� �ÓÒÒ��× ÒÓØ�Ñ¹
Ñ�ÒØ ×ÙÖ Ð³�ÔÖ�×¹Ø��×� �Ø Ð� Ö���Ö�� ��× ÔÓ×Ø¹
�Ó× �Ø �ÒÓÖ� �Ö�ÚÓ ÔÓÙÖ ØÓÒ ÔÓ×Ø� �� Å��ØÖ�
�� ÓÒ��Ö�Ò�× �

�



ÀÓÖ�ÞÓÒØ�Ð

�� Ñ�Ö� ÔÓÙÖ Ø�× ÓÙÖ× �� Ð�ÕÙ�ØØ�× �Ò
���ÙØ�ÒØ ÕÙ� �Ø���ÒØ ×ÙÔ�Ö× �Ø �ÝÒ�Ñ�ÕÙ�×¸ �³Ý
�� �ÔÔÖ�× �ÒØÖ� �ÙØÖ� Ð� Ö��Ù�ÙÖ �Ò Ð�ÕÙ�ØØ�×
�� ÆÓØÖ�¹��Ñ�¹��×¹���ÑÔ× ÓÙ Æ�Ø�ÓÒ�Ð �ÖÙ�
�Ó��
�� �Ò×ØÖÙÑ�ÒØ � ÓÖ��× Ô�Ò��× �Ò�ØÖ� �Ù ÐÙØ�
�� ��ÙÚ� �Ù ÒÓÖ�¹ÓÙ�×Ø �� Ð³�ÐÐ�Ñ��Ò� ÓÙ
×Ó��Ø� Ñ�Ø��Ñ�Ø�ÕÙ�
�� �ÖØ�Ð� ���Ò� �Ö�ØÓÒ ÓÙ �Ö���
�� �ÓÑÑ� �� �Ó�
�� Ú�ÐÐ� �� Ð³�×Ø ��× È�Ý×¹��× ÓÙ �ÐÚ�× ÈÖ�×Ð�Ý
�ÒØ�ÖÔÖ�×�×
�� Ñ�Ö� � Ø�× Ø�ÒÙ�× �³�ÒØÖ�Ø��Ò �³�Ñ��Ù��¸
Ñ�Ö� ÔÓÙÖ Ð�× ��ÙÖ×¸ Ñ�Ö� ÔÓÙÖ Ø� �ÓÒÒ�
�ÙÑ�ÙÖ �Ø ØÓÒ ×ÓÙÖ�Ö�¸ Ñ�Ö� ÔÓÙÖ ØÓÙØ�× �×
Ô�ÖØ��× �� �ÖØ� ÕÙ³ÓÒ � Ô�Ö�Ù�× �Ò×�Ñ�Ð�¸ ³�×Ø
�� ÙÒ� ÚÖ��� �Ñ�� �
�� �Ð Ô�ÙØ �ØÖ� �� ×ÝÑ�ØÖ�� ÓÙ �� ÖÓØ�Ø�ÓÒ
�� ×�ÓÒ� Ñ�Ñ�Ö� �� Ð� ÐÓ� �³Ç�Ñ ÓÙ �ÜÔÖ�Ñ�
×ÓÒ �ÑÙ×�Ñ�ÒØ
�� ÙÒ ��× Ø�� �� ÔÐÙ× �Ò ÔÐÙ× ÙØ�Ð�×� ��Ò× Ð�×
ÓÐÐ���× �Ø ÐÝ��×
�� ×�Ø�ÐÐ�Ø� �� ÂÙÔ�Ø�Ö
�� ÔÐÙ× ÙØ�Ð�×��Ð�
�� Ñ�Ö� ÔÓÙÖ Ø�× Ñ��Ð×
�� ÔÖ�ÔÓ×�Ø�ÓÒ �Ò�Ð��×�
�� Ñ�Ö� �� Ñ³�ÚÓ�Ö ����� � ��Ö�Ö Ñ�× ÔÖ�Ñ��Ö×
��ÔÐ��Ñ�ÒØ× �Ø ÒÓØ�ÑÑ�ÒØ �ÐÙ� �Ù �ÁÊÅ Ó�
�Ö�� � ØÓÒ ÓÒØ�Ø ×ÙÖ ÔÐ�� �� Ò³�� Ô�× �Ù �
�Ú�Ò�Ö �� �Ö��×
�� ���Ò� �� Ø�Ð�Ú�×�ÓÒ �Ñ�Ö���Ò�
�� �ÖÓ��×�
�� Ö�×ÓÒ�Ò� Ñ��Ò�Ø�ÕÙ� ÒÙÐ���Ö�
�� Ö�Ð�Ø�� �Ù �ÓÙÖ
�� ÍÒ�Ú�Ö×�Ø� Ä�Ú�Ð ÓÙ � Ð³�ÒÚ�Ö× Ñ�ÖÕÙ� ��
��×Ù�Ø
�� �ÖÓ�Ò�Ñ�ÒØ ÓÙ Ö�Ð�Ø�Ú�Ø� Ö�×ØÖ��ÒØ�
�� ×Ø�Ø�×Ø�ÕÙ� �ÒÒÙ�ÐÐ� ��× �Ø��Ð�××�Ñ�ÒØ× ��
×�ÒØ�
�� ×³��ÓÒ�Ö� ×ÓÙ× Ð� ÔÓ��×
�� Ø�ÖÑ�Ò� ÙÒ� ��ÑÓÒ×ØÖ�Ø�ÓÒ
�� �ÖØ�Ð� ���Ò� ÓÙ Ð�Ö��ÙÖ �³ÙÒ� �ØÓ��
�� Ñ�Ö� �� ÒÓÙ× �ÚÓ�Ö �Ù��ÐÐ�× � ÔÐÙ×��ÙÖ×
Ö�ÔÖ�×�× ��Ò× Ð� �ÑÔ��Ò� Ò�ÒØ��×�¸ Ñ�Ö� � ÐÙ�
ÔÓÙÖ ×�× Ñ��Ð× �ÒÖÓÝ��Ð�×¸ �� Ñ� ��Ñ�Ò�� �
��ÕÙ� �Ó�× Ó� ØÙ Ô�ÙÜ ���Ò ØÖÓÙÚ�Ö ØÓÙØ ��
�� ×ÓÙ×¹��ÒÖ� ÑÙ×��Ð �Ù ÔÙÒ�¹ÖÓ� ÓÙ Ú�ÐÐ� �Ù
Â�ÔÓÒ
�� ×�ÖÚ�� �� Ö�Ò×���Ò�Ñ�ÒØ× �Ö�Ò���×
�� ÙÒ�Ú�Ö×�ØÝ Ó� Û�×Ø�ÖÒ ÓÒØ�Ö�Ó
�� �××Ó�� � Ô����Ù×� ÕÙ�Ò� ÓÒ Ô�ÖÐ� �³ÓÖØ��×�
Ö�Ð�Ø�Ú� � Ð� Ù�××�
�� �Ó�××ÓÒ ��Ù�� �ÔÔÖ���� � ½� ��ÙÖ�×
�� ��Ø� �� �Ò �³�ÒÒ��
�� ÓÙ� �×Ô��ÒÓÐ

Î�ÖØ��Ð

��� Ñ�Ö� �� Ñ³�ÚÓ�Ö Ô�ÖÑ�× �� ���Ö� ��× Ì�
Ô�Ò��ÒØ ¿ �Ò× �Ú� ØÓ�¸ �� ���Ø ÔÐ��×�Ö �� ÚÓ�Ö ÙÒ
ÔÖÓ� �� �� �ÙØ�ÒØ �ÒÚ�×Ø� ��Ò× � ÕÙ³�Ð ���Ø
��� Ñ�Ö� � �ÙÜ ÔÓÙÖ Ð�× ×Ó�Ö��× ´ÒÓØ�ÑÑ�ÒØ
���Ù�×��×µ¸ Ñ�Ö� � ÐÙ� �� Ñ³�ÚÓ�Ö ����� �
ÓÑÔÖ�Ò�Ö� Ð� ÓÙÖ× �� Å¾ �� ×ÓÒ ��Ö�Ø�ÙÖ ��
Ø��×�
��� Ñ�Ö� ÔÓÙÖ ØÓÒ ×ÙÖÚ�Ø�Ñ�ÒØ Ú�ÓÐ�Ø �Ø Ú�ÖØ
��× �ÒÒ��× 80 ´³�×Ø ÙÒ �Ö�Ò� ØÖ�ÙÑ�Ø�×Ñ�µ
��� �ÒÐ�Ú� Ð�× ÓÙÖ�ÙÖ�× �³ÙÒ� ÚÓ�Ø�
��� Ô�ÖØ�Ò��Ö� �Ù Ø��Ð��Ù ÒÓ�Ö
��� ³�×Ø Ð³�Ò�ÐÝ×� ÕÙ� Ô�ÖÑ�Ø �� ���Ö� Ð� Ð��Ò
�ÒØÖ� Ð� Ñ��Ò�ÕÙ� Ð�××�ÕÙ� �Ø Ð� Ñ��Ò�ÕÙ�
ÕÙ�ÒØ�ÕÙ� ´³�×Ø ÔÓÙÖ ÚÓ�Ö ×� ÚÓÙ× �Ú�Þ ÙÒ Ô�Ù
×Ù�Ú� Ð� ×ÓÙØ�Ò�Ò�µ
��� Ñ�Ö� ÔÓÙÖ Ð�× ÓÙÖ× �� ��Ò×� �Ø �� Ø�××Ù
��Ö��Ò¸ �Ð× ×ÓÒØ ÚÖ��Ñ�ÒØ ×ÙÔ�Ö× �Ø Ñ³ÓÒØ Ô�ÖÑ�×
�� Ñ³�Ú���Ö Ô�Ò��ÒØ �ØØ� Ø��×�¸ Ñ�Ö� �Ù××�
ÔÓÙÖ Ð� ×Ø��� � Ë��ÒØ¹Å�ÐÓ¸ Ð� ��Ò×� ×ÙÖ Ð� ÔÐ���
³�×Ø ×ÝÑÔ� �Ù××�
��� Ñ�Ö� ÔÓÙÖ Ð� ØÖ�Ú��Ð ÕÙ� ØÙ ���× ÔÓÙÖ Ð³Í�Ê
�Ø Ñ�Ö� �³�ÚÓ�Ö ØÓÙ�ÓÙÖ× Ð� ×ÓÙÖ�Ö� ÕÙ�Ò� �� Ø�
ÖÓ�×�
��� Ø�ÑÔ× ÕÙ� Ñ�Ø Ð� Ø�ÖÖ� ÔÓÙÖ ���ØÙ�Ö ÙÒ�
Ö�ÚÓÐÙØ�ÓÒ �ÙØÓÙÖ �Ù ×ÓÐ��Ð
��� ×�Ò× Ö�×ØÖ�Ø�ÓÒ ÓÙ Ð�Ñ�Ø�¸ ÓÒØÖ��Ö� ��
Ö�Ð�Ø��¸ Ô�ÙØ �Ö�Ø�Ö�×�Ö Ð� Ø�ÑÔ×
��� �ÒØ�ÖÚ�ÐÐ� �� Ø�ÑÔ× ��Ó�ÖÓÒÓÐÓ��ÕÙ�
��� ��Ö�Ú��Ø�ÓÒ �ÙØÓÑÓ��Ð� ÕÙ� �ÔÔ�Ö��Ø ��Ò×
Ð� ÒÓÑ �� �ÖØ��Ò× ÑÓ��Ð�× �� ÚÓ�ØÙÖ�×
��� ÓÙØ�Ð �� ØÖ�Ú��Ð ÕÙ� ×�Ö� Ô�ÙØ¹�ØÖ� ÙÒ �ÓÙÖ
ÕÙ�ÒØ�ÕÙ�
��� Ð�ÕÙ���
��� ×Ý×Ø�Ñ� �ÒØ�¹�ÐÓ��� ��× ÖÓÙ�×
��� �� Ð� Ö�Ñ�Ö�� Ñ�Ñ� ×� �� Ò� Ð³�� Ô�× �Ó�×��
�Ø Ñ�Ö� �Ò Ô�ÖØ�ÙÐ��Ö �ÙÜ Ñ�Ñ�Ö�× �� �ØØ�
��ÖÒ��Ö� ÕÙ� ×ÓÒØ ÔÖ�×�ÒØ× �Ù�ÓÙÖ�³�Ù�
��� �� Ð�× Ö�Ñ�Ö�� �Ö ×�Ò× �ÙÜ Ð� Ñ�Ø��Ö
�³�Ò×���Ò�ÒØ ��Ö��ÙÖ �ÙÖ��Ø ÑÓ�Ò× �³�ÒØ�Ö�Ø¸
�³�� ��ÓÖ� ÚÓÙ× ���Ö� Ì� ´Ñ�Ñ� ×� � Ò³�×Ø
Ô�ÙØ¹�ØÖ� Ô�× Ö��ÔÖÓÕÙ�µ
��� Ô�ÙØ ×³�ÓÑÔ��Ò�Ö �³ÙÒ �Ó��Ñ�ÒØ ��
Ø�Ø� �� ��ÙØ �Ò ��×
��� ÓÙØ��Ù ÙØ�Ð�×� Ô�Ö Ð�× �ÒÙ�Ø×
��� ÔÓ�××ÓÒ ÕÙ� Ô�ÙØ �ØÖ� � �ÖÓ××�× Ð�ÚÖ�×¸ �
ÑÙ×��Ù ÔÓ�ÒØÙ ÓÙ �ÒÓÖ� � Ø�Ø� ÒÓ�Ö�
��� ÓÒ Ð� Ð�Ú� ÔÓÙÖ ×³�Ò �ÐÐ�Ö
��� Ô�ÙØ �ØÖ� ÕÙ�Ð��� �³�ÑÓÙÖ�ÙÜ ÓÙ �� �ÓÐ�ØÖ�
��� �Ð× ×ÓÒØ � ÔÐÙÑ�× ��Ò× Ð�× ���Ö�Ø×
��� Ñ�Ö� ÔÓÙÖ Ð� ÃÓÙ��Ò �Ñ�ÒÒ¸ Ñ�Ö� ÔÓÙÖ
ØÓÙØ�× �× Ô�ÖØ��× �� Ó�Ò�� �Ø Ò³ÓÙ�Ð�� Ô�×
ÕÙ³�Ð ��ÙØ ÕÙ³ÓÒ ��××� ÒÓØÖ� �ÖØ�Ð� ×ÙÖ Ð�× ÑÓ��×
ÔÖÓÔÖ�× �Ù Ä�ÔÐ���Ò ��Ò× Ð� ��� � ´��×ÓÐ� ��
Ò³�� Ô�× ÔÙ Ö�×�×Ø�Ö � Ð� Ø�ÒØ�Ø�ÓÒ �� Ñ�ØØÖ�
Ð� ×ÙÖÒÓÑ ÕÙ� �� Ø³�� ØÖÓÙÚ� ÔÐÙØ�Ø ÕÙ� ØÓÒ
ÔÖ�ÒÓÑµ

�



ÀÓÖ�ÞÓÒØ�Ð

�� ���Ñ��
�� �ÓÑÑ� ��× Ò����×
�� Ñ�Ö� �³�ÚÓ�Ö ��ÔØ� �� Ñ� ÔÖ�Ò�Ö� �Ò
ÔÓ×Ø¹�Ó � Ä�×�ÓÒÒ� �Ø Ñ�Ö� �� Ñ³����Ö
�ÒÓÖÑ�Ñ�ÒØ � ÔÖ�Ô�Ö�Ö ÑÓÒ �ÖÖ�Ú��
�� �ÖÑ�× �ÓØ��× �³ÙÒ ��Ö �ÑÑ�Ò�� ×ÙÖ ÙÒ�
��ÑÔ�
�� Ñ�Ö� �³�ÚÓ�Ö Ö�Ù××� � Ñ� ×ÙÔÔÓÖØ�Ö ÓÑÑ�
Ó�ÙÖ��Ù � ´ÓÙ ���Ò �Ò ���Ø Ô�ÙØ¹�ØÖ� ÕÙ� ³�×Ø Ð�
ÓÒØÖ��Ö�¸ �� �ÜÔÐ�ÕÙ�Ö�� ÔÓÙÖÕÙÓ� �� Ò� Ø� ÚÓ�×
��Ñ��× ÔÐÙ×��ÙÖ× �ÓÙÖ× �� ×Ù�Ø�µ
�� Ö�Ú�×�
�� Ñ�Ö� �ÓÒ�ÓÑÑ� ÔÓÙÖ Ø� �ÓÒÒ� �ÙÑ�ÙÖ
ÓÑÑÙÒ��Ø�Ú� �Ø �� Ñ³�ÚÓ�Ö �Ò�Ù�ÙÐ�� �
��ÕÙ� �Ó�× ÕÙ� �� Ò� ÔÖ�Ò��× Ô�× �Ù Ø�ÖÓØ �
�ÑÙ×�¹ØÓ� ���Ò � Æ�ÒÝ
�� �Ü� �Ù Ú�ÒØ ÓÙ �Ü�ÓØ�Ø
�� �ÒØÖ�ÔÖ�×� ���×�ÒØ ��× �×Ô��Ö�ÐÐ�× ÓÙ ÔÖ�ÒÓÑ
�� ÄÙÔ�Ò
�� �ÑÔ�Ø× ×ÙÖ Ð�× ×Ó��Ø�× ÓÙ Ú�Ö�� �ØÖ� ÓÒ�Ù�Ù�
� Ð� ØÖÓ�×��Ñ� Ô�Ö×ÓÒÒ� �Ù ×�Ò�ÙÐ��Ö �Ò �Ò�Ð��×
�� Ô�Ö�Ó�× ÙØ�Ð� ÔÓÙÖ ��ÑÓÒØÖ�Ö ��× Ø��ÓÖ�Ñ�×
�� Ñ�Ö� �³�ÚÓ�Ö �Ù Ð³���� �� Ð� ×ÓÖØ�� � ��×Ò�Ý
Ð³�ÒÒ�� ��ÖÒ��Ö�¸ ³�Ø��Ø ×ÙÔ�Ö �Ø ×ÙÖØÓÙØ Ñ�Ö�
ÔÓÙÖ Ø�× Ö�× ×ÙÖ���Ù�× ��Ò× Ð�× �ØØÖ�Ø�ÓÒ× �
�� ÖÓÒ�× ÓÑÑ� ��× ÕÙ�Ù�× �� Ô�ÐÐ�×
�� Ð� �Ò�××� �Ù À�Ò��� �Ò �×Ø ÙÒ�
�� �Ð �×Ø �Ù �ÒØÖ� �� Ñ� Ú��¸ ³�×Ø �ÓÒ ÒÓÖÑ�Ð
ÕÙ³�Ð ÓÙÔ� ÙÒ� ÔÐ�� �ÒØÖ�Ð� ��Ò× � ÑÓØ
ÖÓ�×�¸ Ñ�Ö� �� Ñ³�ÚÓ�Ö ×ÓÙØ�ÒÙ�¸ Ñ�Ö� ��
ÖÓ�Ö� �Ò Ñ�× �Ô��Ø�×¸ Ñ�Ö� �³�ÚÓ�Ö ×Ù Ñ�
Ö�ÓÒ�ÓÖØ�Ö � ��ÕÙ� �Ó�× ÕÙ� �� ��×�×Ô�Ö��
� �Ù×� ��× ���ÙÐØ�× Ö�ÒÓÒØÖ��× �Ù ÓÙÖ×
�� �ØØ� Ø��×�¸ �Ö�� �� ÔÓÙÖÖ�� Ø� Ö�Ñ�Ö��Ö
ÔÓÙÖ ���ÙÓÙÔ �³�ÙØÖ�× �Ó×�× Ñ��× �� Ö�×ÕÙ�
�³�ÐÐÓÒ��Ö �ÒÓÖÑ�Ñ�ÒØ �× Ö�Ñ�Ö��Ñ�ÒØ×¸ �ÓÒ
Ñ�Ö� Ô�Ö� ÕÙ�
�� ÔÖ�ÒÓÑ ��Ñ�Ò�Ò ´�³�ØÖ�� ÓÙ �³�ÓÐÓ��×Ø�µ
ÓÙ � Ð³�ÒÚ�Ö× ×�ÐÙØ � ��×�Ö
�� �ÓÙ�Ð� ³�×Ø ÙÒ ��Ú�Ð �Ò��ÒØ�Ò ÓÙ ÓÙ� ÖÙ××�
�� �ÒÐ�Ú�
�� �ÓÖ ��� ÓÙ � Ð³�ÒÚ�Ö× �Ø��Ð�××�Ñ�ÒØ ×ÓÐ��Ö�
Ó� Ô�Ù �� ÔÖÓ��××�ÙÖ× ×ÓÙ���Ø�ÒØ �Ò×���Ò�Ö
�� Ñ�Ö� � ÑÓÒ ÓÐÐ��Ù� �� Ì� ÕÙ� � ×Ó�Ø �Ò
Ð��Ò� ½ ÓÙ �Ò ��Ö�� ÔÓÙÖ ×ÓÒ �ÑÔÐ��Ø�ÓÒ ��Ò×
�× ��ÖÒ��Ö× � Ñ�× �Ø�×
�� �××Ó��Ø�ÓÒ �Ñ�Ö���Ò� ÕÙ� ��Ñ� ���ÙÓÙÔ
Ð�× �ÖÑ�×
�� Ô�Ý×���Ò �Ñ�Ö���Ò ÕÙ� � �ÓÒÒ� ×ÓÒ ÒÓÑ �
ÙÒ� Ñ�×ÙÖ� �Ø � ÙÒ Ô��ÒÓÑ�Ò�
�� ×Ø�Ø�ÓÒ �� Ö���Ó �Ù �ÒØÖ� �� Ð� �Ö�Ø��Ò�
�� �Ø Ð³ÓÖ���
�� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××� �Ø ØÓÒ ����Ø�
�ÙØÓÙÖ ��× Ñ�Ò���×Ø�Ø�ÓÒ× �Ù �ÀÄ

Î�ÖØ��Ð

��� ��×ÑÙØ�
��� �ÓÖÒ� Ñ�Ø��Ñ�Ø�ÕÙ�
��� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××� ÐÓÖ× �� Ð� Ö�Ð�ÙÖ�
�� ÑÓÒ Ñ�ÒÙ×Ö�Ø¸ ÐÓÖ× ��× ÔÖÓ�Ð�Ñ�× �� ×�ÐÐ�×
�� Ì� ÓÙ ÐÓÖ×ÕÙ� �³�Ø��× �ØÙ���ÒØ�
��� ÙÒ�Ø� Ñ�ÜØ� �� Ö���Ö��
��� �Ø�Ø ��Ò× Ð�ÕÙ�Ð �� �Ó�× �ØÖ�
��� �ÖÓÙØ�
��� ��Ú�Ö�� ÕÙ� ÔÖ���� �� ���� ×��Ò��� ��
��Ú�Ö× �Ø�×
��� Ô�ØÙÖ��� �³ÙÒ� ���Ò� �� ÑÓÒØ��Ò�
�Ö�Ò���×�
��� ÔÖÓÒÓÑ Ô�Ö×ÓÒÒ�Ð
��� �Ò����Ø�ÙÖ× �� Ð³�ÒÞÝÑ� �� ÓÒÚ�Ö×�ÓÒ
��� �Ð��Ö� ØÖ��ÕÙ�ÒØ �� �ÖÓ�Ù� �� �ÓÐÓÑ���
��� ³�×Ø ÑÓÒ ÓÔ��Ò �� ��� ´�Ø ³�×Ø ���Ð�Ñ�ÒØ
Ð� ×�ÙÐ ÕÙ� � Ô�Ò×� � Ñ� ×ÓÙ���Ø�Ö ÑÓÒ �ÒÒ�Ú
�ØØ� �ÒÒ�� �µ¸ Ñ�Ö� �ÓÒ ÔÓÙÖ �× Ô�Ø�Ø�× ´ÓÙ
Ô�×µ Ô�Ù×�× ��Ò× Ð� �ÓÙÖÒ�� ÕÙ� ×ÓÒØ ØÓÙ�ÓÙÖ×
ÔÓÒØÙ��× �� ��×Ù××�ÓÒ× �ÒØ�Ö�××�ÒØ�×¸ Ñ�Ö�
ÔÓÙÖ Ð�× �ÒÚ�Ø�Ø�ÓÒ× ��Þ ØÓ� �Ø Ð� ��ÓÙÚ�ÖØ� ��
��ÙÜ �Ø ×ÙÖØÓÙØ Ñ�Ö� �� Ñ³�ÚÓ�Ö �ÑÑ�Ò�� ÚÓ�Ö
Ð�× Ð�Ô�Ò× ���ÒØ× �Ù Ñ��Ð �
��� Ñ�Ö� � ØÓÙ× ×�× Ñ�Ñ�Ö�× �Ø �Ò Ô�ÖØ�ÙÐ��Ö
� �ÙÜ �ÓÒØ �³�� ÓÙ�Ð�� �� �Ø�Ö �� ÒÓÑ×¸ �³�Ò
ÔÖÓ�Ø� ÔÓÙÖ Ö�Ñ�Ö��Ö Ð³�ÕÙ�Ô� �³�ÒØÖ�Ø��Ò ÕÙ�
���Ø ÙÒ ØÖ�Ú��Ð �ÓÖÑ����Ð� �Ø Ñ�Ö� � Â��ÒÒ��
ÔÓÙÖ Ð³�ÔÔÖÓÚ�×�ÓÒÒ�Ñ�ÒØ �Ò Ø��× �Ø ��� ��×
×�Ñ�Ò��Ö�× �ÓØÓÖ�ÒØ×
��� ��ÙÜ �Ò ���Ö�× ÖÓÑ��Ò×
��� ��Ô�Ø ÕÙ� ×� �ÓÖÑ� �Ù �ÓÒ� �³ÙÒ� �ÓÙØ��ÐÐ�
ÓÙ ØÝÔ� �� �ÖÓÙÔ�
��� Ñ�Ö� ÔÓÙÖ �× � �ÒÒ��× �Ø ��Ñ� �� ��Ò×�
ÑÓ��ÖÒ¸ Ø�× �ÓÖ� ×ÓÒØ ÚÖ��Ñ�ÒØ ×ÙÔ�Ö×
��� ×ÝÒ���Ø
��� ��ÔÙØØ
��� Ö���Ö�� �Ú� �Ò×�×Ø�Ò� ÓÙ �Ö�××�
��� Ñ��ÙÜ Ú�ÙØ ��ÙÜ �Ó�× ÕÙ³ÙÒ� �ÓÒ �ÒÓÖ�
Ñ�Ö� �� Ñ³�ÚÓ�Ö �Ò��Ö�� Ô�Ò��ÒØ �× ¿ �ÒÒ��×
�Ø ��Ñ�
��� Ö����Ð Ó�Ø�ÒÙ �Ò �ÒÐ�Ú�ÒØ Ð� �ÖÓÙÔ�Ñ�ÒØ
�Ý�ÖÓÜÝÐ� �³ÙÒ ���� �Ö�ÓÜÝÐ�ÕÙ� ´ÓÙ� �³��Ñ�
���Ò Ð� ��Ñ��µ
��� Ñ�Ö� �� Ò� Ô�× Ñ³�ÚÓ�Ö ØÖÓÔ ����� �
ÔÖ�Ô�Ö�Ö Ð� ÔÓØ �³�ÖÒ�Ù�
��� ³�×Ø ÑÓÒ Ô�Ø�Ø �Ö�Ö� �� Ø��×�¸ �� ÐÙ� ×ÓÙ���Ø�
�ÓÒ �ÓÒ ÓÙÖ��� ÔÓÙÖ Ð� ×Ù�Ø� �� ×� Ø��×� �
��� ÓÒØÖ��ÙØ�ÓÒ ×Ó��Ð� ��Ò�Ö�Ð�×��
��� Ñ�Ö� � Ð� ×�Ö�Ø��Ö� �� ÑÓÒ �ÕÙ�Ô� ÕÙ�
�³�� �ÒÓÖÑ�Ñ�ÒØ ×ÓÐÐ��Ø� Ô�Ò��ÒØ Ñ� Ø��×�
�Ú� ØÓÙ× Ñ�× ��ÔÐ��Ñ�ÒØ× �Ø ÕÙ� Ñ³� ØÓÙ�ÓÙÖ×
�Ù��ÐÐ�� ��Ò× ×ÓÒ �ÙÖ��Ù �Ú� ��× ÑÓØ× ��ÒØ�Ð×
��� ÓÑÔÐ�Ø�Ñ�ÒØ ×� ÓÒ ��ÓÙØ� �� �Ú�ÒØ �Ø
ÕÙ³ÓÒ ×�Ô�Ö� Ð�× ��ÙÜ Ð�ØØÖ�× Ô�Ö �
��� ��ÒØ�ÙÖ ÓÖ×� �Ý�ÒØ Ú�Ò�Ù ÔÐÙ× �� �¼¼
Ñ�ÐÐ�ÓÒ× �� ��×ÕÙ�×
��� ÔÖ�ØÖ�××� �³À�Ö� ØÖ�Ò×�ÓÖÑ�� �Ò ��Ò�××�

�



ÀÓÖ�ÞÓÒØ�Ð

�� �Ú�ÒØ ������ ÔÓÙÖ ×��Ò���Ö ØÙ�Ö ÓÙ �Ú�ÒØ
������� ÔÓÙÖ ×��Ò���Ö � ÚÓÐÓÒØ�
�� Ô�ÒØÓÙ�� ÓÙ �××Ó��� �Ù ÑÓØ Ø�Ø� Ô�ÖÑ�Ø ��
ÕÙ�Ð���Ö ÕÙ�ÐÕÙ³ÙÒ �³�ÒØ�Ø�
�� Ñ�Ö� �³�ÚÓ�Ö �××�×Ø� � Ð³�Ò�Ù�ÙÖ�Ø�ÓÒ ��
Ð³���Ò� Ä���×�Ù�¸ �� Ñ� ×Ù�× ×�ÒØ�� ÑÓ�Ò×
×�ÙÐ� �
�� Ñ�Ö� � Ñ� Ó¹ÓÖ��Ò�×�ØÖ�� �Ù ×�Ñ�Ò��Ö�
Ä�Ò��Ù �Ö �ÐÐ� � �××ÙÖ�¸ Ñ�Ö� ÔÓÙÖ Ð�× Ô�Ù×�×
Ø��× ØÓÙØ �Ù ÐÓÒ� �� Ð� �ÓÙÖÒ��¸ Ñ�Ö� ÔÓÙÖ Ð�×
��×Ù××�ÓÒ× �Ò�Ñ�× �Ø Ð�ÕÙ�ØØ�× �Ø Ñ�Ö� ÔÓÙÖ
Ð�× �ÓÒÒ�× Ö��ØØ�× �� Ù�×�Ò�
�� ÒÓÑ �³ÙÒ� �ÓÙÖ×� �� Ø��×�
�� Ñ���ÓØ�Ø ÓÙ Ñ��Ò¹�³�ÙÚÖ�
�� ÒÓØ� �� Ð� Ö���Ø�ÓÒ
�� ÓÒØÖ�Ø �³�ÓÑÔ��Ò�Ñ�ÒØ ��Ò× Ð³�ÑÔÐÓ�
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö ���Ø Ú�×�Ø�Ö Å�Ö×��ÐÐ�¸ Ñ�Ö�
ÔÓÙÖ Ð�× ÓÒ�ÖØ× �Ú� Ð³ÓÖ��×ØÖ� ÙÒ�Ú�Ö×�Ø��Ö�¸
Ñ�Ö� ÔÓÙÖ Ð�× ÒÓÑ�Ö�Ù×�× ×Ó�Ö��× �Ø Ñ�Ö� ÔÓÙÖ
Ð�× Ú��Ò�× ��Ò× Ð�× ÈÝÖ�Ò��×
��� Ñ�Ö� ÔÓÙÖ Ø� Ö��Ø�Ú�Ø� �Ø Ø�× ÓÑÔ�Ø�Ò�×
�Ò �Ò�ÓÖÑ�Ø�ÕÙ� ÐÓÖ×ÕÙ³ÓÒ �Ú��Ø ��× ÔÖÓ�Ð�Ñ�×
�Ú� Ð� ×�Ø� �Ù ×�Ñ�Ò��Ö� Ä�Ò��Ù
��� Ñ�Ö� �³�ØÖ� ÙÒ �ÓÙ�ÙÖ �××��Ù �� Ð� Ô�Ù×�
�� Ñ���¸ Ñ�Ö� �� ×�ÑÔÐ���Ö Ð� �Ú�ÐÓÒ �Ò �Ý�ÒØ
ØÓÙ�ÓÙÖ× ÙÒ Ö�Ð� �� Ñ���ÒØ �Ø Ñ�Ö� �� Ñ³�ÚÓ�Ö
���Ø Ö���ÓÙÚÖ�Ö Ð� ÓÑ���� ÑÙ×��Ð� �� Ð³�Ò×
��� �Ò�Ø�Ö ÕÙ�ÐÕÙ³ÙÒ � ×� ��×�ÓÒÓÖ�Ö ÓÙ
�Ö�ÕÙ�ÒØ�Ö ��× ��Ò× �ÓÙØ�ÙÜ ×� ÓÒ Ð� ÔÖ����
�³ÙÒ ×
��� ³�×Ø Ð³�Ò�ÖÓ�Ø Ó� ÚÓÙ× �Ø�× �ØÙ�ÐÐ�Ñ�ÒØ
��� Ñ�Ö� � � ÒÓÙÚ��Ù Ñ�Ñ�Ö� �Ù ÐÙ� ��Ù
�� Ð� Ô�Ù×� �� Ñ��� �Ö ³�×Ø ÕÙ�×�Ñ�ÒØ Ð� ×�ÙÐ
�Ú� ÕÙ� �³�ÖÖ�Ú� � ���Ò�Ö � Ð� Ó�Ò�� �
��� �ØÓÐÐ ��× �Ð�× ��ÖÓÐ�Ò�× �� 1 km2

��� Ñ�Ö� � � ÔÖÓ����Ð�×Ø� � ÕÙ� �Ð �ÖÖ�Ú�
ØÓÙ�ÓÙÖ× ��× �Ó×�× �ÒÖÓÝ��Ð�× �Ø ÕÙ� Ñ� �ÓÒØ
���Ò Ö�Ö�
��� �Ý�ÒØ Ð� �Ó�Ø �³ÙÒ� ÔÐ�ÒØ� ÕÙ³ÓÒ ØÖÓÙÚ�
��Ò× ÙÒ �ÐÓÓÐ �××Ó�� �Ù ÒÓÑ�Ö� 51

��� ��Ø�Ò ��Ð��
��� Ô�ÖØ� �� Ð� ��Ò�Ð��Ö� �ÐÐ�Ñ�Ò��
��� �ÓÑÑ� Ô��ÙÜ
��� ³�×Ø Ô�× �Ú� ÙÒ ×�Ð��Ö� �� ÔÖÓ� ÕÙ³ÓÒ
Ö�×ÕÙ� �� Ô�Ý�Ö �Ø �ÑÔ�Ø
��� Ò�ÓÒ ÓÙ �ÖÖ�Ú�
��� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××�¸ ØÓÒ ����Ø�
��Ñ�Ò�×ØÖ�Ø�Ú� �Ø �³�ÚÓ�Ö ×Ù ÒÓÙ× �ÜÔÐ�ÕÙ�Ö �Ø
ÒÓÙ× ����Ö � ��Ö�Ö Ð�× �ÒÚ�Ø�Ø�ÓÒ× �Ù ×�Ñ�Ò��Ö�
Ä�Ò��Ù
��� ÓÑÑ� Ð�× �Ó��Ø× �� Ð� Ñ��Ò ÓÙ Ð�× Ñ�ÒÙØ�×
Ä���×�Ù�
��� ×�Ö�� Ø�Ð�Ú�×�� �ÙÑÓÖ�×Ø�ÕÙ�
��� ÓÙ� �Ò�Ð��× ÓÙ �ÖÓÙÔ� �� ÖÓ� �Ò�Ð��×
��� �ÖØ� �ÒØ�Ö�××�ÒØ� � Ð� ��ÐÓØ� Ñ��× ���ÙÓÙÔ
ÑÓ�Ò× �Ù Ø�ÖÓØ
��� �ÒÚÓ�� ÓÙ ÔÙ�Ð��

Î�ÖØ��Ð

��� Ñ�Ö� � ØÓÙ× Ð�× ��ÙÜ �³�ÚÓ�Ö ��Ö�� ×�
×ÓÙÚ�ÒØ Å���Ù×¸ Ñ�Ö� � ÐÙ� ÔÓÙÖ ×� ÑÓ��×Ø��¸
Ñ�Ö� �� ÒÓÙ× �ÚÓ�Ö �ÒÚ�Ø�× � ÚÓØÖ� Ñ�Ö����
³�Ø��Ø ÚÖ��Ñ�ÒØ ��Ò��Ð �
��� �ÖÓÑ��� Ô�Ö�Ó�× ��Ø �� Å��ÙÜ ÓÙ �� Å�ÐÙÒ
��� �ÒØ�ÑÓ�Ò�
��� ÓÔ�ÖÒ��ÙÑ
��� ÔÖÓ�Ù�Ø ��Ö�Ú� �� Ð� Ú�Ø�Ñ�Ò� ��
��� ÔÖÓÒÓÑ �Ò���Ò� Ò�ÙØÖ�
��� Ù�ÚÖ� ÓÙ ÓÑÑÙÒ�ÙØ� ÙÖ���Ò�
��� ØÝÔ� �� ÖÓÙØ�× ×ÓÙÚ�ÒØ �××�Þ �Ö�Ò��×
��� ÓÒ Ð³��ÓÙØ� Ô�Ö�Ó�× � ÙÒ Ñ��Ð
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö ÔÖÓÔÓ×� �� ���Ö� Ð�× Ì�
�³��Ö�� �Ò �Ð���Ö� �Ø ��ÓÑ�ØÖ��¸ �³�� ØÖÓÙÚ� �Ø
�Ò×���Ò�Ñ�ÒØ ØÖ�× �ÓÖÑ�Ø�ÙÖ¸ Ñ�Ö� �Ù××� ÔÓÙÖ
Ð�× ÓÖ�ÙÜ �Ð�Ò× ÕÙ³ÓÒ � ���Ø �Ò×�Ñ�Ð�
��� Ñ��Ò�×Ñ� �Ò�ÓÖÑ�Ø�ÕÙ� Ô�ÖÑ�ØØ�ÒØ ��
���Ö� ÓÑÑÙÒ�ÕÙ�Ö ÙÒ Ö�×��Ù ÐÓ�Ð �Ú� �ÒØ�ÖÒ�Ø
��� Ñ�Ö� ÔÓÙÖ Ð� ��×Ø�ÓÒ �� Ð� ���Ð�ÓØ��ÕÙ� �
��� Ñ�Ö� ÔÓÙÖ Ð� ��×Ø�ÓÒ �� Ð� ���Ð�ÓØ��ÕÙ�
�Ø ÔÓÙÖ Ð�× Ñ��Ð× �ÒØ�Ö�××�ÒØ× ×ÙÖ �� Ð³���Ø�ÓÒ
×��ÒØ��ÕÙ�
��� �ÒÚ�Ö×� �� �ÓÛÒ
��� �××Ó��Ø�ÓÒ ÔÓÙÖ Ð� ØÓÙÖ�×Ñ� �ÕÙ�Ø��Ð� �Ø
×ÓÐ����Ö� ´ÓÒ ��ÓÙÚÖ� ��× �Ó×�× ÕÙ�Ò� ÓÒ Ö��
ÙÒ ÑÓØ ÖÓ�×�µ
��� ³�×Ø � ÕÙ� ÒÓÙ× ��×Ø�Ò�Ù� Ð�× ÙÒ× ��×
�ÙØÖ�× �Ò �Ò�Ð��×
��� Ú�ÐÐ� �Ù Ä�ÑÓÙ×�Ò
��� ���Ò� �� Ö�Ò×���Ò�Ñ�ÒØ× �Ñ�Ö���Ò�
��� ��×ÔÓ×�Ö ��× ÔÓ�××ÓÒ× ×�Ð�× Ð�× ÙÒ× �Ù¹��××Ù×
��× �ÙØÖ�×
��� ÖÓ� �� Ð³��ÝÔØ� �ÒØ�ÕÙ�
��� Ñ�Ö� ÔÓÙÖ ÒÓ× Ö�Ô�× �Ù Ú�Ò�Ö��� Ñ���
ÕÙ�Ò� �³�Ø��× �Ò ×Ø��� � ÂÙ××��Ù �Ø ���Ò ×�Ö
Ñ�Ö� ÔÓÙÖ ØÓÙ× Ø�× ����ÙÜ¸ ÒÓØ�ÑÑ�ÒØ Ð�×
Ø��×
��� �ÓÒØ�ÓÒ ØÖ��ÓÒÓÑ�ØÖ�ÕÙ�
��� Ñ�Ö� ÔÓÙÖ Ð� ��ÓÙÚ�ÖØ� �Ù È�ÖÙ�Ó �Ø
Ñ�Ö� ÔÓÙÖ ÒÓ× ��ÐÐ���× � Ú�ÐÓ ×Ù�Ú��× ��
Ñ�Ö��× �Ò �ÒØÖ�¹Ú�ÐÐ� �ÙÖ�ÒØ ØÓÙØ� Ð³�ÒÒ��
��ÖÒ��Ö�
��� ÓÒØÖ�Ð� �Ò Ð�××� ÓÙ ÕÙ�Ð���Ø�� �³ÙÒ�
Ò�ÒØ�Ò�Ó
��� ÔÖ�ÒÓÑ �Ö�ØÓÒ �Ø ÕÙ�ÖØ��Ö �Ù ×Ù� ��
Ê�ÒÒ�×
��� ×ÓÖØ� �³�ÕÙ�ÖÖ�
��� Ô�ÖÓÙÖÙ ��× Ý�ÙÜ ÓÙ Ñ�ÖÕÙ� �� ��×Ù�Ø×
��� Ô�Ø�Ø ÑÓÖ��Ù �� Ø�ÖÖ� �ÒØÓÙÖ� �� Ñ�Ö
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö �ÓÖ�� � ÔÖ�Ò�Ö� ��×
Ú��Ò�× �Ø Ñ�Ö� �³�ÚÓ�Ö ���Ø Ô�ÖØ�� �� ÒÓØÖ�
�ÕÙ�Ô� ÔÓÙÖ Ð³�×�Ô� ÖÓÓÑ �Ö ×�Ò× ØÓ�¸ �� ÖÓ�×
ÕÙ³ÓÒ �ÙÖ��Ø ÙÒ Ô�Ù ÔÐÙ× ��Ð�Ö� �
��� �� Ð�× Ö�Ñ�Ö�� �� Ñ³�ÚÓ�Ö Ð��××�� �Ó�×�Ö
Ñ�× �ØÙ��× �Ø �� Ñ³�ÚÓ�Ö ×ÓÙØ�ÒÙ� Ô�Ò��ÒØ �×
��ÖÒ��Ö�×¸ Ñ�Ö� �³�ØÖ� Ð� �Ù�ÓÙÖ�³�Ù� �Ø Ñ�Ö�
ÔÓÙÖ ØÓÙØ � ÕÙ� ÚÓÙ× �Ú�Þ ���Ø �Ù�ÓÙÖ�³�Ù�
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ÀÓÖ�ÞÓÒØ�Ð

��� ×�Ò× ÐÙ� ÓÒ Ô�Ö�Ö��Ø Ð� Ø�Ø�
��� ÔÖ��Ü� �Ò��ÕÙ�ÒØ Ð³ÓÖ���Ò�Ð�Ø�
��� ÙÒ�Ø� �� Ð� ÕÙ�ÒØ�Ø� �� Ñ�Ø��Ö�
��� ÓÑÔØ�¹Ö�Ò�Ù ÓÙ ��Ö�� �� Ö���Ö��
��� ³�×Ø Ð� ÒÓÑ �³ÙÒ Ô�Ö Ò�ØÙÖ�Ð �� ��Ð��ÓÖÒ��
��� Ñ�ÖÕÙ� Ð� Ô�Ù �³�ÒØ�ÓÙ×��×Ñ� ÔÓÙÖ
ÕÙ�ÐÕÙ�¹�Ó×�
��� �Ð �×Ø Ô�Ø�Ø � Ë��ÒØ¹Å�ÐÓ �Ø �×Ø �Ù � Î�Ù��Ò
��� Ñ�ÖÕÙ� ÙÒ� �ÜÐ�Ñ�Ø�ÓÒ ÓÙ ÙÒ�Ø� �� ��Ö��
�Ð�ØÖ�ÕÙ�
��� Ñ�Ö� �³�ÚÓ�Ö ØÓÙ�ÓÙÖ× �Ø� � Ð³�ÓÙØ� ÐÓÖ× ��
Ñ�× ÔÖÓ�Ð�Ñ�× �Ò�ÓÖÑ�Ø�ÕÙ�× �Ø Ñ�Ö� ÔÓÙÖ Ð�
Ú�×�Ó ÓÒ�ÖÒ�ÒØ Ð� ×ÓÙØ�Ò�Ò�
��� ØÖ�Ú��Ð � ���Ö� � Ð� Ñ��×ÓÒ ÓÙ 0, 1 Ñ�ØÖ�
��� �ÔÔÖ�× ÓÙ ÓÒÒÙ
��� Ñ�Ö� � � ÓÐÐ��Ù� �� Ì� �� Ä½ �Ú� ÕÙ�
�� ÔÓÙÚ��× Ô�ÖØ���Ö Ñ�× �ÜÔ�Ö��Ò�×¸ Ñ�Ö�
ÔÓÙÖ Ð�× ÓÙ�Ð�× �Ù ��Ø��Ý ÕÙ� ���×���ÒØ �ÒÖ���Ö
�ÖØ��Ò�× Ô�Ö×ÓÒÒ�×¸ ³�Ø��Ø �ÑÙ×�ÒØ
��� ÙÒ ��× �Ö�Ò�× ��× Ð�ÕÙ�ØØ�×
��� ��Ö��
��� ÔÖ�Ø�ÕÙ� �Ò Ø���ØÖ� ÓÙ �Ò ��Ò×� ÕÙ�
��Ñ�Ò�� �� Ð³�ÒÚ�ÒØ�Ú�Ø�
��� Ý³� �Ù ×ÓÐ��Ð �Ø ��× º º º ´ÓÙ� �� ÓÑÑ�Ò� �
���Ö� Ñ�× Ö�Ñ�Ö��Ñ�ÒØ× �� ÔÐÙ× �Ò ÔÐÙ× Ø�Ö� Ð�
×Ó�Ö¸ �� Ö�×ÕÙ� �� Ò� Ô�× ×³�ÖÖ�Ò��Öµ
��� Ô�Ö×ÓÒÒ��� �ÒØÖ�Ð �� Å�ØÖ�Ü
��� �Ó�××ÓÒ ��× �Ö�ØÓÒ×
��� ��Ö�Ú��Ø�ÓÒ �³ÙÒ ÓÖ��Ò�×Ñ� ÕÙ� ÓÖ��Ò�×�
��× Ö�ÙÒ�ÓÒ× Ó� Ð� ÔÐÙÔ�ÖØ ��× �Ö�ØÓÒ× ´ÚÓ�Ö ��×
�Ö�Ò���×µ ÔÓÙÖÖ���ÒØ ×� Ö�Ò�Ö�
��� Ñ�Ö� ÔÓÙÖ Ð� ØÖ�Ú��Ð ÕÙ� ØÙ ���× ÔÓÙÖ
Ð³ÁÖÑ�Ö¸ Ñ�Ö� ÔÓÙÖ ØÓÙ× Ð�× Ø�ÑÔÓÒ× ÕÙ� �� Ø³��
���Ø ���Ö� ÔÓÙÖ Ñ�× �Ò����ØÙÖ�× �³�Ø�Ö �Ø Ñ�Ö�
�� Ñ³�ÚÓ�Ö �ÜÔÐ�ÕÙ� ÕÙ�Ð �Ø��Ø ÑÓÒ ×Ø�ØÙØ �ØØ�
�ÒÒ��
��� � ×ÓÒØ ×�× Ñ�Ñ�Ö�× ÕÙ� ×ÓÒØ �ÒØ�ÖÚ�ÒÙ×
ÕÙ�Ò� Ð� Ø��Ð��Ù �� ÑÓÒ �ÙÖ��Ù �×Ø ØÓÑ�� �
��� ÔÓ��Ò�Ö���Þ
��� ÔÖ�ÒÓÑ ��ÖÑ�Ò�ÕÙ� ÓÙ ÔÓ�××ÓÒ
��� ÓÙÔ �Ò �ÓÒ�ÖÓ�×
��� �Ð��Ö� ��Ú�Ð��Ö ´�Ø ÒÓÒ Ê���Ö�¸ �� Ò� Ø�
Ö�Ñ�Ö�� Ô�× ÙÒ� ��ÙÜ��Ñ� �Ó�×µ
��� �Ó�×�Ø ÓÙ Ú�ÐÐ� �³ÁÖ�Ò
��� ��Ö�Ú��Ø�ÓÒ �Ù ÒÓÑ �Ù ��ÖÒ��Ö Ô�Ý× Ó� ��
×Ù�× �ÐÐ�� �Ò ÓÒ��Ö�Ò�
��� ØÝÔ� �� Ö���Ó
��� ���Ö���Ö
��� Ö�×ÓÒ�Ò� Ô�Ö�Ñ��Ò�Ø�ÕÙ� �Ð�ØÖ�ÕÙ� ÓÙ
Ö�×�ÖÚ� Ô�Ý× �Ñ�Ö��ÒØ×
��� ��Ò��Ö �� Ô��Ù ÓÙ �� ÚÓ�Ü
��� ÚÓÐ�Ò Ð� ÔÐÙ× ��ÙØ �³�ÙÖÓÔ�
��� ×� Ø�Ò��Ø ���ÓÙØ

Î�ÖØ��Ð

��� ×ÝÑ�ÓÐ� �³ÙÒ Ñ�Ø�Ð ÔÖ���ÙÜ
��� Ú�×� � ��ØÖ�ÑÔ�Ö Ð� ��ÙÜ
��� Ñ�Ö� ÔÓÙÖ Ð�× ×Ó�Ö��× � Ð� �Ó�× �ÒØ�ÐÐ�ØÙ�ÐÐ�×
�Ø �ÖÖÓ×��× ��Þ ØÓ� �
��� Ñ�Ö� �³�ØÖ� Ð� �Ù�ÓÙÖ�³�Ù� ÔÓÙÖ Ñ�
×ÓÙØ�Ò�Ö �
��� ��Ô�ÖØ�Ñ�ÒØ �Ö�Ò���×
��� Ñ�Ö� ÔÓÙÖ Ø�× Ñ��Ð× ×ÙÖ Ð³�Ò×���Ò�Ñ�ÒØ �Ø
Ð�× �ØÙ���ÒØ×
��� ���� Ò�ØÖ�ÐÓØÖ���Ø�ÕÙ�
��� ×Ñ�Ð�Ý ÕÙ� Ö��ÓÐ�
��� ÔÓØ� �Ò�Ð��×
��� ��ÙÚ� �Ù Î��ØÒ�Ñ
��� Ñ�Ö� � ÑÓÒ Ô�ÖØ�Ò��Ö� �� ��ÓÐÐ��� ��
Ø�Ô�××�Ö�� Ó�×�ÓÒÒ�Ð ÔÓÙÖ ×�× ×Ó�Ö��×
��� Ñ�Ö� � Ñ� ×�ÙÖ ÔÓÙÖ ÒÓ× ÓÙÔ× ��
Ø�Ð�Ô�ÓÒ� � �ÙÖ�� �Ò��Ø�ÖÑ�Ò�� ÐÓÖ× �� ÒÓ×
�ØÙ��× �
��� �ÓÖÑÙÐ� ÙØ�Ð�×�� �Ò ÔÖÓ����Ð�Ø�×
��� Ñ�Ö� � �ÙÜ �³�ØÖ� Ú�ÒÙ ÒÓÙ× ÚÓ�Ö �ØØ�
�ÒÒ�� �Ø Ñ�Ö� � �ÐÐ� �Ú� ÕÙ� �³�� ���ÙÓÙÔ
��Ñ� Ô�ÖØ���Ö Ñ� ×ÓÐ�Ö�Ø� � Ð³�Ò×
��� �Ö�ÔÔ�Ö ÓÙ �Ö�Ö� � Ð³���� �³ÙÒ ÓÖ��Ò�Ø�ÙÖ
��� Ñ�ÖÕÙ� �³�ÒØ�¹ÚÓÐ �� Ú�ÐÓ× ÓÙ �Ü���Ö�Ø�ÓÒ
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö ���Ò ���Ø Ö�Ö� ÐÓÖ× ��×
Ô�Ù×�× �Ù Ñ��� Ó� ØÙ �Ø��× Ð� ´��×ÓÐ� �� Ò³�� Ô�×
Ö�×�×Ø�Ö � Ð� Ø�ÒØ�Ø�ÓÒ �� Ñ�ØØÖ� ØÓÒ ×ÙÖÒÓÑµ
��� Ú�ÐÐ��� �� ��ÒÐ�Ò��
��� ��Ö�Ú��Ø�ÓÒ ��×��Ò�ÒØ ÙÒ ��Ø�ÙÖ ÕÙ� Ô�ÙØ
�ØÖ� ÔÓ×�Ø�� ÓÙ Ò���Ø��
��� ³�×Ø ÑÓÒ Ð�Ô�Ò¸ ÐÙ� �� Ð� Ö�Ñ�Ö�� �³�ØÖ�
ØÖÓÔ Ñ��ÒÓÒ � ´×� ÚÓÙ× Ò� ØÖÓÙÚ�Þ Ô�× ×ÓÒ
ÔÖ�ÒÓÑ¸ �Ð Ý �Ò ÙÒ ÕÙ� � Ô�××� ÙÒ� Ô�ÖØ�� ��
��ÐÐ��� � ÅÓÒØÖ��Ð � ��Ú�Ò�Öµ
��� �Ò���Ø�ÓÒ �� Ð��Ù
��� ÔÖÓÒÓÑ Ô�Ö×ÓÒÒ�Ð
��� �� Ö�Ñ�Ö�� �ØØ� �ÓÐ� ÔÓÙÖ Ð�× � �ÒÒ��×
�³�ØÙ��× ÕÙ� �³Ý �� Ô�××��×¸ �³�� ØÖÓÙÚ� ÕÙ�
Ð³�Ñ���Ò� �Ø��Ø ×ÙÔ�Ö �Ø Ð�× ÓÙÖ× �� �Ö�Ò��×
ÕÙ�Ð�Ø�×¸ �³�Ò ÔÖÓ�Ø� ÔÓÙÖ Ö�Ñ�Ö��Ö ��ÒÓ�Ø ÕÙ�
Ñ³� ���� ÓÒ�ÖÒ�ÒØ Ð� ÔÖÓ�Ð�Ñ�Ø�ÕÙ� �� Ð�
��Ñ�Ò�� �� Ñ�×� �Ò ��×ÔÓ ��Ò �� ÔÓÙÚÓ�Ö ���Ö�
ÙÒ ÔÓ×Ø¹�Ó¸ Ñ�Ö� ���Ð�Ñ�ÒØ � ��Ò��Ñ�Ò �Ú�
ÕÙ� �³�� �Ò×���Ò� �Ò �ÐÙÐ ×��ÒØ��ÕÙ� �Ø ÕÙ� �×Ø
ÙÒ ØÖ�× �ÓÒ ÓÐÐ��Ù�¸ Ñ�Ö� ���Ð�Ñ�ÒØ � Å����
ÔÓÙÖ Ð³�Ò��Ö�Ñ�ÒØ ÐÓÖ× �� Ñ� ×ÓÐ�Ö�Ø�
��� Ñ�Ö� � � Ú�Ò���Ò �Ò��Ò ����ØÙ� �� Ð�
Ô�Ù×� �� Ñ��� ÔÓÙÖ ×�× ��Ø��ÙÜ �ÓÓÐ�Ø»Ö�Ñ�
�� Ñ�ÖÖÓÒ �Ø ÔÓÙÖ ��× ��×Ù××�ÓÒ× �ÒØ�Ö�××�ÒØ�×
�Ö ÓÒ Ò³� Ô�× Ð�× Ñ�Ñ�× �Ú�×
��� Ô�×Ø� �ÒØÖ�Ð� �³ÙÒ �ÑÔ��Ø���ØÖ� ÖÓÑ��Ò
��� Ñ�Ö� ÔÓÙÖ ��× ��×Ù××�ÓÒ× ØÓÙ�ÓÙÖ× ØÖ�×
�ÒØ�Ö�××�ÒØ�× ´Ô�Ö�Ó�× Ô�Ö Ñ��Ð× ÓÑÑ� �ØÙ�ÐÐ�¹
Ñ�ÒØµ¸ �³�� �ÔÔÖ��� ���Ö� Ô�ÖØ�� �Ù ÓÒ×��Ð ��
Å�Ø�××� ´Ñ�Ñ� ×� �� Ö��Ö�ØØ� �� Ò� Ô�× �ÚÓ�Ö ÔÙ
���Ö� ÔÐÙ× ÓÒ�ÖÒ�ÒØ ØÙ ×��× ÕÙ�µ

�



ÀÓÖ�ÞÓÒØ�Ð

��� ÒÓØ� Ñ�Ü�Ñ�Ð� �ÓÖ��� Ô�Ö ÙÒ� ���Ò� ��
ÒÓØ�Ø�ÓÒ �Ò�Ò��Ö� ÓÙ ØÝÔ� �� Ô�Ð�×
��� �ÓÙ�Ð� ³�Ø��Ø ÑÓÒ ×ÙÖÒÓÑ ÕÙ�Ò� �³�Ø��×
Ô�Ø�Ø� ´ÔÓÙÖ ØÖÓÙÚ�Ö � ÑÓØ Ð�¸ �Ð ��Ù�Ö� Ð³����
�� Ñ� ��Ñ�ÐÐ�µ
��� ³�×Ø Ñ� ÓÔ�Ò� �³�Ò�Ð��× ´�Ö ÓÒ �Ø��Ø ��Ò×
Ð� �ÖÓÙÔ� ��× ÒÙÐ× ØÓÙØ�× Ð�× ��ÙÜ � Ð³�Ò×µ �Ø ��
×Ù�× ÓÒØ�ÒØ� �� ÔÓÙÚÓ�Ö ��Ö� ÕÙ� Ñ��ÒØ�Ò�ÒØ
³�×Ø ØÓÙØ ×�ÑÔÐ�Ñ�ÒØ ÑÓÒ �Ñ��¸ Ñ�Ö� ÔÓÙÖ
ØÓÒ ��ÒØ ÕÙ� ÒÓÙ× � ���Ò ×ÓÙÚ�ÒØ ���Ø ×ÓÙÖ�Ö�
´ÓÕÙ�Ð�ÓØ¸ ���Ò¸ ÖÓ×� ºººµ¸ Ñ�Ö� ÔÓÙÖ Ð�
��Ó�Ð�Ò��¸ Ñ�Ö� ÔÓÙÖ ØÓÙØ�× Ð�× ×ÙÔ�Ö��×
×Ó�Ö��× Ô�××��× ��Þ ØÓ� �Ø ØÓÙØ�× Ð�× �ÓÒÒ�×
�Ó×�× ÕÙ� ØÙ ÒÓÙ× �× ÔÖ�Ô�Ö��× ÐÓÖ× �� �×
��ÖÒ��Ö�×¸ ØÙ �× Ð� Ñ��ÐÐ�ÙÖ� Ô�Ø�××��Ö� ÕÙ� ��
ÓÒÒ��××� �
��� �Ò��ÒÒ� ÓÑÑÙÒ� �Ù ÒÓÖ� �� Ð� �Ö�Ò�
Ñ��ÒØ�Ò�ÒØ �××Ó��� � Î�ÐÐ�Ò�ÙÚ�
��� ÓÒ����Ö�Ø�ÓÒ ��× ×ÝÒ���Ø× Ò�Ø�ÓÒ�ÙÜ
��� Ñ�Ö� ÔÓÙÖ Ø� ��ÒØ�ÐÐ�××� �Ø Ø�× ÓÑÔ�Ø�Ò�×
�Ù ×�ÖÚ�� �Ù �ÀÄ¸ Ñ�Ö� ÒÓØ�ÑÑ�ÒØ ÔÓÙÖ
Ð�× ÔÖ�Ô�Ö�Ø�ÓÒ× ��× ÓÒ×��Ð× ×��ÒØ��ÕÙ�× ÕÙ�
Ñ³ÓÒØ ���ÙÓÙÔ �����× ��Ò× ÑÓÒ ØÖ�Ú��Ð ��
Ö�ÔÖ�×�ÒØ�ÒØ�
��� ÙÒ�Ø� �� Ñ�×ÙÖ� �³ÙÒ� �Ö�Ò�� �ÓÖ�
��� ³�×Ø ÙÒ ÑÓØ �Ù Ø�ØÖ� Ñ��× � Ô�Ý×���Ò
�×Ø ×ÙÖØÓÙØ ÓÒÒÙ ÔÓÙÖ ×ÓÒ ÑÓ��Ð� �� Ð³�ØÓÑ�
�³�Ý�ÖÓ��Ò�
��� ��Ô�ÖØ�Ñ�ÒØ �Ù ×Ù�¹ÓÙ�×Ø �� Ð� �Ö�Ò�
��� ×�ÐÓÒ Ð³�ÒØ��Ö�×Ø� ÔÖÓØ�×Ø�ÒØ �� ÒÓØÖ� ÔÖÓÑÓ
�� Ð³�Ò×¸ ³�×Ø � ÕÙ� ��Ø Ð³�ÓÑÑ� � Ð� ��ÑÑ�
��Ò× Ð� ÓÙÔÐ� �Ò ÔÐÙ× �� �ØÙ Ø� Ø��×�
��� ³�×Ø Ð� ×Ô���Ð�Ø� �³À�Ð�Ò� �Ò Ñ�Ø��Ñ�¹
Ø�ÕÙ�×
��� ×ÙÖÚ��ÐÐ�Ò� Ñ����Ð� Ö�Ò�ÓÖ��
��� ×�Ø�ÐÐ�Ø� �³ÍÖ�ÒÙ× ÓÙ ×�Ö�Ò�
��� ÔÓØ��Ù
��� ÓÑÔ��Ò�� �Ö�Ò���×� ���Ö�ÕÙ�ÒØ ��× ��Ð�ÓÔ¹
Ø�Ö�×
��� ÓÑÑ�Ò�� Ä�ÒÙÜ Ô�ÖÑ�ØØ�ÒØ �� ×ÙÔÔÖ�Ñ�Ö
��× ����Ö×
��� Ú�ÐÐ� �� �ÖÓ�Ø�� ÓÙ ÓÙ�Ð��
��� �Ð�Ñ�ÒØ ��Ñ�ÕÙ� ÙØ�Ð�×� ��Ò× Ð�× Ô�×�Ò�×
ÓÙ ��Ö�Ú��Ø�ÓÒ �³ÙÒ �ÓÙÖÒ�Ð �Ù �Ò �ÓÒ� �� Ð�
���Ö�ÒØ�
��� �Ö�ÓÒ ÓÙ � Ð³�ÒÚ�Ö× ���Ù ��ÝÔØ��Ò
��� ÒÓÑ ��× �Ð�Ñ�ÒØ× ��Ñ�ÕÙ�× ÓÑÔÓ×�×
�³ÙÒ� �ÓÙ�Ð� Ð���×ÓÒ �Ö�ÓÒ�¹�Ö�ÓÒ� �Ø �³ÙÒ
�ÖÓÙÔ�Ñ�ÒØ �Ý�ÖÓÜÝÐ�
��� ×ÓÖØ� �� Ö��
��� ��Ö�Ú��Ø�ÓÒ �³ÙÒ� Ô�Ö×ÓÒÒ� ÕÙ� Ð�× ÔÖÓ�×
Ò³��Ñ�ÒØ Ô�× ÕÙ�Ò� �Ð× Ð� ÚÓ��ÒØ
��� ��××�ÖÚ�
��� Ú�ÐÐ� �� Ð� ��ÒÐ��Ù� �³Ç×��� �Ù Â�ÔÓÒ
��� ÓÒ Ð� Ô�××� ÔÓÙÖ ÙÒ� ØÖ�Ú�
��� �Ð ×�ÖØ � ���Ö� ��× Ó�Ø��Ð×

Î�ÖØ��Ð

��� �ÜÐ�Ñ�Ø�ÓÒ �� �ÓÙÐ�ÙÖ
��� ��Ñ�ÒÙ� Ð� ÔÓ��×
��� ��Ö�Ø�ÓÒ �Ù ØÖ�Ú��Ð �Ø �� Ð³�ÑÔÐÓ�
��� Ô�ÖØ� �� �ÙÔÓÒØ¹���Ò�Ò
��� ÓÙÖ× �Ò �ÑÔ��
��� Ñ�Ö� � �ÙÜ �³�ÚÓ�Ö Ö�ÔÖ�× Ð� ×�Ñ�Ò��Ö� Ä�Ò¹
��Ù �
��� Ú�ÐÐ� �� ÒÓÖ�
��� Ñ�Ö� ÔÓÙÖ Ð� Ñ���Ò� � ���¸ �³�� �Ö�� � ØÓ�
Ö���ÓÙÚ�ÖØ � ÕÙ� ³�Ø��Ø �
��� Ö��ÙØ�
��� ��Ñ� ÔÖ�× �³�Ø��Ò�×
��� �ÖØ�Ð� ���Ò� ÓÒØÖ�Ø�
��� Ñ�Ð���� �ÓÒØ Ð� ÒÓÑ Ö�××�Ñ�Ð� � Ð� Ú�ÐÐ�
Ó� ����Ø� Ð�× Ô�Ö�ÒØ× �� �Ð�Ò��Ò� ´ÕÙ�Ò� �ÐÐ�
Ð� ÔÖÓÒÓÒ�¸ ³�×Ø � ×³Ý Ñ�ÔÖ�Ò�Ö�µ
��� Ñ�Ö� ÔÓÙÖ Ð� ��×Ø�ÓÒ Ô�Ö���Ø�Ñ�ÒØ Ñ��ØÖ�×��
�� Ð� Ð��Ò� �Ù××� ���Ò ÕÙ�Ò� �³�Ø��× �Ð�Ú�¸ ÕÙ�
ÕÙ�Ò� �� ���×��× ��× Ì�×¸ �Ð� ×�ÑÔÐ��� ���ÙÓÙÔ
�� �Ó×�×
��� �Ò�Ö� Ñ��Ö�Ø�ÙÖ
��� ��ÙÚ� �Ù ÒÓÖ� �� Ð³�×Ô��Ò�
��� �Ð��ÓÖÒ�ÙÑ
��� ÒÓÙ× �Ò ���×ÓÒ× Ô�ÖØ��
��� Ñ�ÑÓ�Ö� � Ð�ØÙÖ� ×�ÙÐ� ÓÙ ÓÑÑÙÒ� ��×
��ÙÜ¹Ë�ÚÖ�×
��� ³�×Ø ÙÒ� ��ÙÖ� �� Ø�××Ù ��Ö��Ò ´Ô�Ö �Ü�Ñ¹
ÔÐ�µ ÕÙ� �ÑÔÖ�××�ÓÒÒ�
��� ³�×Ø ÙÒ Ô�Ý×���Ò ÕÙ� ×� ØÖÓÙÚ� ��Ò× Ð� Ø�ØÖ�
�� �ØØ� Ø��×�
��� ��Ø�ÖÑ�Ò�
��� Ñ�Ö� ÔÓÙÖ ��× ��×Ù××�ÓÒ× �ÒØ�Ö�××�ÒØ�× ×ÙÖ
Ð� Ú�Ò �
��� Ô�Ý× �ÓÒØ Ð� �Ô�Ø�Ð� �×Ø À�ÒÓ�
��� ÒÓ��Ð�ÙÑ
��� Ñ�Ö� � � ÓÙÔÐ� �ØÝÔ�ÕÙ� ÕÙ� �� ÚÓ�× ��
Ø�ÑÔ× �Ò Ø�ÑÔ× �Ò ÓÒ��Ö�Ò�× �Ø ÕÙ� ÓÒØ ØÓÙ¹
�ÓÙÖ× ��× ��×ØÓ�Ö�× �ÒÖÓÝ��Ð�× � Ñ� Ö�ÓÒØ�Ö �
��� ��Ö�Ú��Ø�ÓÒ ��×��Ò�ÒØ ÙÒ �ÖÓÙÔ�Ñ�ÒØ �³�ÐÙ×
��� Ö�××�ÙÜ
��� Ñ��ÐÐ�ÙÖ� ×��×ÓÒ �� Ð³�ÒÒ��
��� Ö��ÒÓ�� ´×� ÚÓÙ× Ò� ÓÑÔÖ�Ò�Þ Ô�× Ð� ���¹
�Ò�Ø�ÓÒ ³�×Ø ÒÓÖÑ�Ð¸ ³�×Ø �Ù Ô�ØÓ�× ��Ö�ÒØ��×¸
�Ð ��ÐÐ��Ø ���Ò ÕÙ� �� �ÖÖ�Ú�µ
��� Ñ�Ö� ÔÓÙÖ Ð� ��×Ø�ÓÒ �� Ð� ���Ð�ÓØ��ÕÙ� �
��� ×Ô���Ð�Ø� Ú��ØÒ�Ñ��ÒÒ�
��� ØÝÔ� �� ��ÓÑÔÓ×�Ø�ÓÒ �� Ñ�ØÖ�� ´ÙÒ� Ö�Ú�¹
×�ÓÒ �³��Ö��¸ �� Ò� Ô�ÙØ Ô�× ���Ö� �� Ñ�Ðµ
��� ×�Ð�Ò�ÙÑ ´�����Ñ�ÒØ ��× �Ð�Ñ�ÒØ× ��Ñ¹
�ÕÙ�×¸ �Ð Ý �Ò � ÔÐ��Ò×µ
��� �ÓÙ�Ð�¸ �Ð �×Ø ×ÝÒÓÒÝÑ� �� ×�ÐÙØ

½¼



ÀÓÖ�ÞÓÒØ�Ð

��� ÓÑÑÙÒ� �Ù È�Ý×¹��×ÕÙ�
��� � Ð� ÑÓ�� ÓÙ ��Ò× �Ò �Ò�Ð��×
��� Û��Ö���Ó �� Ê��Ò� �ÐÔ�×
��� ��Ñ��× �Ò �ÐÐ�Ñ�Ò� ÓÙ Ö���ØØ�
��� ÔÖ����Ö �� Ñ�Ö �Ð �Ø
��� ØÝÔ� �³�Ü�Ö�� ÕÙ� ÔÓÙÚ��Ø ÓÒ�Ù�Ö� � ÙÒ�
ÒÓØ� Ò���Ø�Ú� �Ò �Ä�� ÓÙ ÕÙ� ×�ÖØ � ÒÓØ�Ö Ð�×
�ØÙ���ÒØ× �Ò Ñ����Ò�×
��� Ö�ÚÓÐÙØ�ÓÒÒ��Ö� ÓÑÑÙÒ�×Ø�
��� ÓÔØ�ÓÒ �³��Ö���Ø��
��� Ñ�Ö� � ØÓÙ× Ð�× Ñ�Ñ�Ö�× �� �ØØ� ��Ñ�ÐÐ�
ÕÙ� Ñ³ÓÒØ ØÖ�× ���Ò �Ù��ÐÐ�� �Ð Ý � ���� ÔÐÙ× ��
� �Ò×¸ �³��Ñ� ØÓÙ�ÓÙÖ× �ÙØ�ÒØ Ô�××�Ö �Ù Ø�ÑÔ×
�Ú� ��ÙÒ �³�ÒØÖ� �ÙÜ �Ø �Ð× �ÓÒØ Ô�ÖØ�� �� Ñ�
��Ñ�ÐÐ� Ñ��ÒØ�Ò�ÒØ �
��� �ÖÝØ�ÖÓÔÓ��Ø�Ò�
��� Ú�ÐÐ� �� Å�×ÓÔÓØ�Ñ��
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö ����� ÕÙ�Ò� �³�Ú��× ��×
ÔÖÓ�Ð�Ñ�× �Ú� Ð³��× �Ù ×�Ø� �Ù ×�Ñ�Ò��Ö� Ä�Ò¹
��Ù �ØØ� �ÒÒ��
��� Ñ�Ö� �� Ñ³�ÚÓ�Ö ÔÓÙ××�� � Ö�ÔÖ�Ò�Ö� Ñ�×
Ì� �³�Ð���Ö� �Ø ��ÓÑ�ØÖ�� �Ò ��Ö�� �ÐÓÖ× ÕÙ� ��
Ò� Ñ³�Ò ×�ÒØ��× Ô�× �Ô��Ð� �Ø Ñ�Ö� �ÓÒ ��
Ñ³�ÚÓ�Ö ���Ø ÓÒ��Ò� ÔÓÙÖ �× ��ÖÒ��Ö×
��� ³�×Ø Ð� ÒÓÑ �� Ð³�ÔÔ�Ö��Ð ÕÙ� ÔÖÓ�Ù�Ø Ð�× ��¹
��Ø× ��Ö�Ø× ��Ò× ÙÒ� ��Ò×ÓÒ �� Ì�Ð�Ô�ÓÒ�
��� Ú�ÐÐ��� ��× È�Ý×¹��× ÓÙ ��Ö�Ú��Ø�ÓÒ �³ÙÒ
Ô�ÖØ� ÔÓÐ�Ø�ÕÙ� �Ö�Ò���×
��� �ÒÚ�ÒØ�ÓÒ �� Ð³�ÙØÖ����Ò ÂÓ×�Ô� À�Ö�ØÑÙØ�
ÙØ�Ð�×�� ØÓÙ× Ð�× �ÓÙÖ×
��� Ø�ÑÔÓ Ö�Ð�Ø�Ú�Ñ�ÒØ Ð�ÒØ
��� � Ð³�Ò�ÖÓ�Ø ³�×Ø Ð� ÒÓÑ �� ÑÓÒ �ÕÙ�Ô� �Ò
�Ò�Ð��× � Ð³�ÒÚ�Ö× ³�×Ø ×ÓÒ ÒÓÑ �Ò �Ö�Ò���×¸ ��
Ö�Ñ�Ö�� ØÓÙ× ×�× Ñ�Ñ�Ö�×¸ ÕÙ� ×ÓÒØ ÚÖ��Ñ�ÒØ
ØÖ�× ��ÒØ�Ð× �Ø �Ú� ÕÙ� �³�� �ÔÔÖ��� Ñ�Ò��Ö ��
Ø�ÑÔ× �Ò Ø�ÑÔ× ´×� ×� ³�×Ø ÚÖ��µ

½½



½¾



Ì��Ð� ��× Ñ�Ø��Ö�×

ÁÒØÖÓ�ÙØ�ÓÒ ½�

Á½ �ÓÒØ�ÜØ� ��×ØÓÖ�ÕÙ� º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½�

Á½º½ Å��Ò�ÕÙ� Ð�××�ÕÙ� �Ø Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ� º º º º º º º º º º º º º º ½�

Á½º¾ �Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� º º º º º º º º º º º º º º º º º º º º º º º º º º ½�

Á½º¿ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� º º º º º º º º º º º ¾¼

Á½º� ÇÔ�Ö�Ø�ÙÖ× ×�Ñ�¹Ð�××�ÕÙ�× º º º º º º º º º º º º º º º º º º º º º º º º ¾¿

Á½º� ÇÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× º º º º º º º º º º º º º º º º º º º º º º ¾�

Á¾ Ä�× Ö�×ÙÐØ�Ø× �� Ð� Ø��×� º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ¾�

Á¾º½ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ¹

��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹

���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ º º º º º º º º º º º º º º º º º º º º º º º º º ¾�

Á¾º¾ ÉÙ�ÒØ���Ø�ÓÒ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø �� Ï�ÝÐ �Ù ØÓÖ� T
2 º º º º º º ¿¾

Á¿ ÈÐ�Ò �Ù Ñ�ÒÙ×Ö�Ø º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ¿�

Á �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ¹

��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ

ÙÒ ¿�

½ ÍÒ ÔÖ�Ñ��Ö �Ü�ÑÔÐ� ¿�

½º½ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� º º º º º º º º º º º º º º º ¿�

½º¾ Ë�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× º º º º º º º º º º º º º º º º º º º º º º º º º º º º º �¿

¾ �ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ��

¾º½ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R
2 �Ø ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� º º º º º º º ��

¾º¾ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R2¸ ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� S1×R �Ø ÓÒ��Ø�ÓÒ×

�� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� º º º º º º º º º º º º º º º º º º º º º �¿

¾º¾º½ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� S
1 × R �Ø ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� �¿

¾º¾º¾ ÌÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü�¸ ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑ¹

ÔÐ�Ü� �Ø ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò º º º º º º º º º º º º º º º º º º º º º º ��

¾º¾º¿ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R
2 �Ø ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� S

1 × R º �¼

½¿



¿ �ÔÔÐ��Ø�ÓÒ× ��

¿º½ ÇÔ�Ö�Ø�ÙÖ× PT ¹×ÝÑ�ØÖ�ÕÙ�× º º º º º º º º º º º º º º º º º º º º º º º º º º º ��

¿º¾ ÇÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� º º º º º º º º º º º º º º º ��

� Ë�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× ½½�

�º½ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ L2(S1) º º º º º º º º º º º º º º ½½�

�º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ L2(R) º º º º º º º º º º º º º º ½½�

ÁÁ ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù

ØÓÖ� T2 ½¾�

� ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� ½¾�

�º½ ���Ö� ÔÖ�ÕÙ�ÒØ���ÒØ º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º¾ Ë�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¿¿

�º¿ �×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk º º º º º º º º º º º º º º º º º º º º º º ½¿�

�º� ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� º º º º º º º º º º º º º º º º º º º ½��

�º� �Ü�ÑÔÐ�× º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½��

� ÉÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù ØÓÖ� ½�¿

�º½ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ� º º º º º º º º º º º º º º º º º º º º ½�¿

�º½º½ �×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk º º º º º º º º º º º º º º º º º º º º º º º º ½�¿

�º½º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� Lk º º º º º º º º ½��

�º¾ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� º º º º º º º º º º º º º º º º º º º º ½��

�º¾º½ Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ º º º º º º º º º º º º º º º º º º º º º º ½��

�º¾º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� Hk º º º º º º º ½�½

� Ä��Ò �ÒØÖ� Ð�× ����Ö�ÒØ�× ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ� ½�¿

�º½ ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ÔÐ�Ò ÓÑÔÐ�Ü�½�¿

�º¾ ÉÙ�ÒØ���Ø�ÓÒ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �Ø �Ù ÔÐ�Ò ÓÑÔÐ�Ü� º º º º º º º ½��

�º¿ ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�¾¼¾

� �Ü�ÑÔÐ�× �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ× �Ø ÓÒ��ØÙÖ� ¾¼�

�º½ ËÔ�ØÖ� ÒÙÑ�Ö�ÕÙ� �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� ÒÓÒ �ÙØÓ¹���Ó�ÒØ×¾¼�

�º¾ �ÓÒ��ØÙÖ� º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ¾½¼

Ì��Ð� ��× ��ÙÖ�× ¾½½

���Ð�Ó�Ö�Ô��� ¾½¿

½�



ÁÒØÖÓ�ÙØ�ÓÒ

��Ò× Ð�× ØÖ�Ú�ÙÜ ÔÖ�×�ÒØ�× ��¸ ÓÒ ×³�ÒØ�Ö�××� � Ð� Ø��ÓÖ�� ×Ô�ØÖ�Ð� ��× ÓÔ�Ö�Ø�ÙÖ× ×�Ñ�¹

Ð�××�ÕÙ�× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ �Ò Ö�Ð�Ø�ÓÒ �Ú� Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ��¹

�Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º ÇÒ ÑÓÒØÖ� ÕÙ� �× ÓÒ��Ø�ÓÒ×¸ �Ò�Ø��Ð�Ñ�ÒØ ��Ú�ÐÓÔÔ��× ÔÓÙÖ

��× ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×¸ �ÓÒÒ�ÒØ ���Ð�Ñ�ÒØ ÙÒ� ØÖ�× �ÓÒÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×Ô�ØÖ�

�� �ÖØ��Ò× ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× ��Ò× Ð� Ð�Ñ�Ø� ×�Ñ�¹Ð�××�ÕÙ�º ��Ò× ÙÒ ÔÖ�Ñ��Ö

Ø�ÑÔ×¸ ÓÒ �ØÙ��� ÔÐÙ× Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× � ×ÝÑ�ÓÐ�× �Ò¹

�ÐÝØ�ÕÙ�× ×ÙÖ R
2º ÈÙ�×¸ ÓÒ ×³�ÒØ�Ö�××� �ÙÜ ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �Ø �ÙÜ

ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× � ×ÝÑ�ÓÐ�× ×ÙÖ Ð� ØÓÖ� �Ø � Ð�ÙÖ× Ö�Ð�Ø�ÓÒ×º ÈÓÙÖ �Ò�Ö¸ ÓÒ

ÔÖ�×�ÒØ� ��× ×�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× ÑÓÒØÖ�ÒØ Ð� ×Ô�ØÖ� �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ØÓÖ� ÒÓÒ �ÙØÓ¹���Ó�ÒØ× ��Ò �� Ñ�ØØÖ� �Ò �Ü�Ö�Ù� � ÕÙ� ÔÓÙÖÖ���ÒØ �ØÖ� ��× ÓÒ��Ø�ÓÒ×

�� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ �ØØ� Ð�××� �³ÓÔ�Ö�Ø�ÙÖ×º

Á½ �ÓÒØ�ÜØ� ��×ØÓÖ�ÕÙ�

Á½º½ Å��Ò�ÕÙ� Ð�××�ÕÙ� �Ø Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�

Ä� Ñ��Ò�ÕÙ� Ð�××�ÕÙ�¸ �Ù××� �ÔÔ�Ð�� Ñ��Ò�ÕÙ� Ò�ÛØÓÒ��ÒÒ�¸ �×Ø ��×�� ÔÖ�Ò�Ô�Ð�¹

Ñ�ÒØ ×ÙÖ ��× ØÖ�Ú�ÙÜ �³Á×�� Æ�ÛØÓÒ ´½��¿¹½�¾�µº ÇÒ Ô�ÙØ Ð� ��Ú�×�Ö �Ò ÔÐÙ×��ÙÖ× Ô�ÖØ��×

��×Ø�ÒØ�× �

� Ð� �Ò�Ñ�Ø�ÕÙ�¸ ÕÙ� �ØÙ��� Ð� ÑÓÙÚ�Ñ�ÒØ ��× ÓÖÔ× ×�Ò× ×� ×ÓÙ��Ö �� � ÕÙ� Ð� �Ù×� �

� Ð� ×Ø�Ø�ÕÙ�¸ ÕÙ� ÓÒ×�×Ø� �Ò Ð³�ØÙ�� ��× ÓÖÔ× ÕÙ� ×ÓÒØ �Ù Ö�ÔÓ× �

� Ð� �ÝÒ�Ñ�ÕÙ�¸ ÕÙ� �ØÙ��� Ð� ÑÓÙÚ�Ñ�ÒØ ��× ÓÖÔ× �Ò Ø�Ò�ÒØ ÓÑÔØ� ��× �Ù×�× ��

�× ÑÓÙÚ�Ñ�ÒØ×º

ü Ð� �Ò �Ù Ü�Ü¹�Ñ� ×��Ð�¸ Ð� ÔÐÙÔ�ÖØ ��× Ô��ÒÓÑ�Ò�× Ô�Ý×�ÕÙ�× ÓÒÒÙ× ×ÓÒØ �ÜÔÐ�ÕÙ�×

Ô�Ö Ð� Ô�Ý×�ÕÙ� Ð�××�ÕÙ� �Ù ØÖ�Ú�Ö× ÒÓØ�ÑÑ�ÒØ �� Ð� Ñ��Ò�ÕÙ� �³Á×�� Æ�ÛØÓÒ �Ø ��

Ð³�Ð�ØÖÓÑ��Ò�Ø�×Ñ� �� Â�Ñ�× Å�ÜÛ�ÐÐ ´½�¿½¹½���µº ��× ��ÙÜ Ø��ÓÖ��× Ö�ÔÓ×�ÒØ ×ÙÖ Ð�×

�ÝÔÓØ��×�× ×Ù�Ú�ÒØ�× �

� Ð� Ø�ÑÔ× �Ø Ð³�×Ô�� ×ÓÒØ ��×ÓÐÙ× �

� ÓÒÒ��××�ÒØ Ð�× ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�× �Ø Ð³�ÚÓÐÙØ�ÓÒ �³ÙÒ ×Ý×Ø�Ñ� Ô�Ý×�ÕÙ�¸ ÓÒ Ô�ÙØ �

��ÕÙ� �Ò×Ø�ÒØ �ÚÓ�Ö ��× � ØÓÙ× Ð�× Ô�Ö�Ñ�ØÖ�× �Ù ×Ý×Ø�Ñ� �

� �× Ô�Ö�Ñ�ØÖ�× Ô�ÙÚ�ÒØ �ØÖ� Ñ�×ÙÖ�× �Ú� ÙÒ� ÔÖ��×�ÓÒ �Ò�Ò�Ñ�ÒØ �Ö�Ò��º

½�



ÁÒØÖÓ�ÙØ�ÓÒ

Ä�× Ö�×ÙÐØ�Ø× Ø��ÓÖ�ÕÙ�× ×³�ÓÖ��ÒØ �Ú� Ð�× �ÜÔ�Ö��Ò�× ÐÓÖ×ÕÙ³ÓÒ �ØÙ��� ��× Ô��ÒÓÑ�Ò�×

Ñ�ÖÓ×ÓÔ�ÕÙ�× �Ý�ÒØ ÙÒ� Ú�Ø�××� ����Ð� Ô�Ö Ö�ÔÔÓÖØ � Ð� Ú�Ø�××� �� Ð� ÐÙÑ��Ö� c = 3.108m.s−1º

��Ô�Ò��ÒØ¸ �Ù ���ÙØ �Ù ÜÜ¹�Ñ� ×��Ð�¸ �× �ÝÔÓØ��×�× ÓÒØ �Ø� Ö�Ñ�×�× �Ò ÕÙ�×Ø�ÓÒº ÈÐÙ×

ÔÖ��×�Ñ�ÒØ Ð� Ø��ÓÖ�� �� Ð� Ö�Ð�Ø�Ú�Ø� �³�Ð��ÖØ ��Ò×Ø��Ò ´½���¹½���µ �Ò ½�¼� Ò��××�Ø� Ð³�¹

��Ò�ÓÒ �� Ð� ÔÖ�Ñ��Ö� �ÝÔÓØ��×� �Ø Ð� Ø��ÓÖ�� ÕÙ�ÒØ�ÕÙ� ��Ú�ÐÓÔÔ�� ÒÓØ�ÑÑ�ÒØ Ô�Ö �ÖÛ�Ò

Ë�Ö���Ò��Ö ´½���¹½��½µ �Ø Ï�ÖÒ�Ö À��×�Ò��Ö� ´½�¼½¹½���µ �Ò ½�¾� ÑÓ���� Ð� ��ÙÜ��Ñ�

�Ø Ð� ØÖÓ�×��Ñ� �ÝÔÓØ��×�º �� ÔÐÙ×¸ � �ØØ� �ÔÓÕÙ�¸ ÓÒ Ó�×�ÖÚ� �ÖØ��Ò× Ô��ÒÓÑ�Ò�× ÕÙ� Ð�

Ñ��Ò�ÕÙ� Ð�××�ÕÙ� Ò³�ÖÖ�Ú� Ô�× � �ÜÔÐ�ÕÙ�Ö¸ �Ò ÚÓ�� ��× �Ü�ÑÔÐ�×º

� Ä� Ö�ÝÓÒÒ�Ñ�ÒØ �Ù ÓÖÔ× ÒÓ�Ö � ÙÒ ÓÖÔ× ÒÓ�Ö �×Ø ÙÒ� �Ú�Ø� �ÓÒØ Ð�× Ô�ÖÓ�× �Ø

Ð³�ÒØ�Ö��ÙÖ ×ÓÒØ ÔÓÖØ�× � ÙÒ� Ø�ÑÔ�Ö�ØÙÖ� T �Ü��º Ä�× �ØÓÑ�× ÓÒ×Ø�ØÙ�ÒØ Ð� Ô�ÖÓ�

×ÓÒØ �ÐÓÖ× ×Ù×�ÔØ��Ð�× �³�Ñ�ØØÖ� ÓÙ �³��×ÓÖ��Ö �Ù Ö�ÝÓÒÒ�Ñ�ÒØ �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�º

ÄÓÖ×ÕÙ� Ð³�ÕÙ�Ð��Ö� Ø��ÖÑÓ�ÝÒ�Ñ�ÕÙ� �×Ø �ØØ��ÒØ¸ Ð� Ô�ÖÓ� �Ñ�Ø �Ø ��×ÓÖ�� Ð� Ñ�Ñ�

ÔÙ�××�Ò� ÔÓÙÖ ��ÙÒ� ��× �Ö�ÕÙ�Ò�× ν ÕÙ� ÓÑÔÓ×�ÒØ Ð� ×Ô�ØÖ� �� � Ö�ÝÓÒÒ�Ñ�ÒØº

Ä� ��Ò×�Ø� �³�Ò�Ö��� �Ð�ØÖÓÑ��Ò�Ø�ÕÙ� �×Ø �ÓÒ ÓÒ×Ø�ÒØ� �Ø ÓÒ Ô�ÙØ Ð� Ñ�×ÙÖ�Ö �Ü¹

Ô�Ö�Ñ�ÒØ�Ð�Ñ�ÒØº �³�×Ø �ÔÖ�× �ØØ� �ÜÔ�Ö��Ò� ÕÙ� Å�Ü ÈÐ�Ò� ´½���¹½���µ ÔÖÓÔÓ×�

ÕÙ� Ð�× ×�ÙÐ�× Ú�Ð�ÙÖ× ÔÓ××��Ð�× �� Ð³�Ò�Ö��� ���Ò��� ×ÓÒØ �ÓÒÒ��× Ô�Ö �

E = n�ν Ó� n �×Ø ÙÒ �ÒØ��Ö.

Å�Ü ÈÐ�Ò� �ÒØÖÓ�Ù�×�Ø � �ØØ� Ó�×�ÓÒ Ð� ÓÒ×Ø�ÒØ� � �ÔÔ�Ð�� �Ù�ÓÙÖ�³�Ù� ÓÒ×Ø�ÒØ�

�� ÈÐ�Ò�º

� Ä³���Ø Ô�ÓØÓ�Ð�ØÖ�ÕÙ� � ³�×Ø Ð� ���Ø ÕÙ³ÙÒ Ö�ÝÓÒÒ�Ñ�ÒØ �Ð�ØÖÓÑ��Ò�Ø�ÕÙ� Ô�ÙØ �Ö¹

Ö���Ö ��× �Ð�ØÖÓÒ× � ÙÒ Ñ�Ø�Ðº �Ð��ÖØ ��Ò×Ø��Ò �ÜÔÐ�ÕÙ� �Ø ���Ø �Ò ÔÓ×ØÙÐ�ÒØ ÕÙ�

Ð� Ö�ÝÓÒÒ�Ñ�ÒØ �Ð�ØÖÓÑ��Ò�Ø�ÕÙ� �×Ø ÓÒ×Ø�ØÙ� �� Ô�ÓØÓÒ×¸ ��ÙÒ � ÙÒ� �Ò�Ö��� �ν

�Ø ÙÒ� Ú�Ø�××� cº ��Ò×� ÙÒ Ô�ÓØÓÒ Ô�ÙØ �ØÖ� ��×ÓÖ�� Ô�Ö ÙÒ �Ð�ØÖÓÒ �Ø ³�×Ø �ØØ�

�ÒØ�Ö�Ø�ÓÒ ÕÙ� Ô�ÙØ Ð³�ÖÖ���Ö �Ù Ñ�Ø�Ðº

� Ä³���Ø �ÓÑÔØÓÒ � ³�×Ø Ð� ���Ù×�ÓÒ �� Ð� ÐÙÑ��Ö� Ô�Ö Ð�× �Ð�ØÖÓÒ× �Ù Ñ�Ð��Ù �Ð��Ö�º

�� Ô��ÒÓÑ�Ò� Ô�ÙØ ×³�ÒØ�ÖÔÖ�Ø�Ö ÓÑÑ� Ð� ���Ù×�ÓÒ �Ð�×Ø�ÕÙ� �Ù Ô�ÓØÓÒ �³�Ò�Ö���

E = �ν �Ú� ÙÒ �Ð�ØÖÓÒ Ð��Ö�º

� Ä� ×Ø���Ð�Ø� ��× �ØÓÑ�× � ³�×Ø Ð� ÑÓ��Ð� �� �Ó�Ö ÕÙ� Ô�ÖÑ�Ø �³�ÜÔÐ�ÕÙ�Ö Ð� ×ØÖÙØÙÖ�

�Ð�ØÖÓÒ�ÕÙ� ��× �ØÓÑ�× �Ø Ð�ÙÖ× ×Ø���Ð�Ø�× �Ò ÕÙ�ÒØ���ÒØ Ð�× ÑÓÑ�ÒØ× �Ò�ÙÐ��Ö�× ��×

�Ð�ØÖÓÒ× ´��× ÔÖ��×�ÓÒ× ×ÙÖ � ÑÓ��Ð� ×� ØÖÓÙÚ�ÒØ ��Ò× Ð� Ô�Ö��Ö�Ô�� Á½º¿ ×ÙÖ Ð�×

ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�µº

��Ò×�¸ Ð� Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ� ÓÒ×Ø�ØÙ� ÙÒ� Ø��ÓÖ�� ÕÙ� Ô�ÖÑ�Ø �³�ÜÔÐ�ÕÙ�Ö Ð�× �ÜÔ�Ö��Ò�×

�Ù Ò�Ú��Ù �ØÓÑ�ÕÙ� ´ÚÓ�Ö �ÄÄ��℄µº ÈÓÙÖ ÔÐÙ× �� ��Ø��Ð× ×ÙÖ Ð� Ò��××�Ò� �� Ð� Ñ��Ò�ÕÙ�

ÕÙ�ÒØ�ÕÙ�¸ ÚÓ�Ö Ð� Ð�ÚÖ� ����+¼�℄º �Ù ÔÓ�ÒØ �� ÚÙ� Ñ�Ø��Ñ�Ø�ÕÙ�¸ Ð� Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�

×� �ÓÖÑ�Ð�×� � Ð³���� �� ÕÙ�ØÖ� ÔÓ×ØÙÐ�Ø× ´ÚÓ�Ö ���Ø¼�℄µº

� ÈÓ×ØÙÐ�Ø ½ � � ØÓÙØ ×Ý×Ø�Ñ� Ô�Ý×�ÕÙ� �×ÓÐ�¸ ÓÒ �××Ó�� ÙÒ �×Ô�� �� À�Ð��ÖØ H �ÔÔ�Ð�

�×Ô�� �³�Ø�Ø× �Ù ×Ý×Ø�Ñ�º Ä� ×Ý×Ø�Ñ� �×Ø �ÐÓÖ× ÓÑÔÐ�Ø�Ñ�ÒØ ��Ö�Ø Ô�Ö ×ÓÒ Ú�Ø�ÙÖ

�³�Ø�Ø× ÕÙ� �×Ø ÙÒ Ú�Ø�ÙÖ ÙÒ�Ø��Ö� �� Ð³�×Ô�� �³�Ø�Ø×º

� ÈÓ×ØÙÐ�Ø ¾ � Ð³�ÚÓÐÙØ�ÓÒ �³ÙÒ ×Ý×Ø�Ñ� ÕÙ�ÒØ�ÕÙ� �×Ø ��Ö�Ø Ô�Ö ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö�º

½�



Á½º �ÇÆÌ��Ì� ÀÁËÌÇÊÁÉÍ�

� ÈÓ×ØÙÐ�Ø ¿ � �Ò Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�¸ ÓÒ Ñ�×ÙÖ� ��× Ó�×�ÖÚ��Ð�× ´ÕÙ� ÓÖÖ�×ÔÓÒ��ÒØ

�Ò Ñ�Ø��Ñ�Ø�ÕÙ�× � ��× ÓÔ�Ö�Ø�ÙÖ× Ð�Ò���Ö�× �ÙØÓ¹���Ó�ÒØ× ���××�ÒØ ×ÙÖ Ð³�×Ô�� ��

À�Ð��ÖØ Hµ �Ø Ð�× Ú�Ð�ÙÖ× ÔÓ××��Ð�× �� �× Ó�×�ÖÚ��Ð�× ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ Ú�Ð�ÙÖ× ÔÖÓ¹

ÔÖ�× ��× ÓÔ�Ö�Ø�ÙÖ×º

� ÈÓ×ØÙÐ�Ø � � Ð³�×Ô�� ��× �Ø�Ø× �³ÙÒ ×Ý×Ø�Ñ� Ô�Ý×�ÕÙ� ÓÑÔÓ×�Ø� �×Ø Ð� ÔÖÓ�Ù�Ø Ø�Ò×ÓÖ��Ð

��× �×Ô��× �³�Ø�Ø× ��× ÓÑÔÓ×�ÒØ× �Ù ×Ý×Ø�Ñ� Ô�Ý×�ÕÙ�º

ÇÒ ×³�ÒØ�Ö�××� Ñ��ÒØ�Ò�ÒØ � ÙÒ �Ü�ÑÔÐ� �� ×Ý×Ø�Ñ� Ô�Ý×�ÕÙ� ÕÙ³ÓÒ Ô�ÙØ ��Ö�Ö� �³ÙÒ ÔÓ�ÒØ

�� ÚÙ� Ð�××�ÕÙ� �Ø �³ÙÒ ÔÓ�ÒØ �� ÚÙ� ÕÙ�ÒØ�ÕÙ� ³�×Ø Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ�º

�Ü�ÑÔÐ� Á½º½ ´Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ð�××�ÕÙ�µº ÇÒ ÓÒ×���Ö� ÙÒ� Ñ�××� ÔÓÒØÙ�ÐÐ� m

�ÖÓ��� � ÙÒ Ö�××ÓÖØ �� ÓÒ×Ø�ÒØ� �� Ö����ÙÖ k¸ ÔÙ�× ÓÒ ��ÖØ� Ð� ÔÓ�ÒØ m �� ×� ÔÓ×�Ø�ÓÒ

�³�ÕÙ�Ð��Ö�º

���
m

�F = −k�x

������ Á½ � Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ�º

�³�ÔÖ�× Ð� ÔÖ�Ò�Ô� �ÓÒ��Ñ�ÒØ�Ð �� Ð� �ÝÒ�Ñ�ÕÙ�¸ Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� ÕÙ� Ö���Ø Ð� ÑÓÙ¹

Ú�Ñ�ÒØ �� Ð� Ñ�××� m �×Ø �

m
d2x(t)

dt2
= −kx(t).

��ØØ� �ÕÙ�Ø�ÓÒ ��Ñ�Ø ÔÓÙÖ ×ÓÐÙØ�ÓÒ Ð� �ÓÒØ�ÓÒ ×Ù�Ú�ÒØ� �

x(t) = A cos

�
�

k

m
t+ φ

�

,

Ó� A �Ø φ ×ÓÒØ ��× ÓÒ×Ø�ÒØ�× ��Ø�ÖÑ�Ò��× Ô�Ö Ð�× ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�× �Ù ×Ý×Ø�Ñ�º ÇÒ Ô�ÙØ

Ö��ÓÖÑÙÐ�Ö � ÔÖÓ�Ð�Ñ� ×ÓÙ× �ÓÖÑ� ��Ñ�ÐØÓÒ��ÒÒ� �Ò ×³�ÒØ�Ö�××�ÒØ �ÙÜ Ú�Ö���Ð�× ÔÓ×�Ø�ÓÒ x

�Ø ÑÓÑ�ÒØ p = mv ´Ó� v ��×��Ò� Ð� Ú�Ø�××�µ �Ù ×Ý×Ø�Ñ�º ÇÒ ×��Ø ÕÙ� Ð³�Ò�Ö��� E �Ù ×Ý×Ø�Ñ�

�×Ø �ÓÒÒ�� Ô�Ö Ð� ×ÓÑÑ� �� Ð³�Ò�Ö��� �Ò�Ø�ÕÙ� �Ø �� Ð³�Ò�Ö��� ÔÓØ�ÒØ��ÐÐ�¸ �ÙØÖ�Ñ�ÒØ ��Ø �

E =
1

2
mv2 +

1

2
kx2 =

1

2

�

p2

m
+ kx2

�

.

Ë� ÓÒ ���ØÙ� Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� � x �−→ x

(km)1/4
�Ø ÕÙ³ÓÒ ÔÓ×� � ξ =

p

(km)1/4
¸

Ð³�Ò�Ö��� E ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� �

E =
1

2
ω(ξ2 + x2) =: H(x, ξ) Ó� ω =

�

k

m
.

ÇÒ ���Ò�Ø ��Ò×� Ð� ��Ñ�ÐØÓÒ��Ò �Ù ×Ý×Ø�Ñ� H ×ÙÖ Ð³�×Ô�� ��× Ô��×�× R2 � Ô�ÖØ�Ö �� Ð³�Ò¹

½�



ÁÒØÖÓ�ÙØ�ÓÒ

�Ö���º Ä� �ÓØ ��Ñ�ÐØÓÒ��Ò �××Ó�� � H Ô�Ö Ð�× �ÕÙ�Ø�ÓÒ× �















dx(t)

dt
=
∂H(x(t), ξ(t))

∂ξ
,

dξ(t)

dt
= −∂H(x(t), ξ(t))

∂x
,

Ô�ÖÑ�Ø �� Ö�ØÖÓÙÚ�Ö Ð³�ÕÙ�Ø�ÓÒ �� Æ�ÛØÓÒº

�Ü�ÑÔÐ� Á½º¾ ´Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ÕÙ�ÒØ�ÕÙ�µº Ä³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ÕÙ�ÒØ�ÕÙ�

�×Ø Ð� ÕÙ�ÒØ��� �� Ï�ÝÐ �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ð�××�ÕÙ� ´ÓÒ Ö�Ú��Ò�Ö� ÔÐÙ× Ø�Ö� ×ÙÖ Ð�

���Ò�Ø�ÓÒ ÔÖ��×� �� �ØØ� ÕÙ�ÒØ���Ø�ÓÒµº �ÙØÖ�Ñ�ÒØ ��Ø ³�×Ø Ð³ÓÔ�Ö�Ø�ÙÖ ����Ö�ÒØ��Ð Ó�Ø�ÒÙ

� Ô�ÖØ�Ö �Ù ��Ñ�ÐØÓÒ��Ò �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ð�××�ÕÙ� �Ò Ö�ÑÔÐ���ÒØ Ð� Ú�Ö���Ð� ξ

Ô�Ö −i�∂x¸ ³�×Ø¹�¹��Ö� �
Ĥ =

1

2
ω

�

−�
2 d

2

dx2
+ x2
�

.

��Ø ÓÔ�Ö�Ø�ÙÖ ���Ø ×ÙÖ Ð³�×Ô�� L2(R) ÕÙ� ÓÖÖ�×ÔÓÒ� � Ð³�×Ô�� �� À�Ð��ÖØ �Ù ÈÓ×ØÙÐ�Ø ½º

�Ò Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�¸ ÓÒ ÙØ�Ð�×� Ð�× ÓÔ�Ö�Ø�ÙÖ× ��Ø× �� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒ ´ÕÙ�

Ö�ÔÖ�×�ÒØ�ÒØ Ð� Ö��Ø�ÓÒ �Ø Ð� ��×ØÖÙØ�ÓÒ �� Ô�ÖØ�ÙÐ�× Ö�×Ô�Ø�Ú�Ñ�ÒØµ ÔÓÙÖ �ØÙ���Ö Ð�×

ÓÔ�Ö�Ø�ÙÖ× ����Ö�ÒØ��Ð×º ��× ��ÖÒ��Ö× ×ÓÒØ ���Ò�× �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ×ÙÖ L2(R) �

A+ =
1√
2�

�

x− �
d

dx

�

�Ø A− =
1√
2�

�

x+ �
d

dx

�

,

Ó� A+ ��×��Ò� Ð³ÓÔ�Ö�Ø�ÙÖ �� Ö��Ø�ÓÒ �Ø A− Ð³ÓÔ�Ö�Ø�ÙÖ �³�ÒÒ���Ð�Ø�ÓÒº Ä³ÓÔ�Ö�Ø�ÙÖ Ĥ

���Ò�××�ÒØ Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ÕÙ�ÒØ�ÕÙ� ×� Ö��Ö�Ø �ÐÓÖ× �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

Ĥ = 2�2(A+A−) + �.

�Ù ÔÓ�ÒØ �� ÚÙ� ÕÙ�ÒØ�ÕÙ�¸ ÓÒ ×³�ÒØ�Ö�××� �Ù ×Ô�ØÖ� �³ÙÒ Ø�Ð ÓÔ�Ö�Ø�ÙÖ ´Ð³�ØÙ�� �� � ��ÖÒ��Ö

Ô�ÙØ �ØÖ� ×�ÑÔÐ���� Ô�Ö Ð³�Ö�ØÙÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �Ò Ø�ÖÑ� ��× ÓÔ�Ö�Ø�ÙÖ× A+ �Ø A−¸ ÚÓ�Ö Ð�

��Ô�ØÖ� �µº

ÇÒ Ô�ÙØ ØÖÓÙÚ�Ö �³�ÙØÖ�× �Ü�ÑÔÐ�× �ÒØ�Ö�××�ÒØ× �� ×Ý×Ø�Ñ�× Ô�Ý×�ÕÙ�× ��Ö�Ø× �� Ñ�Ò��Ö�

Ð�××�ÕÙ� �Ø �� Ñ�Ò��Ö� ÕÙ�ÒØ�ÕÙ� ��Ò× Ð� Ð�ÚÖ� �� Ë�Ò Î£Ù Æ�Óº �ÎÆ¼�℄º

Á½º¾ �Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ�

Ä³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� �×Ø ÙÒ� Ø��ÓÖ�� Ñ�Ø��Ñ�Ø�ÕÙ� ÕÙ� Ô�ÖÑ�Ø �� ���Ö� ÙÒ Ð��Ò

�ÒØÖ� �³ÙÒ �Ø� Ð� Ñ��Ò�ÕÙ� Ð�××�ÕÙ� �Ø �� Ð³�ÙØÖ� Ð� Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�º �� Ð��Ò ×� ���Ø

��Ò× Ð� Ö���Ñ� Ó� Ð� ÓÒ×Ø�ÒØ� �� ÈÐ�Ò� � Ø�Ò� Ú�Ö× Þ�ÖÓº �ÓÑÑ� ÓÒ Ð³� ÚÙ¸ �Ò Ñ��Ò�ÕÙ�

ÕÙ�ÒØ�ÕÙ�¸ ÓÒ Ñ�×ÙÖ� ��× Ó�×�ÖÚ��Ð�× �Ø � ��ÕÙ� Ó�×�ÖÚ��Ð�¸ ÓÒ �××Ó�� ÙÒ ÓÔ�Ö�Ø�ÙÖº ÈÙ�×¸

Ð�× Ú�Ð�ÙÖ× ÔÓ××��Ð�× �� Ð³Ó�×�ÖÚ��Ð� ÓÖÖ�×ÔÓÒ��ÒØ �Ù ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ¸ �³Ó� Ð³�ÒØ�Ö�Ø

ÔÓÖØ� � Ð³�ØÙ�� �Ù ×Ô�ØÖ� �³ÓÔ�Ö�Ø�ÙÖ× �Ò Ô�Ý×�ÕÙ�º �� ÔÐÙ×¸ �³�ÔÖ�× Ð� ÈÓ×ØÙÐ�Ø ¾¸ Ð�×

ÓÔ�Ö�Ø�ÙÖ× �ØÙ���× �Ò Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ� ×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× ÔÙ�×ÕÙ³�Ð×

½�



Á½º �ÇÆÌ��Ì� ÀÁËÌÇÊÁÉÍ�

ÓÒØ ÙÒ ×Ô�ØÖ� Ö��Ð �Ø ÓÖÖ�×ÔÓÒ��ÒØ �ÓÒ � ��× Ó�×�ÖÚ��Ð�× Ö��ÐÐ�×º

�Ò Ñ�Ø��Ñ�Ø�ÕÙ�×¸ ÓÒ �ÔÔ�ÐÐ� ÕÙ�ÒØ���Ø�ÓÒ Ð³ÓÔ�Ö�Ø�ÓÒ ÕÙ� ÓÒ×�×Ø� � �××Ó��Ö ÙÒ ×Ý×Ø�Ñ�

ÕÙ�ÒØ�ÕÙ� � ÙÒ ×Ý×Ø�Ñ� Ð�××�ÕÙ�º È�Ö �Ü�ÑÔÐ�¸ ÓÒ×���ÖÓÒ× Ð³�ÕÙ�Ø�ÓÒ �ÓÒ��Ñ�ÒØ�Ð� �� Ð�

Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�¸ Ð³�ÕÙ�Ø�ÓÒ �� Ë�Ö���Ò��Ö �

i�
∂ψ(t, x)

∂t
= −�

2Δψ(t, x) + V (x)ψ(t, x) =: Ĥψ(t, x),

Ó� �

� ψ(t, x) �×Ø ÙÒ� �ÓÒØ�ÓÒ ÕÙ� ��Ô�Ò� �Ù Ø�ÑÔ× t �Ø �� Ð³Ó�×�ÖÚ��Ð� ÔÓ×�Ø�ÓÒ x �

� V �×Ø ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö�º

Ë� ÓÒ ×³�ÒØ�Ö�××� �ÙÜ �Ø�Ø× ×Ø�Ø�ÓÒÒ��Ö�×¸ �ÙØÖ�Ñ�ÒØ ��Ø �ÙÜ �ÓÒØ�ÓÒ× ψ ÕÙ� ×³�Ö�Ú�ÒØ ×ÓÙ×

Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

ψ(t, x) = e−itE/�φ(x),

Ó� E �×Ø ÙÒ ÒÓÑ�Ö� Ö��Ð �Ø φ ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� � Ð³�ÕÙ�Ø�ÓÒ �� Ë�Ö���Ò��Ö ÔÓÙÖ ÙÒ Ø�Ð

�Ø�Ø ×Ø�Ø�ÓÒÒ��Ö� ×� Ö��Ö�Ø ×ÓÙ× �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

Ĥψ(t, x) = i�
∂

∂t

�

e−itE/�φ(x)
�

= Eψ(t, x).

ÇÒ �ÔÔ�ÐÐ� � Ĥψ = Eψ¸ Ð³�ÕÙ�Ø�ÓÒ �ÙÜ Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �××Ó��� � Ð³�ÕÙ�Ø�ÓÒ �� Ë�Ö���Ò��Öº

ÇÒ ×³�ÒØ�Ö�××� �� � Ð� ��×Ö�ÔØ�ÓÒ ��× ×ÓÐÙØ�ÓÒ× �³ÙÒ� Ø�ÐÐ� �ÕÙ�Ø�ÓÒ ÐÓÖ×ÕÙ� Ð� Ô�Ö�Ñ�ØÖ�

×�Ñ�¹Ð�××�ÕÙ� � Ø�Ò� Ú�Ö× Þ�ÖÓº �Ò Ô�ÖØ�ÙÐ��Ö¸ ÙÒ ��× �ÙØ× �� Ð³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ�

�×Ø �� Ñ�ØØÖ� �Ò �Ú���Ò� Ð� Ð��Ò �ÒØÖ� Ð� ÓÑÔÓÖØ�Ñ�ÒØ ��× ×ÓÐÙØ�ÓÒ× �� �ØØ� �ÕÙ�Ø�ÓÒ

ÕÙ�ÒØ�ÕÙ� �Ø Ð� ÓÑÔÓÖØ�Ñ�ÒØ ��× ×ÓÐÙØ�ÓÒ× Ð�××�ÕÙ�× �Ù ��Ñ�ÐØÓÒ��Ò ���Ò� Ô�Ö �

H(x, ξ) = ξ2 + V (x),

Ó� (x, ξ) ×ÓÒØ Ð�× ÓÓÖ�ÓÒÒ��× ÔÓ×�Ø�ÓÒ �Ø ÑÓÑ�ÒØ ��Ò× Ð³�×Ô�� ��× Ô��×�×º ÇÒ Ô�ÙØ �ÓÒ

���Ð�Ñ�ÒØ ÚÓ�Ö Ð³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� ÓÑÑ� Ð³�ØÙ�� ��× �ÕÙ�Ø�ÓÒ× �ÙÜ ��Ö�Ú��× Ô�ÖØ��ÐÐ�×

��Ô�Ò��ÒØ �³ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� �� ���ÓÒ ×�Ò�ÙÐ��Ö�º ÈÓÙÖ ÙÒ� �ÒØÖÓ�ÙØ�ÓÒ ÔÐÙ× ��Ø��ÐÐ��

×ÙÖ Ð³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ�¸ ÓÒ ÔÓÙÖÖ� ÓÒ×ÙÐØ�Ö Ð� ÓÙÖ× �Ò Ð��Ò� �� �ÐÓØ�Ð�� ��ÖÑ�Ò��Ò

Ã�ÑÑ�Ö�Ö ��Ã½�℄º

½�



ÁÒØÖÓ�ÙØ�ÓÒ

Á½º¿ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

Æ��Ð× ���� �ÖÒÓÐ� ����������

´½���¹½��½µ ´½���¹½��¾µ

Æ��Ð× À�ÒÖ�� ��Ú�� �Ó�Ö ´½���¹½��¾µ �×Ø ÙÒ Ô�Ý×���Ò ��ÒÓ�× ÕÙ� �×Ø ÒÓØ�ÑÑ�ÒØ ÓÒÒÙ

ÔÓÙÖ �ÚÓ�Ö Ô�ÖØ��Ô� � Ð³�Ð��ÓÖ�Ø�ÓÒ �� Ð� Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ�º �Ò ½�½¿¸ Æ��Ð× �Ó�Ö �Ø��Ð�Ø

ÙÒ� Ø��ÓÖ��¸ ÓÒÒÙ� �Ù�ÓÙÖ�³�Ù� ×ÓÙ× Ð� ÒÓÑ �� ÑÓ��Ð� �� �Ó�Öº �� ÑÓ��Ð� Ô�ÖÑ�Ø ��

ÓÑÔÖ�Ò�Ö� Ð� ÓÑÔÓ×�Ø�ÓÒ �� Ð³�ØÓÑ� �Ø �×Ø ��×� ×ÙÖ Ð� ÑÓ��Ð� ÔÐ�Ò�Ø��Ö� �Ù Ô�Ý×���Ò

�Ø ��Ñ�×Ø� �ÖÒ�×Ø ÊÙØ��Ö�ÓÖ� ´½��½¹½�¿�µº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �ÖÒ�×Ø ÊÙØ��Ö�ÓÖ� ÔÖÓÔÓ×�

ÙÒ� �Ò�ÐÓ��� �ÒØÖ� Ð� ��×Ö�ÔØ�ÓÒ �� Ð³�ØÓÑ� �Ø �ÐÐ� ��× ÔÐ�Ò�Ø�×º �Ò Ñ��Ò�ÕÙ� Ð�××�ÕÙ�

Ð�× ÓÖÔ× ×³�ØØ�Ö�ÒØ �Ù×ÕÙ³� �ÒØÖ�Ö �Ò ÓÐÐ�×�ÓÒ× �Ø ³�×Ø � ÔÖ�ÓÖ� ÒÓØ�ÑÑ�ÒØ Ð� �× ÔÓÙÖ Ð�×

Ô�ÖØ�ÙÐ�× ��Ö���× Ò���Ø�Ú�Ñ�ÒØ �Ø �ÐÐ�× ��Ö���× ÔÓ×�Ø�Ú�Ñ�ÒØº ��Ô�Ò��ÒØ¸ Ð�× ÓÖ��Ø�× ��×

ÔÐ�Ò�Ø�× ×ÓÒØ ×Ø��Ð�×¸ �ÓÒ �ÖÒ�×Ø ÊÙØ��Ö�ÓÖ� ×Ù���Ö� ÕÙ� �� Ð� Ñ�Ñ� ���ÓÒ Ð�× �Ð�ØÖÓÒ×

�Ö�Ú�Ø�ÒØ �ÙØÓÙÖ �Ù ÒÓÝ�Ù �� Ð³�ØÓÑ� ÔÐÙØ�Ø ÕÙ� �³�ÒØÖ�Ö �Ò ÓÐÐ�×�ÓÒ �Ú� � ��ÖÒ��Öº ÍÒ

ÒÓÙÚ��Ù ÔÖÓ�Ð�Ñ� ×� ÔÓ×� �ÐÓÖ× �Ö � Ð³�ÔÓÕÙ� ÓÒ ×��Ø ÕÙ³ÙÒ ÓÖÔ× ��Ö�� �Ó�Ø Ö�ÝÓÒÒ�Ö¸

� ÕÙ� ×��Ò��� ÕÙ� Ð�× �Ð�ØÖÓÒ× �Ó�Ú�ÒØ Ö�ÝÓÒÒ�Ö �Ø �ÓÒ Ô�Ö�Ö� �� Ð³�Ò�Ö���¸ �ÙØÖ�Ñ�ÒØ

��Ø ÕÙ� Ð� Ö�ÝÓÒ �� Ð�ÙÖ× ÓÖ��Ø�× ��Ñ�ÒÙ� �Ø Ô�Ö ÓÒ×�ÕÙ�ÒØ Ð�× �Ð�ØÖÓÒ× �Ó�Ú�ÒØ �Ò�Ö Ô�Ö

×³�Ö�×�Ö ×ÙÖ Ð� ÒÓÝ�Ù �� Ð³�ØÓÑ�º ��Ò×�¸ ÔÓÙÖ ÕÙ� Ð�× �ØÓÑ�× ×Ó��ÒØ ×Ø��Ð�×¸ �Ð ��ÙØ ÕÙ³�Ð

Ò³Ý ��Ø Ô�× �� Ö�ÝÓÒÒ�Ñ�ÒØ ��× �Ð�ØÖÓÒ× �Ø ³�×Ø ÔÓÙÖ �Ð� ÕÙ� Æ��Ð× �Ó�Ö �ÒØÖÓ�Ù�Ø ×ÓÒ

ÑÓ��Ð� ��Ò× Ð�ÕÙ�Ð �Ð ×ÙÔÔÓ×� ÕÙ³�Ð �Ü�×Ø� ��× ÓÖ��Ø�× ×Ø��Ð�× ×ÙÖ Ð�×ÕÙ�ÐÐ�× Ð�× �Ð�ØÖÓÒ× Ò�

Ö�ÝÓÒÒ�ÒØ Ô�× ´�× ��ÖÒ��Ö× Ö�ÝÓÒÒ�ÒØ ÙÒ�ÕÙ�Ñ�ÒØ ÐÓÖ×ÕÙ³�Ð× ��Ò��ÒØ �³ÓÖ��Ø�× �Ò �Ñ�ØØ�ÒØ

ÙÒ Ô�ÓØÓÒµº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ Æ��Ð× �Ó�Ö �ÒØÖÓ�Ù�Ø ×ÓÒ ÑÓ��Ð� ÔÓÙÖ Ð³�ØÓÑ� �³�Ý�ÖÓ��Ò�

��Ò �� ÔÓÙÚÓ�Ö �ÜÔÐ�ÕÙ�Ö Ð�× �ÜÔ�Ö��Ò�× Ô�Ý×�ÕÙ�× Ñ�Ò��× ×ÙÖ Ð� ×Ô�ØÖ� �� � ��ÖÒ��Öº ËÓÒ

ÑÓ��Ð� ÔÓ×ØÙÐ� ÕÙ� Ð�× �Ð�ØÖÓÒ× ��Ò× Ð³�ØÓÑ� �³�Ý�ÖÓ��Ò� Ô�ÙÚ�ÒØ �Ü�×Ø�Ö ÙÒ�ÕÙ�Ñ�ÒØ ×ÙÖ

�ÖØ��Ò�× ÓÖ��Ø�× ×Ø��Ð�×¸ ÕÙ� ×ÓÒØ �ÖÙÐ��Ö�×¸ ×�Ø�×���×�ÒØ Ð� ÓÒ��Ø�ÓÒ ×Ù�Ú�ÒØ� �

1

2π

�

p.dq = n�,

Ó� n �×Ø ÙÒ �ÒØ��Ö¸ Ó� Ð� ÓÙÔÐ� (q, p) ��×��Ò� Ð�× ÓÓÖ�ÓÒÒ��× ÔÓ×�Ø�ÓÒ �Ø ÑÓÑ�ÒØ �� Ð³�Ð�¹

¾¼



Á½º �ÇÆÌ��Ì� ÀÁËÌÇÊÁÉÍ�

ØÖÓÒ �Ø Ó� Ð³�ÒØ��Ö�Ð� �×Ø �ÐÙÐ�� ×ÙÖ ÙÒ� �ÖØ��Ò� ÓÖ��Ø� ��ÖÑ�� �� Ð³�×Ô�� ��× Ô��×�×º

��ØØ� �ÜÔÖ�××�ÓÒ ×� ØÖ��Ù�Ø Ô�Ý×�ÕÙ�Ñ�ÒØ Ô�Ö Ð� ���Ø ÕÙ� Ð� ÑÓÑ�ÒØ ÓÖ��Ø�Ð �� Ð³�Ð�ØÖÓÒ

Ò� Ô�ÙØ ÔÖ�Ò�Ö� ÕÙ� �ÖØ��Ò�× Ú�Ð�ÙÖ× ÕÙ�ÒØ����×º È�Ö Ð� ×Ù�Ø�¸ �³�ÙØÖ�× �ÜÔ�Ö��Ò�× ×ÙÖ

Ð³�ØÓÑ� �³�Ý�ÖÓ��Ò� Ú��Ò�ÖÓÒØ Ú�Ð���Ö � ÑÓ��Ð�¸ �Ô�Ò��ÒØ �Ð Ò� Ô�ÖÑ�Ø Ô�× �³�ÜÔÐ�ÕÙ�Ö

��Ò× Ð� �× ��Ò�Ö�Ð Ð� ×Ô�ØÖ� ��× �ÙØÖ�× �ØÓÑ�×¸ ÓÑÑ� Ô�Ö �Ü�ÑÔÐ� �ÐÙ� �� Ð³�ØÓÑ�

�³��Ð�ÙÑº �� ÔÐÙ×¸ ÓÒ ��ÓÙÚÖ� Ô�Ö Ð� ×Ù�Ø� Ð³�Ü�×Ø�Ò� �� Ð� ×ØÖÙØÙÖ� �Ò� ��× Ö���× ��

Ð³�ØÓÑ� �³�Ý�ÖÓ��Ò� �Ø ³�×Ø ÔÓÙÖ ÔÖ�Ò�Ö� �Ò ÓÑÔØ� �× ��ÖÒ��Ö�× ÕÙ� Ð� Ô�Ý×���Ò �ÐÐ�¹

Ñ�Ò� �ÖÒÓÐ� ËÓÑÑ�Ö��Ð� ´½���¹½��½µ �Ø�Ò��Ø Ð� ÑÓ��Ð� �� Æ��Ð× �Ó�Ö �Ò ×Ù���Ö�ÒØ ÕÙ�

Ð�× �Ð�ØÖÓÒ× Ô�ÙÚ�ÒØ ���Ð�Ñ�ÒØ ×� ��ÔÐ��Ö Ð� ÐÓÒ� �³ÓÖ��Ø�× �ÐÐ�ÔØ�ÕÙ�×º ÇÒ Ô�ÖÐ� �ÐÓÖ× �Ù

ÑÓ��Ð� �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º �� ÑÓ��Ð� �×Ø ÓÒ×���Ö� ÓÑÑ� Ð³ÙÒ ��× ÔÖ�Ñ��Ö× Ö�×ÙÐØ�Ø×

×�Ñ�¹Ð�××�ÕÙ�× ÔÙ�×ÕÙ³�Ð Ô�ÖÑ�Ø �� ��Ö�Ö� ��× Ó���Ø× Ð�××�ÕÙ�× ÕÙ� ×ÓÒØ Ð�× ØÖ���ØÓ�Ö�×

��× �Ð�ØÖÓÒ× �Ø ÕÙ� Ð� Ö�×ÙÐØ�Ø �Ò ÐÙ�¹Ñ�Ñ� �×Ø ÕÙ�ÒØ�ÕÙ� ÔÙ�×ÕÙ³�Ð ÓÒ×�×Ø� �Ò Ð� ÕÙ�ÒØ��¹

�Ø�ÓÒ �� Ò�Ú��ÙÜ �³�Ò�Ö��� ´�Ø ���Ø �ÒØ�ÖÚ�Ò�Ö Ð� ÓÒ×Ø�ÒØ� �� ÈÐ�Ò� �µº

�Ù ÔÓ�ÒØ �� ÚÙ� Ñ�Ø��Ñ�Ø�ÕÙ�¸ Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

Ô�ÖÑ�ØØ�ÒØ �� ��Ö�Ö� Ð� ×Ô�ØÖ� �³ÙÒ� �ÖØ��Ò� Ð�××� �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò¹

×�ÓÒ ÙÒº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ��Ø ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð �ÙØÓ¹���Ó�ÒØ P� �Ò

��Ñ�Ò×�ÓÒ ÙÒ ×�Ø�×���Ø Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ×� ×�× Ú�Ð�ÙÖ×

ÔÖÓÔÖ�× ×ÓÒØ Ð�× ÒÓÑ�Ö�× Ö��Ð× E Ø�Ð× ÕÙ� �

�

γE

α0 + �

�

γE

κ+ �
π

2
µ(γE) ∈ 2π�Z+ O(�2),

Ó� �

� γE �×Ø ÙÒ Ð��Ø ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛE = p−1(E) ´Ó� p ��×��Ò� Ð� ×ÝÑ�ÓÐ�

ÔÖ�Ò�Ô�Ð �� Ð³ÓÔ�Ö�Ø�ÙÖ P�µ �

� µ(γE) �×Ø Ð³�Ò��� �� Å�×ÐÓÚ �Ù Ð��Ø γE �

� α0 �×Ø Ð� 1¹�ÓÖÑ� �� Ä�ÓÙÚ�ÐÐ� ×ÙÖ Ð³�×Ô�� ��× Ô��×�× �

� κ �×Ø Ð� 1¹�ÓÖÑ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð� ×ÙÖ Ð³�×Ô�� ��× Ô��×�× ´Ð� Ø�ÖÑ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð ×ÓÙÐ��¹

Ò�ÒØ �� Ð� ���Ø ÕÙ³�ÐÐ� ��Ô�Ò� �Ù Ø�ÖÑ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð �Ù ×ÝÑ�ÓÐ� p� �××Ó�� � Ð³ÓÔ�Ö�¹

Ø�ÙÖ P�µº

Ä�× ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� �Ò Ñ�Ø��Ñ�Ø�ÕÙ�× ×ÓÒØ �ÓÒ ��× ÓÒ��Ø�ÓÒ× �ÑÔÐ��Ø�×

×ÙÖ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× E �� Ð³ÓÔ�Ö�Ø�ÙÖ P�º �ÐÐ�× Ô�ÙÚ�ÒØ Ò��ÒÑÓ�Ò× ×� Ö��Ö�Ö� �� Ñ�Ò��Ö�

�ÜÔÐ��Ø� ÓÑÑ� ×Ù�Ø � �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� g� ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � Ø�ÐÐ� ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× E

�� Ð³ÓÔ�Ö�Ø�ÙÖ P� ×³�Ö�Ú�ÒØ ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

E = g�(�k) Ó� k �×Ø ÙÒ �ÒØ��Ö Ö�Ð�Ø��.

��Ò �� ÓÑÔÖ�Ò�Ö� ÙÒ Ô�Ù Ñ��ÙÜ �× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ¸ ÒÓÙ× �ÐÐÓÒ× Ð�× �ÐÐÙ×ØÖ�Ö

� Ð³���� �³ÙÒ �Ü�ÑÔÐ�¸ �ÐÙ� �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ�º

�Ü�ÑÔÐ� Á½º¿ ´Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ�µº ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ×Ù�Ú¹

¾½



ÁÒØÖÓ�ÙØ�ÓÒ

�ÒØ �

P� = −�
2 d

2

dx2
+ x2.

�³�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÙØÓ¹���Ó�ÒØ ÒÓÒ¹�ÓÖÒ� ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R) ��× �ÓÒØ�ÓÒ× ��

�ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ Ð³�Ò×�Ñ�Ð� ��× Ö��Ð× Rº �Ö�� � Ð� Ø��ÓÖ�� �� Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ¸ ÓÒ Ô�ÙØ ÐÙ� �××Ó��Ö ÙÒ ×ÝÑ�ÓÐ� ÕÙ� �×Ø ÙÒ� �ÓÒØ�ÓÒ¸ ÒÓØ�� p�¸ �³ÙÒ ÓÙÔÐ� �� Ö��Ð×

(x, ξ) ∈ R
2 � Ú�Ð�ÙÖ× Ö��ÐÐ�× ´Ó� �� Ð³�Ò×�Ñ�Ð� R

2 Ö�ÔÖ�×�ÒØ� Ð³�×Ô�� ��× Ô��×�×µº ��ØØ�

�ÓÒØ�ÓÒ p� Ô�ÙØ �ØÖ� Ó�Ø�ÒÙ� � Ô�ÖØ�Ö �� Ð³�ÜÔÖ�××�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ P� �Ø �ÐÐ� �×Ø �ÓÒÒ��¸

ÔÓÙÖ (x, ξ) ∈ R
2¸ Ô�Ö �

p�(x, ξ) = ξ2 + x2,

´ÔÓÙÖ ��Ø�ÖÑ�Ò�Ö �ØØ� �ÓÒØ�ÓÒ p� � Ô�ÖØ�Ö �� Ð³ÓÔ�Ö�Ø�ÙÖ P�¸ �Ð ×Ù�Ø �� Ö�ÑÔÐ��Ö −i�∂x
Ô�Ö ξ ��Ò× Ð³�ÜÔÖ�××�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖµº

��Ò �³�ÜÔÐ��Ø�Ö Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�¸ ÒÓÙ× �ÚÓÒ× ��×Ó�Ò

�� ��Ø�ÖÑ�Ò�Ö Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛE �××Ó�� � ÙÒ� Ú�Ð�ÙÖ ÔÖÓÔÖ� Ö��ÐÐ� Eº ËÓ�Ø �ÓÒ

E ∈ R¸ ÓÒ � �

ΛE = p−1(E) =
�

(x, ξ) ∈ R
2;x2 + ξ2 = E

�

,

�Ö p� = p ÔÙ�×ÕÙ� Ð� ×ÝÑ�ÓÐ� p� Ò� ��Ô�Ò� Ô�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ��Ò×�

Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛE �×Ø ÙÒ �ÖÐ� �� �ÒØÖ� 0 �Ø �� Ö�ÝÓÒ
√
Eº ÆÓÙ× �ÐÐÓÒ× �Ó�×�Ö

ÔÓÙÖ Ð� Ð��Ø γE � �ÖÐ� ÓÖ��ÒØ� ��Ò× Ð� ×�Ò× ØÖ��ÓÒÓÑ�ØÖ�ÕÙ�º Ä³�Ò��� �� Å�×ÐÓÚ �� �

�

γE

√
E

+1+1

������ Á¾ � Ä��Ø γE �Ø �Ò��� �� Å�×ÐÓÚº

Ð��Ø Ú�ÙØ �� ¾¸ ÓÒ Ô�ÙØ Ð� ��Ø�ÖÑ�Ò�Ö �� Ñ�Ò��Ö� ��ÓÑ�ØÖ�ÕÙ� �Ò ØÖ���ÒØ Ð�× Ø�Ò��ÒØ�×

Ú�ÖØ��Ð�× � Ð� ÓÙÖ�� γE �Ø �Ò Ö���Ö��ÒØ Ð� ÔÓ×�Ø�ÓÒ Ö�Ð�Ø�Ú� �� �× Ø�Ò��ÒØ�× Ô�Ö Ö�ÔÔÓÖØ

� Ð� ÓÙÖ��º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ Ô�ÖØ�ÒØ �³ÙÒ �Ò��� ÒÙÐ¸ ÐÓÖ×ÕÙ³ÓÒ ×� ��ÔÐ�� Ð� ÐÓÒ� �� Ð�

ÓÙÖ��¸ ×� Ð� Ø�Ò��ÒØ� �×Ø � ÒÓØÖ� �ÖÓ�Ø� ÓÒ ��ÓÙØ� ½ � Ð� Ú�Ð�ÙÖ �� Ð³�Ò��� �Ø ×� �ÐÐ� ×�

ØÖÓÙÚ� � ��Ù��¸ ÓÒ Ö�ØÖ�Ò�� ½ ´ÚÓ�Ö Ð� ��ÙÖ� Á¾µº

�Ò×Ù�Ø�¸ Ð³�ÒÓÒ� ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ���Ø �ÒØ�ÖÚ�Ò�Ö ��ÙÜ

1¹�ÓÖÑ�×º Ä� ÔÖ�Ñ��Ö� �×Ø Ð� 1¹�ÓÖÑ� �� Ä�ÓÙÚ�ÐÐ� ×ÙÖ Ð³�×Ô�� ��× Ô��×�× R2 ÕÙ� �×Ø �ÓÒÒ��¸

��Ò× Ð�× ÓÓÖ�ÓÒÒ��× ×ÙÖ R2¸ Ô�Ö �

α0 = ξdx.

Ä� ×�ÓÒ�� �×Ø Ð� 1¹�ÓÖÑ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð� κ ÕÙ� ��Ò× �Ø �Ü�ÑÔÐ� �×Ø ÒÙÐÐ� ÔÙ�×ÕÙ³�ÐÐ� ��Ô�Ò�

�Ù ×ÝÑ�ÓÐ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð ´�º�º �Ù Ø�ÖÑ� �³ÓÖ�Ö� � ��Ò× Ð³�ÜÔÖ�××�ÓÒ �Ù ×ÝÑ�ÓÐ� p�µ ÕÙ� �×Ø

¾¾



Á½º �ÇÆÌ��Ì� ÀÁËÌÇÊÁÉÍ�

ÒÙÐº ÁÒ �Ò�¸ Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ×³�Ö�Ú�ÒØ �� Ð� ���ÓÒ

×Ù�Ú�ÒØ� �
�

γE

α0 + �

�

γE

κ+ �
π

2
µ(γE) ∈ 2π�Z + O(�2) ³�×Ø¹�¹��Ö�,

�

x2+ξ2=E
ξdx+ �

π

2
2 ∈ 2π�Z + O(�2) ÓÙ �ÒÓÖ�,

�

x2+ξ2≤E
dξ ∧ dx+ �π ∈ 2π�Z + O(�2) �³�ÔÖ�× Ð� �ÓÖÑÙÐ� �� ËØÓ��× � ��Ò×�¸

πE + �π ∈ 2π�Z + O(�2) ×Ó�Ø �

E ∈ �(2Z − 1) + O(�2).

��Ò×�¸ ÓÒ ØÖÓÙÚ� ÕÙ� Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �

��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �×Ø Ð� ÔÖÓ�Ù�Ø �� Ð� ÓÒ×Ø�ÒØ� �� ÈÐ�Ò� �

Ô�Ö ÙÒ �ÒØ��Ö �ÑÔ��Öº �� ÔÐÙ×¸ ÓÒ ×��Ø Ô�Ö ��ÐÐ�ÙÖ× ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³Ó×�ÐÐ�Ø�ÙÖ

��ÖÑÓÒ�ÕÙ� ×ÓÒØ �Ü�Ø�Ñ�ÒØ Ð�× ÒÓÑ�Ö�× Ö��Ð× ÕÙ� ×³�Ö�Ú�ÒØ ×ÓÙ× �ØØ� �ÓÖÑ�¸ � ÕÙ� �Ñ¹

ÔÐ�ÕÙ� ÕÙ³�Ð Ò³Ý � Ô�× �� Ø�ÖÑ�× �³ÓÖ�Ö�× ×ÙÔ�Ö��ÙÖ× ��Ò× Ð� ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� ��×

Ú�Ð�ÙÖ× ÔÖÓÔÖ�×º

Á½º� ÇÔ�Ö�Ø�ÙÖ× ×�Ñ�¹Ð�××�ÕÙ�×

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö �ÙÜ ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×º

��× ÓÔ�Ö�Ø�ÙÖ× ÓÒ×Ø�ØÙ�ÒØ ÙÒ ��× ÓÙØ�Ð× �ÓÒ��Ñ�ÒØ�ÙÜ �� Ð³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� �Ø Ð�ÙÖ

�ÒØ�Ö�Ø ÔÖÓÚ��ÒØ ÒÓØ�ÑÑ�ÒØ �Ù ���Ø ÕÙ³�Ð× Ô�ÖÑ�ØØ�ÒØ �³�ØÙ���Ö ��× ×Ý×Ø�Ñ�× Ô�Ý×�ÕÙ�× �Ò

ÔÖ�Ò�ÒØ �Ò ÓÑÔØ� � Ð� �Ó�× Ð� Ú�Ö���Ð� �� ÔÓ×�Ø�ÓÒ �Ø Ð� Ú�Ö���Ð� �³�ÑÔÙÐ×�ÓÒº Ä�× ÓÔ�Ö�Ø�ÙÖ×

Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ÓÒØ �Ø� �ÒØÖÓ�Ù�Ø× ��Ò× Ð� Ñ�Ð��Ù ��× �ÒÒ��× �¼ Ô�Ö �Ò�Ö� ÍÒØ�Ö��Ö��Ö

�Ø ÂÙÐ��Ò� �Ó�Ó�Þ� �Í���℄ �Ø �Ò Ô�Ö�ÐÐ�Ð� Ô�Ö ÂÓ×�Ô� ÃÓ�Ò �Ø ÄÓÙ�× Æ�Ö�Ò��Ö� �ÃÆ��℄º ÁÐ×

ÓÒØ ÒÓØ�ÑÑ�ÒØ �Ø� �ØÙ���× ��Ò× Ð�× �ÒÒ��× �¼ Ô�Ö Ä�Ö× À�ÖÑ�Ò��Ö �À�Ö��¸ À�Ö��¸ À�Ö��℄º

��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ØØ�Ö��Ö ×ÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× ��Ø× PT ¹×ÝÑ�ØÖ�ÕÙ�×º

��× ÓÔ�Ö�Ø�ÙÖ× ×ÓÒØ �ØÙ���× �Ò Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ� ÓÑÑ� ÙÒ� �ÐØ�ÖÒ�Ø�Ú� �ÙÜ ÓÔ�Ö�Ø�ÙÖ×

�ÙØÓ¹���Ó�ÒØ× �Ö �Ð× ×ÓÒØ ÓÒ×���Ö�× ÓÑÑ� ÙÒ� ��Ò�Ö�Ð�×�Ø�ÓÒ Ò�ØÙÖ�ÐÐ� ��× Ó�×�ÖÚ��Ð�×

ÕÙ�ÒØ�ÕÙ�× ´ÚÓ�Ö ���Ò¼�℄µº ��× ÓÔ�Ö�Ø�ÙÖ× ÓÒØ ���Ð�Ñ�ÒØ Ð� Ô�ÖØ�ÙÐ�Ö�Ø� �³�ÚÓ�Ö ×ÓÙ× �Ö¹

Ø��Ò�× ÓÒ��Ø�ÓÒ× ÙÒ ×Ô�ØÖ� Ö��Ð ���Ò ÕÙ³�Ð× Ò� ×Ó��ÒØ Ô�× Ò��××��Ö�Ñ�ÒØ �ÙØÓ¹���Ó�ÒØ× �³Ó�

Ð�ÙÖ �ÒØ�Ö�Ø �Ò Ñ�Ø��Ö� �³Ó�×�ÖÚ��Ð�×º

�Ò�Ò¸ Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ ×ÓÒØ ���Ð�Ñ�ÒØ ��× ÓÔ�Ö�Ø�ÙÖ× �ÙÜÕÙ�Ð× ÒÓÙ× �Ð¹

ÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Öº ��× ÓÔ�Ö�Ø�ÙÖ× ÓÒØ �Ø� �ÒØÖÓ�Ù�Ø× Ô�Ö ��Ð��× ��Ö�Þ�Ò ���Ö��℄ �Ø ÓÒØ

�Ø� �ØÙ���× Ô�Ö ÄÓÙ�× �ÓÙØ�Ø �� ÅÓÒÚ�Ð �Ø Ô�Ö Î�ØÓÖ �Ù�ÐÐ�Ñ�Ò ���Å��½℄ ÓÑÑ� ÙÒ�

��Ò�Ö�Ð�×�Ø�ÓÒ ��× Ñ�ØÖ��× �� ÌÓ�ÔÐ�ØÞº Ä³�ØÙ�� ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ � �Ø�

ÑÓØ�Ú�� Ô�Ö Ð� ���Ø ÕÙ� Ð� Ø��ÓÖ�� ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× Ò� ÔÖ�Ò� �Ò ÓÑÔØ�

ÕÙ� ��× �×Ô��× ��× Ô��×�× ÕÙ� ×³�Ö�Ú�ÒØ ÓÑÑ� ��× ÓØ�Ò��ÒØ× �� Ú�Ö��Ø�× �ÐÓÖ× ÕÙ³�Ò

Ñ��Ò�ÕÙ� Ð�××�ÕÙ�¸ ÓÒ Ô�ÙØ �ØÖ� �Ñ�Ò� � ÓÒ×���Ö�Ö �³�ÙØÖ�× ØÝÔ�× �³�×Ô��×º ÈÓÙÖ ÙÒ�

�ÒØÖÓ�ÙØ�ÓÒ ÔÐÙ× ��Ø��ÐÐ�� ×ÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ¸ ÓÒ ÔÓÙÖÖ� Ð�Ö� Ð³�ÖØ�Ð�

¾¿



ÁÒØÖÓ�ÙØ�ÓÒ

�� �Ú�× �ÓÐ�Ò �� Î�Ö���Ö� ���Î��℄º

Á½º� ÇÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ×

�ÓÑÑ� ÒÓÙ× Ð³�ÚÓÒ× ÚÙ¸ ÙÒ ��× ÓÙØ�Ð× �� Ð� Ñ��Ò�ÕÙ� ÕÙ�ÒØ�ÕÙ� ×ÓÒØ Ð�× ÓÔ�Ö�Ø�ÙÖ× �Ø

ÔÐÙ× Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ �ÙÜ ÕÙ� ×ÓÒØ �ÙØÓ¹���Ó�ÒØ×º ��Ô�Ò��ÒØ¸ ��Ò× �ØØ� Ø��×�¸ ÒÓÙ× ÒÓÙ×

�ÒØ�Ö�××ÓÒ× � ��× ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ×º ��× ÓÔ�Ö�Ø�ÙÖ× ×ÓÒØ ���Ð�Ñ�ÒØ �³�ÒØ�Ö�Ø �Ù

ÔÓ�ÒØ �� ÚÙ� �� Ð� Ô�Ý×�ÕÙ�º È�Ö �Ü�ÑÔÐ�¸ Ð³�ÕÙ�Ø�ÓÒ ��× ÓÒ��× �ÑÓÖØ��× �×Ø ÙÒ ×Ý×Ø�Ñ�

Ô�Ý×�ÕÙ� ØÝÔ�ÕÙ�Ñ�ÒØ ÒÓÒ �ÙØÓ¹���Ó�ÒØ¸ �ÐÐ� �×Ø ���Ò�� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

d2u

dt2
(t, x) − d2u

dx2
(t, x) = a

du

dt
(t, x),

Ó� a �×Ø ÙÒ� ÓÒ×Ø�ÒØ� Ö��ÐÐ�¸ t ��×��Ò� Ð� Ø�ÑÔ× �Ø x Ð� ÔÓ×�Ø�ÓÒº �³�ÙØÖ� Ô�ÖØ¸ Ð�× ÓÔ�Ö�Ø�ÙÖ×

ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �ÔÔ�Ö��××�ÒØ �Ù××� ÐÓÖ×ÕÙ³ÓÒ �ØÙ��� ��× Ö�×ÓÒ�Ò�× ´ÚÓ�Ö ���Ú¼¾℄µº Ä�×

Ö�×ÓÒ�Ò�× �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÙØÓ¹���Ó�ÒØ ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �³ÙÒ ÓÔ�Ö�Ø�ÙÖ

ÒÓÒ �ÙØÓ¹���Ó�ÒØ �××Ó�� �Ø ÓÒ Ô�ÙØ �ÒØ�ÖÔÖ�Ø�Ö Ð� Ô�ÖØ�� �Ñ���Ò��Ö� �� �× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×

ÓÑÑ� Ð� Ø�ÑÔ× �� ��Ñ�¹Ú�� ��× �Ø�Ø× ÕÙ�ÒØ�ÕÙ�× �××Ù× ��× ×ÓÐÙØ�ÓÒ× �� Ð³�ÕÙ�Ø�ÓÒ ��

Ë�Ö���Ò��Ö �××Ó��� � Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ô�ÖØº �Ò ���Ø¸ ×� ÓÒ ×³�ÒØ�Ö�××� �Ù ÔÖÓ�Ð�Ñ� ×Ù�Ú�ÒØ �











�

i

∂ψ

∂t
(t, x) = Aψ(t, x) Ó� A = −�

2 d
2

dx2
+ V (x) + iǫW (x),

ψ(t = 0, x) = ψ0(x),

Ó� V �Ø W ×ÓÒØ ��× �ÓÒØ�ÓÒ× Ö��ÙÐ��Ö�×¸ t ��×��Ò� Ð� Ú�Ö���Ð� �� Ø�ÑÔ× �Ø x Ð³Ó�×�ÖÚ��Ð�

ÔÓ×�Ø�ÓÒ � �ÐÓÖ× Ð�× ×ÓÐÙØ�ÓÒ× �³ÙÒ� Ø�ÐÐ� �ÕÙ�Ø�ÓÒ ×³�Ö�Ú�ÒØ �ÓÖÑ�ÐÐ�Ñ�ÒØ ×ÓÙ× Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

ψ(t, x) = eitA/�ψ0(x).

�Ø ×� ÓÒ ×³�ÒØ�Ö�××� �Ù ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ ÒÓÒ �ÙØÓ¹���Ó�ÒØ A �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ � Ð³ÙÒ�

�� ×�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× λ¸ �ÐÓÖ× ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ�¸ ×� ψ0 �×Ø ÙÒ� �ÓÒØ�ÓÒ ÔÖÓÔÖ� �××Ó��� �

� ×� λ ∈ R¸ �ÐÓÖ× |ψ(t)| = |ψ0| �
� ×� λ = a + ib ∈ C¸ �ÐÓÖ× |ψ(t)| = e−bt/�|ψ0| �Ø ÔÓÙÖ b > 0¸ ÓÒ � ÙÒ� ��ÖÓ�××�Ò�

�ÜÔÓÒ�ÒØ��ÐÐ� �Ø Ð� �ÙÖ�� �� Ú�� �³ÙÒ �Ø�Ø ÕÙ�ÒØ�ÕÙ� �×Ø �ÓÒÒ�� Ô�Ö
�

b
º

Ä³�ØÙ�� ��× ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �Ò Ö�Ð�Ø�ÓÒ �Ú� Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ

�� �Ó�Ö¹ËÓÑÑ�Ö��Ð� �ÑÔÐ�ÕÙ� ÕÙ� ÒÓÙ× ��ÚÓÒ× ÓÒ×���Ö�Ö ��× �×Ô�� ��× Ô��×�× ÓÑÔÐ�Ü�×

�Ø �ÓÒ ��× ×ÝÑ�ÓÐ�× ÓÑÔÐ�Ü�× ×ÙÖ �× �×Ô��× �³Ó� Ð� Ò��××�Ø� �� ×ÙÔÔÓ×�Ö ÕÙ³�Ð× ×ÓÒØ

�ÓÐÓÑÓÖÔ��×º ÍÒ� ��× ���ÙÐØ�× �Ò��Ö�ÒØ� � �ØØ� ÓÑÔÐ�Ü���Ø�ÓÒ Ö�×��� ��Ò× Ð� ���Ø ÕÙ³ÓÒ

Ò� ÔÓÙÖÖ� Ô�× �ÔÔÐ�ÕÙ�Ö Ð� Ø��ÓÖ�� Ö��ÐÐ� �Ø ÕÙ³ÓÒ � �ÓÒ ��×Ó�Ò �³ÙØ�Ð�×�Ö ÙÒ� Ø��ÓÖ�� ��¹

�Óº

�� ÔÐÙ×¸ ÙÒ ×�ÓÒ� ÔÖÓ�Ð�Ñ� ×� ÔÓ×� ÐÓÖ×ÕÙ³ÓÒ �ØÙ��� ��× ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �

ÓÒ ×��Ø ÕÙ� ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ø�Ð× ÓÔ�Ö�Ø�ÙÖ× Ò³�×Ø � ÔÖ�ÓÖ� Ô�× ÙÒ� Ø��� ��×�� �Ò

Ö��×ÓÒ ��× ���Ø× Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜº ÇÒ �ÒØ�Ò� Ô�Ö ���Ø× Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜ¸ Ð� ���Ø ÕÙ� ×� ÓÒ

ÓÒ×���Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ �Ø ÕÙ³ÓÒ Ð� Ô�ÖØÙÖ�� Ð���Ö�Ñ�ÒØ¸ �ÐÓÖ× Ð� ×Ô�ØÖ� Ô�ÙØ �ØÖ� ÑÓ����

¾�
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�� ���ÓÒ ØÖ�× �ÑÔÓÖØ�ÒØ�º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ Ð� ÒÓØ�ÓÒ �� Ô×�Ù�Ó¹×Ô�ØÖ� �×Ø ���Ò�� �� Ð�

���ÓÒ ×Ù�Ú�ÒØ�º

���Ò�Ø�ÓÒ Á½º½ ´È×�Ù�Ó¹×Ô�ØÖ�µº ËÓ�Ø H ÙÒ �×Ô�� �� À�Ð��ÖØº ËÓ�Ø A : H −→ H ÙÒ

ÓÔ�Ö�Ø�ÙÖº ËÓ�Ø ǫ > 0 �Ö��ØÖ��Ö�º ÇÒ ���Ò�Ø Ð� Ô×�Ù�Ó¹×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ A¸ ÒÓØ� σǫ(A)¸

Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

σǫ(A) =

�

z ∈ C; �(z −A)−1� > 1

ǫ

�

.

ÇÒ Ô�ÙØ �Ö�Ø�Ö�×�Ö Ð� Ô×�Ù�Ó¹×Ô�ØÖ� �Ò Ø�ÖÑ� �� ×Ô�ØÖ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô�ÖØÙÖ��× �Ù

×�Ò× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Ø ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �Ì�¼�℄µº

ÈÖÓÔÓ×�Ø�ÓÒ Á½º¾ ´��Ö�Ø�Ö�×�Ø�ÓÒ �Ù Ô×�Ù�Ó¹×Ô�ØÖ�µº

ËÓ�Ø H ÙÒ �×Ô�� �� À�Ð��ÖØº ËÓ�Ø A : H −→ H ÙÒ ÓÔ�Ö�Ø�ÙÖº ËÓ�Ø ǫ > 0 �Ö��ØÖ��Ö�º �ÐÓÖ× �

σǫ(A) =
�

B∈B(H),�B�<ǫ
σ(A+B),

Ó� B(H) ��×��Ò� Ð³�Ò×�Ñ�Ð� ��× ÓÔ�Ö�Ø�ÙÖ× �ÓÖÒ�× ���××�ÒØ ×ÙÖ Hº

��Ò×� �ØØ� �Ö�Ø�Ö�×�Ø�ÓÒ ÒÓÙ× ��Ø ÕÙ� Ð� Ô×�Ù�Ó¹×Ô�ØÖ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ A ÓÖÖ�×ÔÓÒ�

� Ð� Ö�ÙÒ�ÓÒ ��× ×Ô�ØÖ�× ��× Ô�ÖØÙÖ��Ø�ÓÒ× �� Aº ÈÓÙÖ ÙÒ� �ÓÒÒ� �ÒØÖÓ�ÙØ�ÓÒ �ÙÜ ���Ø×

Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜ¸ ÓÒ Ô�ÙØ ÓÒ×ÙÐØ�Ö Ð� Ð�ÚÖ� �� Å�Ö �Ñ�Ö�� �Ø ÄÐÓÝ� ÌÖ���Ø��Ò �Ì�¼�℄º

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÙ�×ÕÙ� ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö � ��× Ô�ÖØÙÖ��Ø�ÓÒ× �³ÓÔ�Ö�Ø�ÙÖ×¸ ÒÓÙ×

Ò³�ÚÓÒ× � ÔÖ�ÓÖ� �ÙÙÒ� ��Ö�ÒØ�� ÓÒ�ÖÒ�ÒØ ÙÒ� ÔÓØ�ÒØ��ÐÐ� �Ö�ØÙÖ� �Ù ×Ô�ØÖ� ×ÓÙ× Ð�

�ÓÖÑ� �� ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º ��Ô�Ò��ÒØ¸ ÒÓÙ× �ÐÐÓÒ× ÑÓÒØÖ�Ö

ÕÙ� ×ÓÙ× ��× �ÝÔÓØ��×�× �³�Ò�ÐÝØ��Ø� �Ø ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �××�Þ

����Ð�×¸ �Ð Ò³Ý � Ô�× �³���Ø× Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜº Ä�× ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÚÓÒØ

Ô�ÖÑ�ØØÖ� �� ��Ö�Ö� ÙÒ ×Ô�ØÖ� ×Ø��Ð�¸ ÐÓ�Ð�×� ×ÙÖ ��× ÓÙÖ��× �Ò�ÐÝØ�ÕÙ�× ÔÖÓ��× ��

Ð³�Ü� Ö��Ðº

Á¾ Ä�× Ö�×ÙÐØ�Ø× �� Ð� Ø��×�

Á¾º½ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ¹

��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹

���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ

Ä�× ÔÖ�Ñ��Ö× ØÖ�Ú�ÙÜ Ñ�Ø��Ñ�Ø�ÕÙ�× ×ÙÖ Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ��Ò× Ð� ��Ö� �� Ð³�Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� ÓÒØ ÔÓÖØ� ×ÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹

����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ �Ø ÓÒØ �Ø� Ñ�Ò�× Ô�Ö ��ÖÒ�Ö� À�Ð��Ö �Ø �����Ö

ÊÓ��ÖØ ��Ò× �ÀÊ��℄º �Ò×Ù�Ø�¸ �ÒÒ�¹Å�Ö�� ���Ö�ÓÒÒ�Ð ������℄ �Ø ÔÐÙ× Ø�Ö� Ë�Ò Î£Ù Æ�Óº

�ÎÆ¼¼℄ ×� ×ÓÒØ �ÒØ�Ö�××�× �Ù �× �� Ð� ��Ñ�Ò×�ÓÒ ÔÐÙ× �Ö�Ò�� �Ò ÓÒ×���Ö�ÒØ ��× ×Ý×Ø�Ñ�×

ÓÑÔÐ�Ø�Ñ�ÒØ �ÒØ��Ö��Ð�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× ´³�×Ø¹�¹��Ö� ��× ×Ý×Ø�Ñ�× �³ÓÔ�Ö�¹

Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× ÕÙ� ÓÑÑÙØ�ÒØ ��ÙÜ � ��ÙÜµº ��Ô�Ò��ÒØ¸ �� � ×ÓÒØ Ð�× ÓÒ��Ø�ÓÒ× ��

¾�



ÁÒØÖÓ�ÙØ�ÓÒ

ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× ×ÙÖ Ð�×ÕÙ�ÐÐ�×

ÒÓÙ× �ÐÐÓÒ× ØÖ�Ú��ÐÐ�Ö �Ø¸ ÓÑÑ� ÒÓÙ× Ð³�ÚÓÒ× �ÚÓÕÙ�¸ Ð³�ØÙ�� �� � ØÝÔ� �³ÓÔ�Ö�Ø�ÙÖ× ���Ø

�ÔÔ�Ö��ØÖ� ��× ÔÖÓ�Ð�Ñ�× �³�Ò×Ø���Ð�Ø� Ô×�Ù�Ó¹×Ô�ØÖ�Ð�º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ���ÙÓÙÔ ��

Ñ�Ø��Ñ�Ø���Ò× ×� ×ÓÒØ �ÒØ�Ö�××�× � �× ���Ø× �Ò ÓÒ×���Ö�ÒØ ��× Ô�ÖØÙÖ��Ø�ÓÒ× �Ð��ØÓ�Ö�×

�³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ×¸ ÓÑÑ� Å�Ð�Ö�� À���Ö �À��¼�℄¸ ÂÓ��ÒÒ�×

Ë��×ØÖ�Ò� �ÀË¼�℄¸ Ï�ÐÐ��Ñ �ÓÖ���ÙÜ¹ÅÓÒØÖ��ÙÜ ��Å½½℄ �Ø Å�ÖØ�Ò ÎÓ��Ð �ÎÓ�½�℄ Ó� ��Ò×

�ØØ� ×�Ö�� �³�ÖØ�Ð�×¸ �Ð× ��Ö��ÒØ � �×Ø�Ñ�Ö Ð� ÒÓÑ�Ö� �� Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ��Ò× ÙÒ �ÓÑ��Ò�

ÓÑÔÐ�Ü� �ÓÒÒ�º ��Ò× �× ����Ö�ÒØ× ØÖ�Ú�ÙÜ¸ �Ð× Ó�Ø��ÒÒ�ÒØ ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×� Ö�¹

Ô�ÖØ�××�ÒØ ÙÒ��ÓÖÑ�Ñ�ÒØ ��Ò× ÙÒ �ÓÑ��Ò� �Ù ÔÐ�Ò ÓÑÔÐ�Ü� � ÕÙ� �×Ø � Ð³ÓÔÔÓ×� �� �

ÕÙ³ÓÒ Ú�ÙØ ��ÑÓÒØÖ�Ö ÔÙ�×ÕÙ³ÓÒ ×ÓÙ���Ø� �Ö�Ö� ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� �Ø ��Ò×� Ó�Ø�Ò�Ö ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×� Ö�Ô�ÖØ�××�ÒØ Ð� ÐÓÒ� �³ÙÒ� ÓÙÖ�� ��

��Ñ�Ò×�ÓÒ ÙÒº Ä� �× ��× Ô�ÖØÙÖ��Ø�ÓÒ× �Ð��ØÓ�Ö�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹

���Ó�ÒØ× ÓÒ×Ø�ØÙ� �Ò ÕÙ�ÐÕÙ� ×ÓÖØ� ÙÒ �× �ÜØÖ�Ñ� ÔÓÙÖ Ð�ÕÙ�Ð ÓÒ Ò� Ô�ÙØ Ô�× �ÚÓ�Ö ��

ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º �� ÔÐÙ×¸ ÙÒ� �ÙØÖ� ÕÙ�×Ø�ÓÒ ×� ÔÓ×� Ñ��Ò¹

Ø�Ò�ÒØ � ÓÑÑ�ÒØ Ô�ÙØ¹ÓÒ ���Ò�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ��Ò×

ÙÒ ��Ö� ÒÓÒ �ÙØÓ¹���Ó�ÒØ¸ ÔÙ�×ÕÙ³� ÔÖ�ÓÖ� Ð� ×Ô�ØÖ� �� � ØÝÔ� �³ÓÔ�Ö�Ø�ÙÖ× �×Ø �Ò×Ø��Ð�º

ÍÒ� Ö�ÔÓÒ×� � �ØØ� ÕÙ�×Ø�ÓÒ � �Ø� �ÔÔÓÖØ�� Ô�Ö Ð�× ØÖ�Ú�ÙÜ �³�Ò��Ö× Å�Ð�Ò �Ø �� ÂÓ¹

��ÒÒ�× Ë��×ØÖ�Ò� �ÅË¼¿℄ ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÔÙ�× Ô�Ö �ÙÜ �� Å����Ð À�ØÖ�� �Ø ��

ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �ÀË¼�℄ �Ø �ÙÜ �� Å����Ð À�ØÖ��¸ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ø Ë�Ò Î£Ù Æ�Óº

�ÀËÆ¼�℄ ��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ ��Ò× Ð� ��Ö� �� Ð� ��Ñ�Ò×�ÓÒ ��ÙÜ �Ø ÔÓÙÖ ÙÒ� �ÖØ��Ò�

Ð�××� �³ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× ´ÕÙ� ÒÓÙ× ÔÖ��×�ÖÓÒ× Ô�Ö Ð� ×Ù�Ø�µº Ä� ÓÑÔÓÖØ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� ×�Ñ�¹Ð�××�ÕÙ� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ´�Ò Ö�Ð�Ø�ÓÒ �Ú� Ð�× ÓÒ��Ø�ÓÒ× ��

�Ó�Ö¹ËÓÑÑ�Ö��Ð�µ �� ÕÙ�ÐÕÙ�× �Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× � ���Ð�Ñ�ÒØ �Ø�

�ØÙ��� ��Ò× Ð³�ÖØ�Ð� ��Ë½¿℄ �� �ÒÒ� �×�Ò� �Ø �Ò�Ö�̈� Ë����Ö�Ú��¸ ÔÐÙ× ÔÖ��×�Ñ�ÒØ �Ð× ÓÒ¹

×���Ö�ÒØ Ð³�ÕÙ�Ø�ÓÒ �� Ë�Ö���Ò��Ö �Ú� ÙÒ ÔÓØ�ÒØ��Ð �Ñ���Ò��Ö� �Ø Ð³�ÕÙ�Ø�ÓÒ �³�Ò�ÙØ�ÓÒ

Ñ��Ò�Ø�ÕÙ�º ��Ò �� ÔÓÙÚÓ�Ö �ÒÓÒ�Ö ÕÙ�ÐÕÙ�× Ö�×ÙÐØ�Ø× ×ÙÖ Ð� ×Ù��Ø¸ ÒÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ

Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐº

���Ò�Ø�ÓÒ Á¾º½ ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R
2µº ËÓ�Ø p�(x, ξ) ∈ S(R2) ÙÒ� �ÓÒØ�ÓÒ

�� Ð³�×Ô�� �� Ë�Û�ÖØÞ ´ÕÙ³ÓÒ ×ÙÔÔÓ×� ��Ò× ÙÒ� �ÓÒÒ� Ð�××� �� ×ÝÑ�ÓÐ�×µ ���Ò�� ×ÙÖ

Ð³�×Ô�� ÓØ�Ò��ÒØ T ∗
R ≃ R

2 �Ø ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� p�¸ ÒÓØ��

Opw(p�)(x, �Dx) ´Ó� Dx = −i∂xµ¸ Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ D(R) �

Opw(p�)(x, �Dx)u(x) =
1

2π�

�

R

�

R

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(y)dydξ.

Opw(p�) �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ðº ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ p�(x, ξ) Ð� ×ÝÑ�ÓÐ� ��

Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�) �Ø ÓÒ ÒÓØ� p(x, ξ) ×ÓÒ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð ´³�×Ø Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� ��Ò×

Ð� ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �� p�µº

��Ò× ØÓÙØ� Ð� ×Ù�Ø�¸ ÐÓÖ×ÕÙ³ÓÒ Ô�ÖÐ�Ö� �³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð¸ ÓÒ ��Ö� Ö���Ö�Ò�

� �ØØ� ���Ò�Ø�ÓÒ �Ø ÓÒ ×ÙÔÔÓ×�Ö� ÕÙ� Ð�× ×ÝÑ�ÓÐ�× ��× ÓÔ�Ö�Ø�ÙÖ× ×ÓÒØ ��Ò× ÙÒ� �ÓÒÒ�
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Ð�××� ÕÙ� ÒÓÙ× �ÜÔÐ��Ø�ÖÓÒ× ÔÐÙ× ÐÓ�Ò ÐÓÖ×ÕÙ� ÒÓÙ× �Ò �ÙÖÓÒ× ��×Ó�Òº

��Ò× Ð³�ÖØ�Ð� �³�Ò��Ö× Å�Ð�Ò �Ø �� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�¸ Ð�× �ÙØ�ÙÖ× ��ÑÓÒØÖ�ÒØ ÕÙ�

ÔÓÙÖ ÙÒ� Ð�××� �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ��ÙÜ¸ ×�

Ð� ÖÓ��Ø �� ÈÓ�××ÓÒ ��× Ô�ÖØ��× Ö��ÐÐ�× �Ø �Ñ���Ò��Ö�× �Ù ×ÝÑ�ÓÐ� �×Ø �××�Þ Ô�Ø�Ø¸ �ÐÓÖ× ÓÒ

Ô�ÙØ ��Ø�ÖÑ�Ò�Ö Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� �× ÓÔ�Ö�Ø�ÙÖ× ��Ò× ÙÒ �ÓÑ��Ò� �Ù ÔÐ�Ò ÓÑÔÐ�Ü�

�Ø �× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×ÓÒØ �ÓÒÒ��× Ô�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �Ó�Ö¹ËÓÑÑ�Ö��Ð�º

ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �Ð× ÓÒ×���Ö�ÒØ ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(p�)(x, �Dx, z) ���×¹

×�ÒØ ×ÙÖ L2(R2) � ×ÝÑ�ÓÐ� �Ò�ÐÝØ�ÕÙ� ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� �ÓÐÓÑÓÖÔ�� �³ÙÒ Ô�Ö�Ñ�ØÖ�

z ∈ Vois(0;C) ´ÙÒ ÚÓ�×�Ò��� �� 0 ��Ò× Cµ �Ø ÑÓÒØÖ�ÒØ Ð� Ö�×ÙÐØ�Ø ×Ù�Ú�ÒØº

Ì��ÓÖ�Ñ� Á¾º¾ ´Å�Ð�Ò¹Ë��×ØÖ�Ò� �ÅË¼¿℄µº ÁÐ �Ü�×Ø� θ0 ∈
�

1

2
Z
2

�

�Ø ÙÒ� �ÓÒØ�ÓÒ �

θ�(z) ∼ θ0 + θ1(z)�+ . . . ∈ C∞(Vois(0;C)),

��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �¸ Ø�Ð× ÕÙ� ÔÓÙÖ z ∈ Vois(0;C)

�Ø ÔÓÙÖ � > 0 ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø¸ z �×Ø ÙÒ� Ú�Ð�ÙÖ ÔÖÓÔÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�) ×� �Ø

×�ÙÐ�Ñ�ÒØ ×� �
1

2π�
I(z) = k − θ�(z),

Ó� k ∈ Z
2 �Ø Ó� I(z) = (I1(z), I2(z)) �Ú� ÔÓÙÖ i ∈ {1, 2}¸ Ii(z) ��× �ÒØ��Ö�Ð�× �³�Ø�ÓÒ× ×ÙÖ

��× ÝÐ�× �ÓÒ��Ñ�ÒØ�ÙÜ γi �� Γ(z) ⊂ p−1(0, z) ´Ó� Γ(z) �×Ø ÙÒ ØÓÖ� �� ��Ñ�Ò×�ÓÒ ¾ �Ø Ó�

p ��×��Ò� Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�)µº

�Ò×Ù�Ø�¸ Ð³�ÖØ�Ð� �� Å����Ð À�ØÖ�� �Ø �� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ØÖ��Ø� ��× ÓÒ��Ø�ÓÒ× ��

ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ×

Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ��ÙÜº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �Ð× ÓÒ×���Ö�ÒØ ��×

ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ× ÕÙ� ×³�Ö�Ú�ÒØ ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

Ó� Opw(f ǫ
�
) �Ø Opw(qǫ

�
) ×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �³ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ¸ ³�×Ø � ÕÙ³ÓÒ �ÒØ�Ò� Ô�Ö Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ

�ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× ��Ò× Ð� ×Ù�Ø�º Ä�ÙÖ Ö�×ÙÐØ�Ø

�ÓÒÒ� ÙÒ� ��×Ö�ÔØ�ÓÒ �Ù ×Ô�ØÖ� �� � ØÝÔ� �³ÓÔ�Ö�Ø�ÙÖ× ��Ò× ÙÒ Ö�Ø�Ò�Ð� ��Ô�Ò��ÒØ �Ù

Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� �� Ô�ÖØÙÖ��Ø�ÓÒ ǫº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ

Ô�ÙØ Ð³�ÒÓÒ�Ö ÓÑÑ� ×Ù�Øº

Ì��ÓÖ�Ñ� Á¾º¿ ´À�ØÖ��¹Ë��×ØÖ�Ò� �ÀË¼�℄µº ËÓ�Ø Opw(pǫ
�
) = Opw(f ǫ

�
) + iǫOpw(qǫ

�
) ÙÒ

ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ L2(R2) � ×ÝÑ�ÓÐ� �Ò�ÐÝØ�ÕÙ� ×ÙÖ R
4 Ø�Ð ÕÙ� Ð�

�ÓØ �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð f ǫ �×Ø Ô�Ö�Ó��ÕÙ�º ËÓ�Ø ǫ ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ� ǫ ≫ � �Ø

¾�



ÁÒØÖÓ�ÙØ�ÓÒ

ǫ ≤ O(�δ) ÔÓÙÖ 0 < δ < 1º ËÓ�Ø �

RC,ǫ =

�

z ∈ C, |ℜ(z)| < 1

C
, |ℑ(z)| < ǫ

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�.

�ÐÓÖ×¸ Ð� ×Ô�ØÖ� �� �Ø ÓÔ�Ö�Ø�ÙÖ¸ ÒÓØ� σ(Opw(pǫ
�
))¸ ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ �×Ø �ÓÒÒ� ÔÓÙÖ

� ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ =

�

g�

�

�k, ǫ,
�

ǫ

�

+ O(�∞); k ∈ Z
2

�

∩RC,ǫ,

Ó� g�

�

ξ, ǫ,
�

ǫ

�

�×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� �Ò ξ ∈ Vois(0;C2) Ö��ÙÐ��Ö� Ô�Ö Ö�ÔÔÓÖØ �
�

ǫ
�Ø ǫ �Ø ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º

ÍÒ �ÙØÖ� Ö�×ÙÐØ�Ø � ���Ð�Ñ�ÒØ �Ø� Ó�Ø�ÒÙ Ô�Ö Å����Ð À�ØÖ��¸ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ø

Ë�Ò Î£Ù Æ�Óº ��Ò× Ð³�ÖØ�Ð� �ÀËÆ¼�℄ ÓÒ�ÖÒ�ÒØ Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×¸ ³�×Ø¹�¹

��Ö� ÕÙ³�Ð× ÓÒ×���Ö�ÒØ ��× ÓÔ�Ö�Ø�ÙÖ× �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx).

Ä� ����Ö�Ò� �Ú� Ð� Ø��ÓÖ�Ñ� ÔÖ����ÒØ Ö�×��� ��Ò× Ð� ���Ø ÕÙ� Ð� ÓÒ��Ø�ÓÒ �� Ô�Ö�Ó���Ø�

�Ù ×ÝÑ�ÓÐ� f ǫ �×Ø Ö�ÑÔÐ��� Ô�Ö ÙÒ� �ÝÔÓØ��×� �³�Ü�×Ø�Ò� �� ÔÐÙ×��ÙÖ× ØÓÖ�× �ÒÚ�Ö��ÒØ×

��ÓÔ��ÒØ��Ò× ÔÓÙÖ � ×ÝÑ�ÓÐ�º ÇÒ Ô�ÙØ �ÒÓÒ�Ö Ð�ÙÖ Ö�×ÙÐØ�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ�º

Ì��ÓÖ�Ñ� Á¾º� ´À�ØÖ��¹Ë��×ØÖ�Ò�¹Î£Ù Æ�Óº �ÀËÆ¼�℄µº ËÓ�Ø Opw(pǫ
�
) = Opw(f ǫ

�
)+iǫOpw(qǫ

�
)

ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ L2(R2) � ×ÝÑ�ÓÐ� �Ò�ÐÝØ�ÕÙ� ×ÙÖ R4 Ø�Ð ÕÙ� Ð�

�ÓØ �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð f ǫ ��Ñ�Ø ÔÐÙ×��ÙÖ× ØÓÖ�× �ÒÚ�Ö��ÒØ× ��ÓÔ��ÒØ��Ò×º ËÓ�Ø ǫ ÙÒ Ô�Ø�Ø

Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ� ǫ ≥ �
K ´Ó� K �×Ø ÙÒ� ÓÒ×Ø�ÒØ� �Ö��ØÖ��Ö�µ �Ø ǫ = O(�δ) ÔÓÙÖ 0 < δ < 1º

ËÓ�Ø �

RC,ǫ =

�

z ∈ C, |ℜ(z)| < �
δ

C
, |ℑ(z)| < ǫ�δ

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�.

�ÐÓÖ×¸ Ð� ×Ô�ØÖ� �� �Ø ÓÔ�Ö�Ø�ÙÖ¸ ÒÓØ� σ(Opw(pǫ
�
))¸ ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ �×Ø �ÓÒÒ� ÔÓÙÖ

� ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ =
�

g� (�k, ǫ) + O(�∞); k ∈ Z
2
�

∩RC,ǫ,

Ó� g� (ξ, ǫ) �×Ø ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� Ô�Ö Ö�ÔÔÓÖØ � ξ ∈ Vois(0;R2)¸ Ô�Ö Ö�ÔÔÓÖØ � ǫ ∈ Vois(0;R)

�Ø ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º

Ä� �× ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ

Ò³�Ú��Ø �Ô�Ò��ÒØ Ô�× �Ø� ØÖ��Ø� �Ø ³�×Ø �ÓÒ � � �×¹Ð� ÕÙ� ÒÓÙ× ÒÓÙ× ×ÓÑÑ�× �ÒØ�Ö�××�×

��Ò× Ð� ÔÖ�Ñ��Ö� Ô�ÖØ�� �� �ØØ� Ø��×�º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ÓÒ×���Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹

¾�



Á¾º Ä�Ë Ê�ËÍÄÌ�ÌË �� Ä� ÌÀ�Ë�

����Ö�ÒØ��Ð ÒÓÒ �ÙØÓ¹���Ó�ÒØ Opw(pǫ
�
)¸ � ×ÝÑ�ÓÐ� �Ò�ÐÝØ�ÕÙ�¸ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(x, �Dx) = Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

Ó� Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× Opw(f ǫ
�
) �Ø Opw(qǫ

�
) ×ÓÒØ �ÙØÓ¹���Ó�ÒØ× �Ø ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ö�Ñ�ØÖ� ǫº ËÓÙ× �� �ÓÒÒ�× �ÝÔÓØ��×�× ×ÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)¸

ÓÒ �ÖÖ�Ú� � ÑÓÒØÖ�Ö Ð� Ö�×ÙÐØ�Ø ÕÙ� ×Ù�Øº

Ì��ÓÖ�Ñ� �º ËÓ�Ø Opw(pǫ
�
) = Opw(f ǫ

�
) + iǫOpw(qǫ

�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ö�Ñ�ØÖ� ǫ¸ ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R) �Ø ×Ó�Ø E0 ∈ R

ÙÒ Ö��Ð �Ü�º ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ö�Ñ�ØÖ� ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ×�ÑÔÐ�× �Ø �ÓÒÒ��×¸

ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø¸ Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ�¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ö�Ñ�ØÖ� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫ
�
�×Ø Ð� Ö��ÔÖÓÕÙ� �³ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒº

��Ò×� � Ö�×ÙÐØ�Ø ÒÓÙ× ��Ø ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò¹

�Ð� RC,ǫ0 ×� ØÖÓÙÚ�ÒØ Ð� ÐÓÒ� �³ÙÒ� ÓÙÖ��¸ Ð� �Ö�Ô�� �� Ð� �ÓÒØ�ÓÒ g
ǫ
�
º �� ÔÐÙ×¸ � Ö�×ÙÐØ�Ø

�ÓÒÒ� ÙÒ� ��×Ö�ÔØ�ÓÒ �Ù ×Ô�ØÖ� ��Ò× ÙÒ Ö�Ø�Ò�Ð� ÕÙ� Ò� ��Ô�Ò� Ô�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹

Ð�××�ÕÙ� � � ÕÙ� ÓÒ×Ø�ØÙ� ÙÒ� ����Ö�Ò� �Ú� Ð� Ö�×ÙÐØ�Ø �� Å����Ð À�ØÖ�� �Ø �� ÂÓ��ÒÒ�×

Ë��×ØÖ�Ò� �Ò ��Ñ�Ò×�ÓÒ ��ÙÜº

ü Ô�ÖØ�Ö �� � ÔÖ�Ñ��Ö Ö�×ÙÐØ�Ø¸ ÓÒ Ô�ÙØ ���Ù�Ö� ÙÒ ×�ÓÒ� Ø��ÓÖ�Ñ� ��Ò× Ð� �× Ô�ÖØ�¹

ÙÐ��Ö ��× ÓÔ�Ö�Ø�ÙÖ× PT ¹×ÝÑ�ØÖ�ÕÙ�×º

���Ò�Ø�ÓÒ Á¾º� ´ÇÔ�Ö�Ø�ÙÖ PT ¹×ÝÑ�ØÖ�ÕÙ�µº ÇÒ ��Ø ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

Opw(p�) �×Ø PT ¹×ÝÑ�ØÖ�ÕÙ� ×� [Opw(p�),PT ] = Opw(p�)PT − PT Opw(p�) = 0 Ó� �

P : L2(R) −→ L2(R) T : L2(R) −→ L2(R)

u(x) �−→ u(−x) u(x) �−→ u(x).

ÇÒ �ÔÔ�ÐÐ� P Ð³ÓÔ�Ö�Ø�ÙÖ �� Ô�Ö�Ø� �Ø T Ð³ÓÔ�Ö�Ø�ÙÖ �³�ÒÚ�Ö×�ÓÒ �Ù Ø�ÑÔ×º

��Ò× Ð� ��Ö� ��× Ô�ÖØÙÖ��Ø�ÓÒ× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×¸ Æ��Ñ� �ÓÙ××����Ò� �Ø

Æ�Û�Ð Å���ÖÓÙØ ÑÓÒØÖ�ÒØ ��Ò× ��Å½¿℄ ÕÙ³ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ PT ¹×ÝÑ�ØÖ�ÕÙ� �³ÙÒ ÓÔ�Ö�¹

Ø�ÙÖ �� Ë�Ö���Ò��Ö ×�Ñ�¹Ð�××�ÕÙ� �Ú� ÙÒ ÔÓØ�ÒØ��Ð � ÙÒ ÔÙ�Ø× � ÙÒ ×Ô�ØÖ� Ö��Ðº

¾�



ÁÒØÖÓ�ÙØ�ÓÒ

Ì��ÓÖ�Ñ� Á¾º� ´�ÓÙ××����Ò�¹Å���ÖÓÙØ ��Å½¿℄µº ËÓ�Ø Opw(pǫ
�
)(x, �Dx) = −�

2 d
2

dx2
+Vǫ(x)

Ó� �

Vǫ(x) = V0(x) + iǫW (x),

�Ú� V0 ÙÒ ÔÓØ�ÒØ��Ð � ÙÒ ÔÙ�Ø×º ËÓ�Ø E0 ∈ R �Ü�º ËÓÙ× ��× �ÝÔÓØ��×�× �³�Ò�ÐÝØ��Ø� ×ÙÖ Ð�

×ÝÑ�ÓÐ� pǫ
�
¸ �Ð �Ü�×Ø� ǫ0 > 0 Ø�Ð ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ

�
) ��Ò× D(E0, ǫ0) ´Ð�

��×ÕÙ� �� �ÒØÖ� E0 �Ø �� Ö�ÝÓÒ ǫ0µ �×Ø �ÒÐÙ× ��Ò× Rº

�� ÔÐÙ×¸ �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ gǫ
�
(E) ���Ò�� ×ÙÖ Ð� ��×ÕÙ� D(E0, ǫ0) �ÓÐÓÑÓÖÔ�� �Ò E¸

Ö��ÙÐ��Ö� Ô�Ö Ö�ÔÔÓÖØ � ǫ �Ø ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �

Ø�ÐÐ� ÕÙ� �

½º gǫ
�
(E) ∈ R ÕÙ�Ò� E, ǫ ∈ R �

¾º ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0¸ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� ��×ÕÙ� D(E0, ǫ0) �×Ø �ÓÒÒ�

Ô�Ö �

∃k ∈ Z; E = Ek; gǫ�(Ek) = 2πk�.

�Ò×Ù�Ø�¸ Æ��Ñ� �ÓÙ××����Ò�¸ Æ�Û�Ð Å���ÖÓÙØ¸ Ì���ÖÖÝ Ê�ÑÓÒ� �Ø ÂÓ��ÒÒ�× Ë��×¹

ØÖ�Ò� ÓÒØ ÑÓÒØÖ� ��Ò× ��ÅÊË½�℄ ÕÙ³ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ PT ¹×ÝÑ�ØÖ�ÕÙ� �ÜÔÓÒ�ÒØ��ÐÐ�Ñ�ÒØ

Ô�Ø�Ø� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� Ë�Ö���Ò��Ö ×�Ñ�¹Ð�××�ÕÙ� �Ú� ÙÒ ÔÓØ�ÒØ��Ð � �ÓÙ�Ð� ÔÙ�Ø× ��Ñ�Ø

�Ù××� ÙÒ ×Ô�ØÖ� Ö��Ðº ÁÐ× ÓÒØ ���Ð�Ñ�ÒØ �Ø��Ð� ÕÙ� Ñ�Ñ� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× �ÜÔÓÒ�Ò¹

Ø��ÐÐ�Ñ�ÒØ Ô�Ø�Ø�×¸ Ð� ×Ô�ØÖ� Ô�ÙØ ��Ú�Ò�Ö ÓÑÔÐ�Ü�º �Ò ÒÓÙ× ÔÐ���ÒØ ��Ò× Ð� Ñ�Ñ� ��Ö�

ÕÙ� �ÐÙ� �Ù Ø��ÓÖ�Ñ� �¸ ÓÒ ÔÖÓÙÚ� Ð� Ö�×ÙÐØ�Ø ÕÙ� ×Ù�Øº

Ì��ÓÖ�Ñ� �º ËÓ�Ø Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö�

�� ǫ¸ ���××�ÒØ ×ÙÖ L2(R) �Ø ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�º ÇÒ ×ÙÔÔÓ×� �� ÔÐÙ× ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(pǫ
�
) �×Ø PT ¹×ÝÑ�ØÖ�ÕÙ�º ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ´�Ò��Ô�Ò��ÒØ �� �µ Ø�Ð ÕÙ�¸

ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C, |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø Ö��Ð ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ �

×Ù�×�ÑÑ�ÒØ Ô�Ø�Øº

�� ÔÐÙ× Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ×�ÑÔÐ�× �Ø

�ÓÒÒ��× Ô�Ö Ð� Ø��ÓÖ�Ñ� �¸ �º�º ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø¸ ÓÒ � �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ�¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫ
�
�×Ø Ð� Ö��ÔÖÓÕÙ� �³ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒº

��Ò×�¸ � Ö�×ÙÐØ�Ø ÑÓÒØÖ� ÕÙ� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ×

�ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ ÕÙ� ×ÓÒØ PT ¹×ÝÑ�ØÖ�ÕÙ�×¸ Ð� ×Ô�ØÖ� ��Ò× ÙÒ Ö�Ø�Ò�Ð� ×�

¿¼



Á¾º Ä�Ë Ê�ËÍÄÌ�ÌË �� Ä� ÌÀ�Ë�

ØÖÓÙÚ� Ð� ÐÓÒ� �� Ð³�Ü� Ö��Ðº ÇÒ Ô�ÙØ ���Ð�Ñ�ÒØ Ö�ØÖÓÙÚ�Ö Ð� Ö�×ÙÐØ�Ø �� Æ��Ñ� �ÓÙ××����Ò�

�Ø �� Æ�Û�Ð Å���ÖÓÙØ � Ô�ÖØ�Ö �� � Ø��ÓÖ�Ñ� ÔÓÙÖ Ð�× ÒÓÑ�Ö�× Ö��Ð× E0 ÕÙ� Ò� ×ÓÒØ

Ô�× ��× ÔÓ�ÒØ× Ö�Ø�ÕÙ�× �Ø � Ð³���� �³ÙÒ Ö�×ÙÐØ�Ø �� Å����Ð À�ØÖ�� �À�Ø¼�℄ ÔÓÙÖ Ð�× ÔÓ�ÒØ×

Ö�Ø�ÕÙ�× E0º

�Ò�Ò¸ ÓÒ Ô�ÙØ ���Ð�Ñ�ÒØ ���Ù�Ö� �Ù Ø��ÓÖ�Ñ� � ÙÒ Ö�×ÙÐØ�Ø ×ÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cº ÈÓÙÖ ���Ò�Ö �× ÓÔ�Ö�Ø�ÙÖ×¸ ÓÒ �ÒØÖÓ�Ù�Ø Ð�× ÒÓØ�¹

Ø�ÓÒ× ×Ù�Ú�ÒØ�×º

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø Φ ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� Ö��ÐÐ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� ´�º�º ∂2z,zΦ > 0µ

×ÙÖ Cº ËÓ�Ø k ≥ 1º ÇÒ ÒÓØ� �

� L(dz) Ð� Ñ�×ÙÖ� �� Ä���×�Ù� ×ÙÖ C �ÓÒÒ�� Ô�Ö � L(dz) =
i

2
dz ∧ dz �

� L2
k(C,Φ) := L2(C, e−2kΦ(z)L(dz)) Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ C Ô�Ö

Ö�ÔÔÓÖØ � Ð� Ñ�×ÙÖ� � ÔÓ��× �ÜÔÓÒ�ÒØ��Ð e−2kΦ(z)L(dz) �

� Hk(C,Φ) := Hol(C)∩L2
k(C,Φ) Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ×ÙÖ C �ÔÔ�ÖØ�Ò�ÒØ

� Ð³�×Ô�� L2
k(C,Φ) �

� ΠΦ,k : L2
k(C,Φ) −→ Hk(C,Φ) Ð� ÔÖÓ��Ø�ÓÒ ÓÖØ�Ó�ÓÒ�Ð� �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ×

L2
k(C,Φ) ´ÑÙÒ� �Ù ÔÖÓ�Ù�Ø ×�Ð��Ö� L

2 � ÔÓ��×µ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��×

Hk(C,Φ)º

���Ò�Ø�ÓÒ Á¾º� ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cµº ËÓ�Ø k ≥ 1 ´��

Ð³�ÒØ��Ö k �ÓÙ� Ð� Ö�Ð� �� 1/�µº ËÓ�Ø qk ∈ L∞(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/kº ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð�

�ÓÒØ�ÓÒ qk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× Tqk = (Tk)k≥1¸ Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø

���Ò� Ô�Ö �

Tk := ΠΦ,kMqkΠΦ,k,

Ó� Mqk : L2
k(C,Φ) −→ L2

k(C,Φ) �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ qkº

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ qk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tqk º

�Ø�ÒØ �ÓÒÒ� ÕÙ³ÓÒ Ô�ÙØ ���Ö� ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò

ÓÑÔÐ�Ü� C �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �³ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ R
2¸ ÓÒ Ó�Ø��ÒØ Ð� Ö�×ÙÐØ�Ø ÕÙ�

×Ù�Øº

Ì��ÓÖ�Ñ� �º ËÓ�Ø Tpǫ
k
ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

Tpǫ
k
= Tfǫ

k
+ iǫTqǫ

k
,

Ó� Tfǫ
k
�Ø Tqǫ

k
×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫº ËÓ�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�º ÁÐ �Ü�×Ø�

ǫ0 > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

¿½



ÁÒØÖÓ�ÙØ�ÓÒ

Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tpǫ
k
:= (Tk)k≥1 ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0

×ÓÒØ ×�ÑÔÐ�× �Ø �ÓÒÒ��× ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0¸ ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ø ÔÓÙÖ k ≥ 1¸ Ô�Ö �

σ(Tk) ∩RC,ǫ0 = {gǫk
�

k−1j
�

+ O
�

k−∞� , j ∈ Z} ∩RC,ǫ0 ,

Ó� gǫk �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ�¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� 1/k �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ö�Ñ�ØÖ� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫk �×Ø Ð� Ö��ÔÖÓÕÙ� �³ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒº

Á¾º¾ ÉÙ�ÒØ���Ø�ÓÒ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø �� Ï�ÝÐ �Ù ØÓÖ� T2

�ÓÑÑ� ÒÓÙ× Ú�ÒÓÒ× �� Ð� ÚÓ�Ö¸ ÓÒ Ô�ÙØ Ó�Ø�Ò�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�ÙØÓ¹���Ó�ÒØ× �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cº È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð� ÕÙ�×Ø�ÓÒ Ò�ØÙÖ�ÐÐ� ÕÙ� ×³�Ò×Ù�Ø �×Ø �

Ô�ÙØ¹ÓÒ �ÓÒÒ�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ¹

��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �³ÙÒ� ×ÙÖ���

ÓÑÔ�Ø� �Ö��ØÖ��Ö� � ÍÒ� ÔÖ�Ñ��Ö� �Ø�Ô� ÔÓÙÖ Ö�ÔÓÒ�Ö� � �ØØ� ÕÙ�×Ø�ÓÒ �×Ø �³�ØÙ���Ö

Ð� �× Ô�ÖØ�ÙÐ��Ö �Ù ØÓÖ�º Ä�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� ×ÓÒØ �ÒØ�Ö�××�ÒØ×

ÔÙ�×ÕÙ³�Ð �Ü�×Ø� ���� ��× Ö�×ÙÐØ�Ø× �� Ä�ÙÖ�ÒØ ���ÖÐ�× ����¼¿¸ ���¼�℄ �Ø �� �Ó��ÒÒ Ä� �ÐÓ�

�Ä�½��¸ Ä�½�℄ �ÓÒÒ�ÒØ ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÐÓÖ×ÕÙ³�Ð×

×ÓÒØ �ÙØÓ¹���Ó�ÒØ×º ��Ô�Ò��ÒØ¸ ÒÓÙ× ×ÓÑÑ�× ÓÒ�ÖÓÒØ�× �ÙÜ Ñ�Ñ�× ���ÙÐØ�× � ÔÖ�ÓÖ� ÕÙ�

��Ò× Ð� �× ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ×� ÓÒ ÓÒ×���Ö� ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ ÒÓÒ �ÙØÓ¹���Ó�ÒØ×¸ ³�×Ø¹�¹��Ö� ÕÙ³ÓÒ Ô�ÙØ �ÚÓ�Ö ��× ÔÖÓ�Ð�Ñ�× �³�Ò×Ø���Ð�Ø� Ô×�Ù�Ó¹

×Ô�ØÖ�Ð�º ��× ÔÖÓ�Ð�Ñ�× ÓÒØ ÒÓØ�ÑÑ�ÒØ �Ø� �ØÙ���× ��Ò× Ð� ��Ö� ��× Ñ�ØÖ��× �� ÌÓ�ÔÐ�ØÞ

Ô�Ö ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ø Å�ÖØ�Ò ÎÓ��Ð ��Ò× �ËÎ½�℄¸ ��Ò× Ð� ��Ö� ��× ÓÔ�Ö�Ø�ÙÖ× ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Ô�Ö ��Ú�� �ÓÖØ�Û�� �Ø �Ð���Ò�ÖÓ ÍÖ��� ��Ò× ��Í¼¿℄ �Ø Ô�Ö Ì�ÒÝ� ��Ö�×¹

Ø��Ò×�Ò �Ø Å���� �ÛÓÖ×�� ��Ò× ���½¼℄ ��Ò× Ð� ��Ö� ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù

ØÓÖ�º ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ�ÐÕÙ�× ÒÓØ�Ø�ÓÒ× ��Ò �� ÔÓÙÚÓ�Ö ���Ò�Ö Ð�× ÓÔ�Ö�¹

Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø k ≥ 1¸ ×Ó��ÒØ u �Ø v ��× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× �� ÑÓ�ÙÐ� 1 �

� ×� z ∈ C¸ ÓÒ ÒÓØ� �Ò����Ö�ÑÑ�ÒØ z = (p, q) ∈ R
2 Ú�� Ð³���ÒØ���Ø�ÓÒ �� C �Ú� R

2 ÓÙ

z = p+ iq �

� Gk �×Ø Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×ÙÖ C �ÒÚ�Ö��ÒØ�× Ô�Ö Ð³�Ø�ÓÒ �� À��×�Ò��Ö� �Ù Ö�×��Ù

Z
2 �Ø �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ [0, 2π] × [0, 1] �º�º �

Gk =

�

g : C −→ C; g ∈ L2([0, 2π] × [0, 1], e−kq
2
dpdq),

g(p + 2π, q) = ukg(p, q), g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)

�

.

� Hk �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× �ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� Gk¸ �º�º �

Hk =
�

g ∈ Hol(C); g(p + 2π, q) = ukg(p, q), g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)
�

.

¿¾



Á¾º Ä�Ë Ê�ËÍÄÌ�ÌË �� Ä� ÌÀ�Ë�

� Πk �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� Gk ´ÑÙÒ� �Ù ÔÖÓ�Ù�Ø ×�Ð��Ö� L2 � ÔÓ��×

×ÙÖ [0, 2π] × [0, 1]µ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkº

���Ò�Ø�ÓÒ Á¾º� ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�µº ËÓ�Ø fk ∈ C∞(R2) ÙÒ�

�ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k ÔÓÙÖ Ð� ØÓÔÓÐÓ���

C∞ �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

fk(x+ 2π, y) = fk(x, y) = fk(x, y + 1).

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð� �ÓÒØ�ÓÒ fk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ×

Tfk := (Tk)k≥1 Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò� Ô�Ö �

Tk = ΠkMfkΠk,

Ó� Mfk : Gk −→ Gk �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ fkº
ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ fk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk º

�Ø�ÒØ �ÓÒÒ� ÕÙ� ��Ò× Ð� �× ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ÔÐ�Ò ÓÑÔÐ�Ü�¸ ÓÒ � ÙØ�Ð�×� Ð� ���Ø ÕÙ³ÓÒ ÔÓÙÚ��Ø ���Ö�

ÙÒ Ð��Ò �ÒØÖ� �× ÓÔ�Ö�Ø�ÙÖ× �Ø ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×¸ ÒÓÙ× �ÚÓÒ× ����� ��

ÓÑÑ�Ò�Ö Ô�Ö �ÜÔÐ��Ø�Ö ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �Ø Ð�

ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ�º Ä� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ� � ÒÓØ�ÑÑ�ÒØ �Ø� �ØÙ����

Ô�Ö ÅÓÒ�ÕÙ� �ÓÑ��×ÙÖ� �Ø �����Ö ÊÓ��ÖØ ��Ò× Ð� Ð�ÚÖ� ��Ê½¾℄ ��Ò×� ÕÙ� Ô�Ö ËØ�Ô��Ò�

ÆÓÒÒ�ÒÑ���Ö ��Ò× ×� Ø��×� �ÆÓÒ��℄º

ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÒÓÙ× ���×ÓÒ× ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�

�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� �ÓÒØ ÒÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ð� ���Ò�Ø�ÓÒ ��Ò× �

Ñ�ÒÙ×Ö�Øº

���Ò�Ø�ÓÒ Á¾º� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�µº

ËÓ�Ø ΛΦ1 = {(z,−ℑ(z)); z ∈ C} = {(z, (2/i)∂zΦ1(z)); z ∈ C}º ËÓ�Ø ak ∈ C∞(ΛΦ1) ÙÒ�

�ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k ÔÓÙÖ Ð� ØÓÔÓÐÓ���

C∞ �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (z, w) ∈ ΛΦ1 �

ak(z + 2π,w) = ak(z, w) = ak(z + i, w − 1).

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� ak Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ��Ò×

ÙÒ �ÓÒ �×Ô�� �� �ÓÒØ�ÓÒ× ´ÒÓÙ× Ú�ÖÖÓÒ× ÔÐÙ× ÔÖ��×�Ñ�ÒØ Ð�ÕÙ�Ð ��Ò× Ð� ��ÙÜ��Ñ� Ô�ÖØ��µ

�Ø z ∈ C¸ Ô�Ö �

OpwΦ1,k(ak)u(z) =
�

(m,n)∈Z2

akm,ne
−iπmn/ke−n

2/2keinzu

�

z − 2πm

k
+
in

k

�

,

Ó� Ð�× Ó����ÒØ× (akm,n)(m,n)∈Z2 ∈ C ×ÓÒØ �ÓÒÒ�× Ô�Ö Ð³�Ö�ØÙÖ� ×Ù�Ú�ÒØ� �� Ð� �ÓÒØ�ÓÒ ak¸

¿¿



ÁÒØÖÓ�ÙØ�ÓÒ

ÔÓÙÖ (z, w) ∈ C
2 �

ak(z, w) =
�

(m,n)∈Z2

akm,ne
in(z+iw)e−2iπmw.

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ ak Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð OpwΦ1,k(ak)º

��ØØ� ÒÓØ�ÓÒ �� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� ���Ò�Ø ��× ÓÔ�Ö�Ø�ÙÖ× �ÓÒØ ÓÒ

Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ³�Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkº ��Ò×�¸ ÓÒ Ó�Ø��ÒØ

��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ� ÕÙ� ÒÓÙ× �ÓÒÒ�ÒØ ��× ÓÔ�Ö�Ø�ÙÖ× ���××�ÒØ ×ÙÖ �Ø �×Ô�� �Ø ÓÒ

Ô�ÙØ ÑÓÒØÖ�Ö Ð� Ö�×ÙÐØ�Ø ÕÙ� ×Ù�Øº

Ì��ÓÖ�Ñ� �º ËÓ�Ø fk ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�

�Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

fk(x+ 2π, y) = fk(x, y) = fk(x, y + 1).

ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ× ÔÓÙÖ ØÓÙØ

k ≥ 1¸ ÓÒ � �

Tk = OpwΦ1,k(ak) + O(k−∞) ×ÙÖ Ð³�×Ô�� Hk,

Ó� ak �×Ø ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ ΛΦ1 �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ≃ C �

ak(z) = exp

�

1

k
∂z∂z

�

(fk(z)).

��Ò×�¸ � Ö�×ÙÐØ�Ø �×Ø ÙÒ� ÔÖ�Ñ��Ö� �Ø�Ô� �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �³ÙÒ ÔÓØ�ÒØ��Ð Ö�×ÙÐ¹

Ø�Ø ×ÙÖ ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ

�ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× ÔÙ�×ÕÙ³�Ð ÒÓÙ× ��Ø ÕÙ³ÓÒ Ô�ÙØ

���ÒØ���Ö ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2 � ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

ÓÑÔÐ�Ü�º �Ò×Ù�Ø�¸ ��Ò �³�ÔÔÖ���Ò��Ö ÙÒ Ô�Ù Ñ��ÙÜ � ÕÙ� ÔÓÙÖÖ��Ø �ØÖ� ÙÒ Ö�×ÙÐØ�Ø ×ÙÖ

Ð� ×Ô�ØÖ� ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ ÒÓÒ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�¸ ÒÓÙ× �ÚÓÒ× ���¹

ØÙ� ��× ×�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× ´ÚÓ�Ö ��ÙÖ� Á¿µº ��× ×�ÑÙÐ�Ø�ÓÒ× ÒÓÙ× ÔÓÙ××�ÒØ � ���Ö� Ð�

ÓÒ��ØÙÖ� ×Ù�Ú�ÒØ�º

�ÓÒ��ØÙÖ� �º ËÓ��ÒØ f ǫk, q
ǫ
k ∈ C∞(R2) ��ÙÜ �ÓÒØ�ÓÒ× ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔ¹

ØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �� ǫ �Ø Ø�ÐÐ�× ÕÙ� ÔÓÙÖ ØÓÙØ

(x, y) ∈ R
2¸ ÓÒ � �

�

f ǫk(x+ 2π, y) = f ǫk(x, y) = f ǫk(x, y + 1),

qǫk(x+ 2π, y) = qǫk(x, y) = qǫk(x, y + 1).

ËÓ�Ø Tpǫ
k
= Tfǫ

k
+ iǫTqǫ

k
ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� Ø�Ð ÕÙ� Tfǫ

k
�Ø Tqǫ

k
×ÓÒØ ��×

ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�º ËÓ�Ø E0 ∈ Rº ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø

Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C, |ℜ(z) − E0| <
1

C
; |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

¿�



Á¾º Ä�Ë Ê�ËÍÄÌ�ÌË �� Ä� ÌÀ�Ë�

Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tpǫ
k
= (Tk)k≥1 �×Ø �ÓÒÒ�¸ ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0 �Ø

ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ô�Ö �

σ(Tk) ∩RC,ǫ0 = {gǫk(k−1j) +O(k−∞), j ∈ Z} ∩RC,ǫ0 ,

Ó� gǫk �×Ø ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� Ö��ÙÐ��Ö� �Ù Ô�Ö�Ñ�ØÖ� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫk �×Ø Ð� Ö��ÔÖÓÕÙ� �³ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒº

������ Á¿ � ËÔ�ØÖ� �³ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ ÒÓÒ �ÙØÓ¹���Ó�ÒØ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�ÙØÓ¹���Ó�ÒØ �Ù ØÓÖ�º

¿�



ÁÒØÖÓ�ÙØ�ÓÒ

Á¿ ÈÐ�Ò �Ù Ñ�ÒÙ×Ö�Ø

��ØØ� Ø��×� ×� ��ÓÙÔ� �Ò ��ÙÜ �Ö�Ò��× Ô�ÖØ��×º ��Ò× Ð� ÔÖ�Ñ��Ö� Ô�ÖØ��¸ ÓÒ ��ÓÖ��

Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹

���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ �ØØ� Ô�ÖØ�� �×Ø

��ÓÙÔ�� �Ò ÕÙ�ØÖ� ��Ô�ØÖ�× �

� Ð� ��Ô�ØÖ� ÙÒ ØÖ��Ø� ÙÒ �Ü�ÑÔÐ� �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ×

�ÙØÓ¹���Ó�ÒØ× ÔÓÙÖ Ð�ÕÙ�Ð Ð� ��Ø�ÖÑ�Ò�Ø�ÓÒ �Ù ×Ô�ØÖ� �×Ø �Ð�Ñ�ÒØ��Ö� �

� Ð� ��Ô�ØÖ� ��ÙÜ ��ÓÖ�� Ð� Ø��ÓÖ�Ñ� � �Ø ×� ��ÑÓÒ×ØÖ�Ø�ÓÒ �

� Ð� ��Ô�ØÖ� ØÖÓ�× ÔÓÖØ� ×ÙÖ Ð�× �ÔÔÐ��Ø�ÓÒ× �Ù Ø��ÓÖ�Ñ� �¸ ³�×Ø¹�¹��Ö� �ÐÐ� ×ÙÖ Ð�×

ÓÔ�Ö�Ø�ÙÖ× PT ¹×ÝÑ�ØÖ�ÕÙ�× ´Ø��ÓÖ�Ñ� �µ �Ø �ÐÐ� ×ÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� ´Ø��ÓÖ�Ñ� �µ �

� Ð� ��Ô�ØÖ� ÕÙ�ØÖ� �ÐÐÙ×ØÖ� Ð� Ø��ÓÖ�Ñ� � � Ð³���� �� ×�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×º

ÈÙ�× ��Ò× Ð� ×�ÓÒ�� Ô�ÖØ��¸ ÓÒ ×³�ÒØ�Ö�××� �ÙÜ ����Ö�ÒØ�× ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ�º ��ØØ�

Ô�ÖØ�� �×Ø ��ÓÙÔ�� ÓÑÑ� ×Ù�Ø �

� Ð� ��Ô�ØÖ� �ÒÕ Ö�ÔÔ�ÐÐ� Ð� ÓÒ×ØÖÙØ�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù

ØÓÖ� �

� Ð� ��Ô�ØÖ� ×�Ü ØÖ��Ø� �� ��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù ØÓÖ�¸ Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ Ð�××�ÕÙ� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� ´���Ò�Ø�ÓÒ Á¾º�µ �

� Ð� ��Ô�ØÖ� ×�ÔØ ���Ø Ð� Ð��Ò �ÒØÖ� Ð�× ��Ô�ØÖ�× �ÒÕ �Ø ×�Ü ´Ø��ÓÖ�Ñ� �µ �

� Ð� ��Ô�ØÖ� �Ù�Ø ÑÓÒØÖ� ��× �Ü�ÑÔÐ�× ÒÙÑ�Ö�ÕÙ�× ×ÙÖ Ð� ×Ô�ØÖ� �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ

�ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ× �Ø �ÒÓÒ� ÙÒ�

ÓÒ��ØÙÖ� ´ÓÒ��ØÙÖ� �µº

¿�



ÈÖ�Ñ��Ö� Ô�ÖØ��

�ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ ��

�Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��×

Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�×

�³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ× �Ò

��Ñ�Ò×�ÓÒ ÙÒ

¿�





���Ô�ØÖ� ½

ÍÒ ÔÖ�Ñ��Ö �Ü�ÑÔÐ�

��Ò× � ÔÖ�Ñ��Ö ��Ô�ØÖ�¸ ÒÓÙ× �ÐÐÓÒ× �ØÙ���Ö ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ÒÓÒ

�ÙØÓ¹���Ó�ÒØ ÔÓÙÖ Ð�ÕÙ�Ð ÒÓÙ× �ÐÐÓÒ× ÔÓÙÚÓ�Ö ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� � Ð³���� ��× ÓÒ��Ø�ÓÒ×

�� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ×�Ò× ÙØ�Ð�×�Ö Ð� Ø��ÓÖ�� ��Ú�ÐÓÔÔ�� Ô�Ö �Ò��Ö× Å�Ð�Ò

�Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò× �ÅË¼¿℄ �Ø Ô�Ö Å����Ð À�ØÖ�� �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò×

�ÀË¼�¸ ÀË½�℄º �� ��Ô�ØÖ� Ô�ÖÑ�Ø �ÓÒ �³��ÓÖ��Ö Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ��Ò× ÙÒ ��Ö� ÒÓÒ �ÙØÓ¹���Ó�ÒØ ��Ò× ÙÒ �× ×�ÑÔÐ�º

½º½ �ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

ËÓ�Ø 0 < � ≤ 1 Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�º ËÓ�Ø ǫ ≥ 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ÕÙ� Ú�

Ö�ÔÖ�×�ÒØ�Ö Ð� Ô�ÖØÙÖ��Ø�ÓÒº ËÓ�Ø α ∈ R
∗º ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

Opw(pǫ
�
) ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(S1) ���Ò� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)

�

θ,
�

i

∂

∂θ

�

= α
�

i

∂

∂θ
+ iǫq(θ),

Ó� q �×Ø ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� �� Ð� Ú�Ö���Ð� θ ∈ S
1º

ÇÒ ×� ÔÐ�� ×ÙÖ Ð³�×Ô�� ��× Ô��×�× T ∗
S
1 = S

1 ×R ÑÙÒ� �� Ð� �ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� dI ∧ dθº
ËÓ�Ø pǫ

�
Ð� ×ÝÑ�ÓÐ� �××Ó�� � Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ

�
)¸ �ÙØÖ�Ñ�ÒØ ��Ø �ØØ� �ÓÒØ�ÓÒ pǫ

�
�×Ø ���Ò��

ÔÓÙÖ (θ, I) ∈ S
1 × R Ô�Ö �

pǫ�(θ, I) = αI + iǫq(θ),

´ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� ÔÓÙÖ Ó�Ø�Ò�Ö Ð� ×ÝÑ�ÓÐ� � Ô�ÖØ�Ö �� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð¸ �Ð ×Ù�Ø

�� Ö�ÑÔÐ��Ö −i�∂θ Ô�Ö Iµº

Ê�Ñ�ÖÕÙ� ½º½º½º Ä� ×ÝÑ�ÓÐ� pǫ
�
Ò� ��Ô�Ò� Ô�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �¸ Ô�Ö ÓÒ¹

×�ÕÙ�ÒØ ��Ò× Ð� ×Ù�Ø�¸ ÓÒ Ð� ÒÓØ�Ö� ×�ÑÔÐ�Ñ�ÒØ pǫº

ÇÒ Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� �Ø ÓÔ�Ö�Ø�ÙÖ ÒÓÒ �ÙØÓ¹���Ó�ÒØ �Ò ��Ñ�Ò×�ÓÒ

ÙÒ ×ÓÒØ ×�ÑÔÐ�× �Ø �� ÔÐÙ×¸ ÓÒ Ô�ÙØ �Ò �ÓÒÒ�Ö ÙÒ� ��×Ö�ÔØ�ÓÒ �ÜÔÐ��Ø� ×ÓÙ× Ð� �ÓÖÑ� ��

ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º �³�×Ø � ÕÙ� �ÓÒÒ� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ�

×Ù�Øº

¿�



�À�ÈÁÌÊ� ½º ÍÆ ÈÊ�ÅÁ�Ê ���ÅÈÄ�

ÈÖÓÔÓ×�Ø�ÓÒ ½º½º¾º ËÓ�Ø Opw(pǫ) Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� pǫ ���Ò� �¹��××ÓÙ×

ÕÙ� �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ S1 ×Cº �ÐÓÖ×¸ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ)¸ ÒÓØ�

σ(Opw(pǫ))¸ �×Ø �ÓÒÒ� Ô�Ö Ð³���Ð�Ø� ×Ù�Ú�ÒØ� �

σ(Opw(pǫ)) = {α�k + iǫ�q�; k ∈ Z} ,

Ó� �

�q� := 1

2π

� 2π

0
q(θ)dθ.

� � �� �� �� �

�Z

� � � � � � ���

α�Z

α

ǫ�q�
� � � � � ��� �

α�Z+ iǫ�q�

������ ½º½ � Ê�ÔÖ�×�ÒØ�Ø�ÓÒ ×��Ñ�Ø�ÕÙ� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ)º

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ ×� ��ÓÙÔ� �Ò ØÖÓ�× �Ø�Ô�× ÕÙ� ×ÓÒØ �ÒØ�Ö�××�ÒØ�× ÔÓÙÖ

Ð� ×Ù�Ø� ÔÙ�×ÕÙ³ÓÒ Ö�ØÖÓÙÚ�Ö� �× �Ø�Ô�× ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �º

�Ø�Ô� ½ � ÓÒ×ØÖÙØ�ÓÒ �³ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü� �Ø �� ÒÓÙÚ�ÐÐ�× ÓÓÖ¹

�ÓÒÒ��×º ÇÒ ×ÓÙ���Ø� �Ö�Ö� Ð� ×ÝÑ�ÓÐ� pǫ(θ, I) ×ÓÙ× Ð� �ÓÖÑ� gǫ(Ĩ) �Ú� (θ̃, Ĩ) �� ÒÓÙÚ�ÐÐ�×

ÓÓÖ�ÓÒÒ��×º ËÓ�Ø �

κ : S1 × C −→ S
1 × C,

(θ, I) �−→ (θ̃, Ĩ) :=

�

θ, I +
iǫ

α
q(θ)− iǫ

α
�q�
�

.

ÇÒ Ú�Ö��� ÕÙ� κ �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� �ÐÓ��Ð� �Ò ÑÓÒØÖ�ÒØ ÕÙ� � dĨ∧dθ̃ = dI∧dθº
ÈÙ�×¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� ��Ò× �× ÒÓÙÚ�ÐÐ�× ÓÓÖ�ÓÒÒ��× Ð� ×ÝÑ�ÓÐ� pǫ ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� ÔÓÙÖ (θ̃, Ĩ) ∈ S
1 × C �

pǫ ◦ κ−1(θ̃, Ĩ) = αĨ + iǫ�q� =: gǫ(Ĩ).

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ �Ö�Ö� κ ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ �ÓØ ��Ñ�ÐØÓÒ��Ò ÔÓÙÖ � ���Ö�¸ ÓÒ

ÓÒ×���Ö�¸ ÔÓÙÖ (θ, I) ∈ S
1 × C Ð� ��Ñ�ÐØÓÒ��Ò H(θ, I) = − iǫ

α
Q(θ)¸ Ó� Ð� �ÓÒØ�ÓÒ Q �×Ø

�¼



½º½º �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

���Ò�� ÔÓÙÖ θ ∈ S
1 Ô�Ö �

Q′(θ) = q(θ)− 1

2π

� 2π

0
q(θ)dθ = q(θ)− �q�.

ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� �ÓÒØ�ÓÒ Q �×Ø 2π¹Ô�Ö�Ó��ÕÙ� �Ö Ð� �ÓÒØ�ÓÒ q Ð³�×Øº Ä�× �ÕÙ�Ø�ÓÒ× ��

À�Ñ�ÐØÓÒ ×³�Ö�Ú�ÒØ �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �







dθ

dt
dI

dt






=







∂H

∂I

−∂H
∂θ






=





0
iǫ

α
Q′(θ)



 =





0
iǫ

α
q(θ)− iǫ

α
�q�





Ä�× ×ÓÐÙØ�ÓÒ× �� � ×Ý×Ø�Ñ� �³�ÕÙ�Ø�ÓÒ× ×ÓÒØ �ÓÒÒ��× ÔÓÙÖ (θ0, I0) ∈ S
1 × C �Ø ÔÓÙÖ ØÓÙØ

t ∈ R Ô�Ö �






θ(t) = θ0;

I(t) = I0 + t
iǫ

α
(q(θ0) − �q�) .

�ÓÒ Ð� �ÓØ ��Ñ�ÐØÓÒ��Ò φt ×³�Ö�Ø ÓÑÑ� ×Ù�Ø¸ ÔÓÙÖ (θ, I) ∈ S
1 × C �

φt(θ, I) =

�

θ, I + t
iǫ

α
(q(θ)− �q�)

�

.

��Ò×� φ1 ÓÖÖ�×ÔÓÒ� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ¸ ÔÙ�×ÕÙ� �

φ1(θ, I) =

�

θ, I +
iǫ

α
(q(θ)− �q�)

�

= κ(θ, I).

�Ø�Ô� ¾ � ÕÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κº ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ �×¹

×Ó��Ö ÙÒ ÓÔ�Ö�Ø�ÙÖ � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κº �ÓÑÑ� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ ×³�Ö�Ø

ÓÑÑ� ÙÒ �ÓØ ��Ñ�ÐØÓÒ��Ò¸ �ÐÓÖ× ÓÒ ×��Ø ���Ð�Ñ�ÒØ ØÖÓÙÚ�Ö Ð³ÓÔ�Ö�Ø�ÙÖ ÕÙ� ÐÙ� �×Ø �××Ó��¸

³�×Ø Ð� ×Ù�Ú�ÒØ �

U : L2(S1) −→ L2(S1),

ψ �−→ exp

�

ǫQ(θ)

α�

�

ψ.

ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� �Ø ÓÔ�Ö�Ø�ÙÖ Ò³�×Ø Ô�× ÙÒ�Ø��Ö�¸ � ÕÙ� Ö���Ø� Ð� ���Ø ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�¹

Ø�ÓÒ �ÒÓÒ�ÕÙ� κ �×Ø ÓÑÔÐ�Ü� ´�Ô�Ò��ÒØ � � �Ü�¸ ³�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÓÖÒ� �ÒÚ�Ö×��Ð�µº

��Ø�ÖÑ�ÒÓÒ× Ñ��ÒØ�Ò�ÒØ Ð� ÓÒ�Ù�Ù� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) Ô�Ö �Ø ÓÔ�Ö�Ø�ÙÖ U º

U−1Opw(pǫ)U = U−1

�

α
�

i

∂

∂θ
+ iǫq(θ)

�

U,

= U−1

�

α
�

i

∂

∂θ

�

U + U−1 (iǫq(θ))U.

�½



�À�ÈÁÌÊ� ½º ÍÆ ÈÊ�ÅÁ�Ê ���ÅÈÄ�

ÇÖ¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ L2(S1) �

U−1

�

α
�

i

∂

∂θ

�

(Uψ) = U−1

�

α
�

i

∂

∂θ

�

exp

�

ǫQ(θ)

α�

�

ψ

��

,

= U−1

�

α
�

i
exp

�

ǫQ(θ)

α�

��

ǫ

α�
Q′(θ)ψ +

∂ψ

∂θ

��

,

= U−1

�

exp

�

ǫQ(θ)

α�

��

ǫ

i
Q′(θ)ψ + α

�

i

∂ψ

∂θ

��

,

= U−1U

�

ǫ

i
Q′(θ)ψ + α

�

i

∂ψ

∂θ

�

,

= α
�

i

∂ψ

∂θ
− iǫQ′(θ)ψ.

�Ø ÓÒ � ���Ð�Ñ�ÒØ �

U−1 (iǫq(θ))U = iǫq(θ).

��Ò×� ÓÒ Ó�Ø��ÒØ �

U−1Opw(pǫ)U = U−1

�

α
�

i

∂

∂θ

�

U + U−1 (iǫq(θ))U = α
�

i

∂

∂θ
+ iǫ�q�.

ÇÒ ÔÓ×� �

Opw(p̃ǫ) = U−1Opw(pǫ)U = α
�

i

∂

∂θ̃
+ iǫ�q�,

�ÐÓÖ× �Ø ÓÔ�Ö�Ø�ÙÖ Opw(p̃ǫ) � ÔÓÙÖ ×ÝÑ�ÓÐ� �

gǫ(Ĩ) = αĨ + iǫ�q�.

�Ø�Ô� ¿ � ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ)º �ÓÑÑ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ
�

i

∂

∂θ
�×Ø ��×Ö�Ø

�Ø �ÓÒÒ� Ô�Ö Ð³�Ò×�Ñ�Ð� �Z ��× �ÒØ��Ö× ÑÙÐØ�ÔÐ��× Ô�Ö Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �¸ �ÐÓÖ×

ÓÒ Ô�ÙØ �Ò ���Ù�Ö� ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p̃ǫ) �×Ø �ÓÒÒ� Ô�Ö �

σ(Opw(p̃ǫ)) = gǫ(�Z) = α�Z + iǫ�q�.

�Ò×Ù�Ø�¸ ÔÙ�×ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) �×Ø ���Ð �Ù ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(p̃ǫ)¸ ÓÒ �Ò ���Ù�Ø ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) �×Ø �ÓÒÒ� Ô�Ö �

σ(Opw(pǫ)) = α�Z+ iǫ�q�.

Ê�Ñ�ÖÕÙ� ½º½º¿º Ä³ÓÔ�Ö�Ø�ÙÖ U ÕÙ� �ÔÔ�Ö��Ø ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ ÔÖ����ÒØ� �Ø �×Ø

�¾



½º¾º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

���Ò� Ô�Ö �

U : L2(S1) −→ L2(S1),

ψ �−→ exp

�

ǫQ(θ)

α�

�

ψ,

Ú�Ö��� Ð�× ÔÖÓÔÖ��Ø�× ×Ù�Ú�ÒØ�× �

� ³�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÓÖÒ� � � �Ü� �

� ³�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö� ×� ÓÒ Ð� ÚÓ�Ø ÓÑÑ� ���××�ÒØ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ×

L2(S1, e2ǫQ(θ)/(α�)dθ)º

½º¾ Ë�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× �ÐÐÓÒ× �ÐÐÙ×ØÖ�Ö � Ð³���� �Ù ÐÓ����Ð �� �ÐÙÐ ×��ÒØ��ÕÙ� Ë�Ð��

Ð� Ö�×ÙÐØ�Ø �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ½º½º¾ �Ò �Ó�×�××�ÒØ ����Ö�ÒØ�× �ÓÒØ�ÓÒ× qº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸

ÓÒ ×³�ÒØ�Ö�××� � ÙÒ ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) ���××�ÒØ ×ÙÖ L2(S1) �Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ)

�

θ,
�

i

∂

∂θ

�

= α
�

i

∂

∂θ
+ iǫq(θ),

Ó� Ð� �ÓÒØ�ÓÒ q �×Ø ÙÒ ÔÓÐÝÒ�Ñ� ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� �Ò θ �� ���Ö� D ∈ N
∗ �ÓÒØ Ð�× Ó��¹

��ÒØ× ×ÓÒØ �Ó�×�× Ô�Ö Ð� ÔÖÓ�Ö�ÑÑ� �� ���ÓÒ �Ð��ØÓ�Ö�º ÆÓÙ× ��Ö�ÚÓÒ× �¹��××ÓÙ× Ð� Ñ�Ø�¹

Ó�� �³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÕÙ� ÒÓÙ× �ÚÓÒ× ÙØ�Ð�×�� ÔÓÙÖ ���Ò�Ö Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

Opw(pǫ) ��Ò× Ë�Ð��º

½º ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� ��Ñ�ÐÐ� (el)l∈Z =
�

eilθ
�

l∈Z �×Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Ð³�×Ô��

L2(S1) �Ø ÓÒ ���Ò�Ø Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) Ô�Ö ×ÓÒ �Ø�ÓÒ ×ÙÖ Ð�× �Ð�Ñ�ÒØ× �� Ð� ��×�º

ÇÒ Ó�Ø��ÒØ �ÐÓÖ× ÙÒ� Ñ�ØÖ�� �Ò�Ò�� Pǫº

¾º �Ò×Ù�Ø�¸ ÓÒ �Ó�×�Ø ÙÒ �ÒØ��Ö N ≥ 1 �Ø ÓÒ ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� Pǫ �Ò ÙÒ� Ñ�ØÖ��

Pǫ
2N+1 �� Ø��ÐÐ� (2N+1)×(2N+1) �Ò �Ó�×�××�ÒØ �� ÓÒ×���Ö�Ö Ð³�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(pǫ) ÙÒ�ÕÙ�Ñ�ÒØ ×ÙÖ Ð�× Ú�Ø�ÙÖ× (el)−N≤l≤N º

¿º �Ò�Ò¸ ÓÒ ��Ø�ÖÑ�Ò� Ð� ×Ô�ØÖ� �� Ð� Ñ�ØÖ�� Pǫ
2N+1 � Ð³���� �� Ð� �ÓÒØ�ÓÒ ×Ô�º

Ê�Ñ�ÖÕÙ� ½º¾º½º ÇÒ Ô�ÙØ ��ÓÑÔÓ×�Ö Ð� �ÓÒØ�ÓÒ q ∈ L2(S1) ��Ò× Ð� ��×� (el)l∈Z �� Ð�

���ÓÒ ×Ù�Ú�ÒØ� �

q(θ) =
�

k∈Z
�q, ek�ek.

�Ø ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� Ó����ÒØ �� �ÓÙÖ��Ö ÔÓÙÖ k = 0 �×Ø �

�q, e0� =
1

2π

� 2π

0
q(θ)dθ = �q�.

�¿



�À�ÈÁÌÊ� ½º ÍÆ ÈÊ�ÅÁ�Ê ���ÅÈÄ�

��Ò×�¸ ×� ÓÒ ���Ø ���Ö Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) ×ÙÖ el �Ú� l ∈ Z �Ü�¸ ÓÒ � �

Opw(pǫ)

�

θ,
�

i

∂

∂θ

�

�

eilθ
�

=

�

α
�

i

∂

∂θ
+ iǫq(θ)

�

�

eilθ
�

,

= α�leilθ + iǫ
�

k∈Z
�q, ek�eikθeilθ,

= (α�l + iǫ�q�)eilθ + iǫ
�

k �=0

�q, ek�ei(k+l)θ.

È�Ö ÓÒ×�ÕÙ�ÒØ Ð� Ñ�ØÖ�� Pǫ � ��× Ó����ÒØ× ����ÓÒ�ÙÜ �� Ð� �ÓÖÑ� α�l + iǫ�q� ÔÓÙÖ
l ∈ Z¸ �ÙØÖ�Ñ�ÒØ ��Ø Ð� Ñ�ØÖ�� Pǫ �×Ø � ����ÓÒ�Ð� ÔÖÓÔÖ�º

ÆÓÙ× ÔÖ�×�ÒØÓÒ× Ñ��ÒØ�Ò�ÒØ Ð�× �Ö�Ô��ÕÙ�× ÕÙ� ÒÓÙ× �ÚÓÒ× Ó�Ø�ÒÙ× �Ú� Ë�Ð��º ÈÓÙÖ

�× ×�ÑÙÐ�Ø�ÓÒ×¸ ÒÓÙ× �ÚÓÒ× �Ó�×� Ð�× Ô�Ö�Ñ�ØÖ�× �¹��××ÓÙ× �

½º N = 66 �

¾º � = 10−2 �

¿º α = 1 �

�º ǫ = 10−3º

ÇÒ Ó�Ø��ÒØ Ð�× �Ö�Ô��ÕÙ�× ×Ù�Ú�ÒØ×¸ ×�ÐÓÒ Ð� �Ó�Ü �Ù ���Ö� D �Ù ÔÓÐÝÒ�Ñ� qº

Ê�Ñ�ÖÕÙ� ½º¾º¾º

� ËÙÖ Ð�× �Ö�Ô��ÕÙ�×¸ Ð�× ÔÓ�ÒØ× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �ÐÙÐ��× � Ô�ÖØ�Ö

�Ù Ö�×ÙÐØ�Ø �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ½º½º¾ �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×

�� Ð� Ñ�ØÖ�� Pǫ
2N+1 �ÐÙÐ��× Ô�Ö Ð� �ÓÒØ�ÓÒ ×Ô� �� Ë�Ð��º

� Ä� ��ÙÖ� ½º¿ �×Ø ÙÒ ÞÓÓÑ �� Ð� ��ÙÖ� ½º¾ ×ÙÖ Ð�ÕÙ�Ð ÓÒ Ó�×�ÖÚ� ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×

�Ü�Ø�× �Ø Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �ÔÔÖÓ���× ×� ×ÙÔ�ÖÔÓ×�ÒØº Ë� ÓÒ ���ØÙ� ÙÒ ÞÓÓÑ ��×

ÞÓÒ�× Ó� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×�Ñ�Ð�ÒØ ÓÒ�ÓÒ�Ù�× ÔÓÙÖ Ð�× ��ÙÖ�× ½º� �Ø ½º�¸ ÓÒ ÚÓ�Ø

���Ð�Ñ�ÒØ �ØØ� ×ÙÔ�ÖÔÓ×�Ø�ÓÒº

� ÇÒ Ó�×�ÖÚ� ÙÒ ��ÖØ �ÒØÖ� Ð� ×Ô�ØÖ� �ÔÔÖÓ�� �ÐÙÐ� Ô�Ö Ë�Ð�� ´ÔÓ�ÒØ× ÖÓÙ��×µ �Ø

Ð� ×Ô�ØÖ� �ÐÙÐ� �Ú� Ð� Ö�×ÙÐØ�Ø ´ÔÓ�ÒØ× �Ð�Ù×µ �ÙÜ �ÓÖ�× ��× ����Ö�ÒØ�× ��ÙÖ�×¸ ��

�×Ø �Ù �Ù ���Ø ÕÙ³ÓÒ � ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� Pǫº

� ÈÐÙ× ÓÒ �Ù�Ñ�ÒØ� Ð� ���Ö� �Ù ÔÓÐÝÒ�Ñ� ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� q �Ø ÔÐÙ× Ð� ×Ô�ØÖ� ÒÙÑ�Ö�ÕÙ�

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) ×³�ÐÓ��Ò� �Ù ×Ô�ØÖ� �Ü�Øº

� ÈÐÙ× ÓÒ ��Ñ�ÒÙ� Ð� Ô�Ö�Ñ�ØÖ� ǫ �Ø ÔÐÙ× Ð� ×Ô�ØÖ� ÒÙÑ�Ö�ÕÙ� ×� Ö�ÔÔÖÓ�� �Ù ×Ô�ØÖ�

�Ü�Øº

� Ë� ÓÒ ��Ñ�ÒÙ� Ð� Ô�Ö�Ñ�ØÖ� �¸ ÓÒ Ó�×�ÖÚ� ��× ���Ø× Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜ ×ÙÖ Ð� ×Ô�ØÖ�

�� Ð� Ñ�ØÖ�� Pǫ
2N+1¸ �� �×Ø �Ù �ÙÜ Ð�Ñ�Ø�Ø�ÓÒ× �� Ë�Ð�� �Ò Ø�ÖÑ� �� �ÐÙÐ× �Ù

×Ô�ØÖ� ÔÓÙÖ ��× Ñ�ØÖ��× Ñ�Ð ÓÒ��Ø�ÓÒÒ��×º È�Ö ÓÒØÖ�¸ ÓÒ Ó�×�ÖÚ� ÕÙ� Ð� ×Ô�ØÖ�

�ÐÙÐ� � Ô�ÖØ�Ö �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ½º½º¾ Ò� ×� ���ÓÖÑ� Ô�×¸ �� ��ÓÙÐ� �Ù ���Ø ÕÙ�

��Ò× �Ø �Ü�ÑÔÐ� Ð� ×Ô�ØÖ� �×Ø �Ü�Øº

� Ë� ÓÒ ��Ñ�ÒÙ� Ð� Ô�Ö�Ñ�ØÖ� � ×�Ò× �Ù�Ñ�ÒØ�Ö Ð� Ô�Ö�Ñ�ØÖ� N ´ÕÙ� ÓÖÖ�×ÔÓÒ� �Ù

Ô�Ö�Ñ�ØÖ� �� ØÖÓÒ�ØÙÖ� ÔÓÙÖ Ð� Ñ�ØÖ�� Pǫµ¸ �ÐÓÖ× Ð³�ÒØ�ÖÚ�ÐÐ� ×ÙÖ Ð�ÕÙ�Ð Ð�× Ú�Ð�ÙÖ×

ÔÖÓÔÖ�× ÒÓÙ× �ÒØ�Ö�××�ÒØ ��Ñ�ÒÙ� �� ÔÐÙ× �Ò ÔÐÙ×º

��



½º¾º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

Ê�Ñ�ÖÕÙ� ½º¾º¿º ��Ò× Ð� �× ��Ò�Ö�Ð¸ Ð� ×Ô�ØÖ� Ò� ×�Ö� Ô�× �ÓÒÒ� �� Ñ�Ò��Ö� �Ü�Ø�¸

ÓÒØÖ��Ö�Ñ�ÒØ �Ù �× Ô�ÖØ�ÙÐ��Ö �� Ð³�Ü�ÑÔÐ� ÕÙ� ÒÓÙ× Ú�ÒÓÒ× �� ØÖ��Ø�Ö ��Ò× � ��Ô�ØÖ�¸

³�×Ø � ÕÙ� ÒÓÙ× Ú�ÖÖÓÒ× ��Ò× Ð� ��Ô�ØÖ� ¾º ÍÒ� ��× ���ÙÐØ�× ÕÙ� ÒÓÙ× �ÐÐÓÒ× Ö�ÒÓÒØÖ��

��Ò× Ð� ×Ù�Ø� Ö�×���Ö� ��Ò× Ð� ���Ø ÕÙ� ÒÓÙ× �ÙÖÓÒ× ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÙÒ�ÕÙ�¹

Ñ�ÒØ ÐÓ�Ð�¸ ÓÒØÖ��Ö�Ñ�ÒØ � ��¸ � ÕÙ� ÒÓÙ× ÔÓÙ××�Ö� � ÙØ�Ð�×�Ö Ð³�Ò�ÐÝ×� Ñ�ÖÓÐÓ�Ð� �Ø �

�ÑÔÓ×�Ö ��× �ÝÔÓØ��×�× �³�Ò�ÐÝØ��Ø� ×ÙÖ Ð� ×ÝÑ�ÓÐ� �Ò ��ÕÙ� Ú�Ö���Ð�º

��



�À�ÈÁÌÊ� ½º ÍÆ ÈÊ�ÅÁ�Ê ���ÅÈÄ�

������ ½º¾ � D = 2º

������ ½º¿ � D = 2º

��



½º¾º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

������ ½º� � D = 5º

������ ½º� � D =
N

2
º

��



�À�ÈÁÌÊ� ½º ÍÆ ÈÊ�ÅÁ�Ê ���ÅÈÄ�

��



���Ô�ØÖ� ¾

�ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ

Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× �ÙÜ ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×

�ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ¸ ÔÙ�×ÕÙ� ³�×Ø ÔÓÙÖ � ØÝÔ� �³ÓÔ�Ö�Ø�ÙÖ× ÕÙ� ÒÓÙ× �ÐÐÓÒ×

ÔÓÙÚÓ�Ö �ÓÒÒ�Ö ÙÒ Ö�×ÙÐØ�Ø ×Ô�ØÖ�Ð ÕÙ� Ò³�×Ø Ô�× ×ÓÙÑ�× �ÙÜ ÔÖÓ�Ð�Ñ�× Ô×�Ù�Ó¹×Ô�ØÖ�ÙÜº

Ä� ÓÒØ�ÒÙ �� � ��Ô�ØÖ� ×� ØÖÓÙÚ� ��Ò× Ð³�ÖØ�Ð� �ÊÓÙ½�℄º ��Ò× � ��ÖÒ��Ö¸ ÓÒ ×³�ÒØ�Ö�××�

� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á �Ø � Ð� Ø��ÓÖ�� ��Ú�ÐÓÔÔ�� Ô�Ö �Ò��Ö× Å�Ð�Ò¸ Å����Ð À�ØÖ�� �Ø

ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �ÙØÓÙÖ �� �ØØ� ØÖ�Ò×�ÓÖÑ�� ´ÚÓ�Ö �ÅË¼¿¸ ÀË¼�¸ ÀË½�¸ Ë��¼¾℄µ � ��Ò×�

ÕÙ³� Ð� Ø��ÓÖ�� ��× ÔÖÓ�Ð�Ñ�× �� �ÖÙ×��Ò ´ÚÓ�Ö �Ë�¼�℄µº

¾º½ ÉÙ�ÒØ���Ø�ÓÒ ��Ï�ÝÐ �� R2 �Ø ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

��Ò× � Ô�Ö��Ö�Ô�� ÒÓÙ× �ÓÒÒÓÒ× Ð�× �ÝÔÓØ��×�× �ÓÒØ ÒÓÙ× �ÚÓÒ× ��×Ó�Ò ÔÓÙÖ ��ÑÓÒ¹

ØÖ�Ö Ð� Ø��ÓÖ�Ñ� �¸ ÔÙ�× ÒÓÙ× �ÒÓÒ�ÓÒ× Ð� Ø��ÓÖ�Ñ� �Ò ÕÙ�×Ø�ÓÒº �ÓÑÑ� ÓÒ Ð³� ÚÙ ��Ò×

Ð³�ÒØÖÓ�ÙØ�ÓÒ¸ ÔÙ�×ÕÙ³ÓÒ ×³�ÒØ�Ö�××� � ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ÒÓÒ �ÙØÓ¹���Ó�ÒØ×¸

ÒÓÙ× �ÐÐÓÒ× ��ÚÓ�Ö ÓÒ×���Ö�Ö ��× ×ÝÑ�ÓÐ�× ���Ò�× ×ÙÖ ÙÒ �×Ô�� ��× Ô��×�× ÓÑÔÐ�Ü� �Ø

�ÓÒ �ÑÔÓ×�Ö ��× �ÝÔÓØ��×�× �³�ÓÐÓÑÓÖÔ��� ×ÙÖ �× ×ÝÑ�ÓÐ�×º �ÙÔ�Ö�Ú�ÒØ¸ ÒÓÙ× Ö�ÔÔ�ÐÓÒ×

Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÕÙ� ×�Ö� ÙØ�Ð�×�� ��Ò× ØÓÙØ� Ð� ×Ù�Ø� ÐÓÖ×ÕÙ�

ÒÓÙ× Ô�ÖÐ�ÖÓÒ× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×º ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� S(R2) ��×��Ò� Ð³�×Ô��

�� Ë�Û�ÖØÞ ×ÙÖ R2 ���Ò� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

S(R2) =

�

φ ∈ C∞(R2); sup
x∈R2

|xα∂βφ(x)| < +∞,∀α, β ∈ N
2

�

.

���Ò�Ø�ÓÒ ¾º½º½ ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R
2µº ËÓ�Ø p�(x, ξ) ∈ S(R2) ÙÒ� �ÓÒØ�ÓÒ

�ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� �� Ë�Û�ÖØÞ ´ÓÒ ×ÙÔÔÓ×� ÕÙ� �ØØ� �ÓÒØ�ÓÒ �×Ø ��Ò× ÙÒ� �ÓÒÒ� Ð�××�

�� ×ÝÑ�ÓÐ�× ÕÙ� ÒÓÙ× ���Ò�ÖÓÒ× ��Ò× Ð� ×Ù�Ø�µ ���Ò�� ×ÙÖ Ð³�×Ô�� ÓØ�Ò��ÒØ T ∗
R ≃ R

2 �Ø

��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ÇÒ

��
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���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� p�¸ ÒÓØ�� Opw(p�)(x, �Dx) ´Ó� Dx = −i∂xµ¸
Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ D(R) �

Opw(p�)(x, �Dx)u(x) =
1

2π�

�

R

�

R

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(y)dydξ.

Opw(p�) �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ðº ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ p�(x, ξ) Ð� ×ÝÑ�ÓÐ�

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�) �Ø p(x, ξ) ×ÓÒ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð ´³�×Ø Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� ��Ò× Ð�

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �� p�µº ��ØØ� ���Ò�Ø�ÓÒ Ô�ÙØ �ØÖ� �Ø�Ò�Ù�

� �³�ÙØÖ�× Ð�××�× �� ×ÝÑ�ÓÐ�× ÓÑÑ� ��Ò× Ð� Ð�ÚÖ� ��ÛÓ½¾℄º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ÒÓÒ�Ö Ð�× �ÝÔÓØ��×�× ÔÖÓÔÖ�× � ÒÓØÖ� Ö�×ÙÐØ�Øº ��× ��ÖÒ��Ö�×

×ÓÒØ ÔÖÓ��× �� �ÐÐ�× ÓÒ×���Ö��× Ô�Ö Å����Ð À�ØÖ�� �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò× Ð³�ÖØ�Ð�

�ÀË¼�℄ ��Ò× Ð� ��Ö� �� Ð� ��Ñ�Ò×�ÓÒ ��ÙÜº

ËÓ�Ø 0 < � ≤ 1 Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�º ËÓ�Ø ǫ > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ÕÙ� �ÓÙ�Ö� Ð�

Ö�Ð� �� Ô�Ö�Ñ�ØÖ� Ô�ÖØÙÖ��Ø��º ÇÒ ÓÒ×���Ö� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R2 �� Ð� �ÓÒØ�ÓÒ

pǫ
�
�� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� pǫ

�
= f ǫ

�
+ iǫqǫ

�
¸ ÕÙ� ��Ô�Ò� �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �Ø

Ø�ÐÐ� ÕÙ� �

´�µ Ð�× ×ÝÑ�ÓÐ�× f ǫ
�
�Ø qǫ

�
×ÓÒØ ��× �ÓÒØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ×ÙÖ R

2 � Ú�Ð�ÙÖ× Ö��ÐÐ�× ÕÙ�

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �

´�µ pǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� R × R Ø�ÐÐ� ÕÙ� ×ÙÖ �

ÚÓ�×�Ò���¸ ÓÒ � �

∃C > 0, |pǫ�(x, ξ)| ≤ Cm(ℜ(x, ξ)), ´�¾º½µ

Ó� m �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ R2¸ �º�º �

½º m ≥ 1 �

¾º �Ð �Ü�×Ø� ��× ÓÒ×Ø�ÒØ�× C0 ≥ 0 �Ø N0 ≥ 0 Ø�ÐÐ�× ÕÙ� ÔÓÙÖ ØÓÙ× X, X̂ ∈ R
2¸ ÓÒ � �

m(X) ≤ C0�X − X̂�N0m(X̂),

Ó� Ð� ÒÓØ�Ø�ÓÒ �·� �×Ø ���Ò�� ÔÓÙÖ X ∈ R
2 Ô�Ö Ð� Ö�Ð�Ø�ÓÒ � �X� = (1+ |X|2)1/2 �

´�µ pǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�

� ��Ò× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×�Ø�×���×�ÒØ Ð� �ÓÖÒ� ´�¾º½µ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

pǫ�(x, ξ) ∼
∞
�

j=0

pǫj(x, ξ)�
j ;

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÓÙÖ ØÓÙØ N ∈ N �Ø ÔÓÙÖ ØÓÙØ (x, ξ) ��Ò× ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� ��

R
2¸ Ð� �ÓÒØ�ÓÒ pǫ

�
−�N

j=0 p
ǫ
j�

j �×Ø �ÓÐÓÑÓÖÔ�� �Ø ×�Ø�×���Ø Ð³�Ò���Ð�Ø� ×Ù�Ú�ÒØ� �

∃C > 0,

�

�

�

�

�

�

pǫ�(x, ξ) −
N
�

j=0

pǫj(x, ξ)�
j

�

�

�

�

�

�

≤ C�
N+1m(ℜ(x, ξ));

�¼



¾º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2 �Ì �ÇÆ�ÁÌÁÇÆË ��

�ÇÀÊ¹ËÇÅÅ�Ê��Ä�

´�µ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� pǫ �

pǫ(x, ξ) = f ǫ(x, ξ) + iǫqǫ(x, ξ),

�Ú� (x, ξ) ∈ R
2¸ �×Ø �ÐÐ�ÔØ�ÕÙ� � Ð³�Ò�Ò�¸ �º�º ÔÓÙÖ (x, ξ) ��Ò× ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö�

�� R
2¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|pǫ(x, ξ)| ≥ 1

C
m(ℜ(x, ξ)), ÔÓÙÖ |(x, ξ)| ≥ C.

ÇÒ ÓÒ×���Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)¸ �Ú�ÒØÙ�ÐÐ�Ñ�ÒØ ÒÓÒ �ÓÖÒ�¸ ���××�ÒØ ×ÙÖ Ð³�×Ô��

��× �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(R) �Ø ÕÙ� ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(x, �Dx) = Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

Ó� Opw(f ǫ
�
) �Ø Opw(qǫ

�
) ×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫº �³�×Ø �Ð� ÕÙ³ÓÒ �ÔÔ�ÐÐ� ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ ÒÓÒ �ÙØÓ¹

���Ó�ÒØ� �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×º ��Ò �� ÔÓÙÚÓ�Ö �ÔÔÐ�ÕÙ�Ö Ð� Ø��ÓÖ�Ñ� ��× ÓÓÖ�ÓÒÒ��×

�Ø�ÓÒ¹�Ò�Ð� ´ÕÙ� ÒÓÙ× Ö�Ú�ÖÖÓÒ× Ô�Ö Ð� ×Ù�Ø�µ¸ ÓÒ ÓÒ×���Ö� ÔÓÙÖ E0 ∈ R ÙÒ Ö��Ð �Ü�

Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ×Ù�Ú�ÒØ �

ΛE0 = {(x, ξ) ∈ R
2; pǫ(x, ξ)|ǫ=0 = E0}.

�Ø ÓÒ ��ÓÙØ� Ð³�ÝÔÓØ��×� ×Ù�Ú�ÒØ� �

´�µ ΛE0 �×Ø ÙÒ �Ò×�Ñ�Ð� ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Ö¸ �º�º d(pǫ|ǫ=0) = d(f ǫ|ǫ=0) �= 0 ×ÙÖ

ΛE0 º

Ê�Ñ�ÖÕÙ� ¾º½º¾º Ä³�ÝÔÓØ��×� �³�ÐÐ�ÔØ��Ø� � Ð³�Ò�Ò� �ÑÔÐ�ÕÙ� ÕÙ� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù

ΛE0 �×Ø ÓÑÔ�Ø ÔÓÙÖ ��× Ö��Ð× E0 Ô�Ø�Ø×º

ÇÒ �ÒØÖÓ�Ù�Ø Ñ��ÒØ�Ò�ÒØ ÙÒ� ÒÓØ�Ø�ÓÒ ÓÒ�ÖÒ�ÒØ Ð�× ÚÓ�×�Ò���× ØÙ�ÙÐ��Ö�×º

ÆÓØ�Ø�ÓÒ� VoisTub(R2) ��×��Ò� ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� R
2 ��Ò× Ð³�×Ô�� C

2º

�ÜÔÐ��ØÓÒ× Ñ��ÒØ�Ò�ÒØ Ð� ÒÓØ�ÓÒ �³�ÒØ��Ö�Ð� �³�Ø�ÓÒ ÕÙ� �ÔÔ�Ö��Ø ��Ò× Ð³�ÒÓÒ� �Ù

Ø��ÓÖ�Ñ� �º ËÓ�Ø C > 0 ÙÒ� ÓÒ×Ø�ÒØ�¸ ×Ó�Ø ǫ0 > 0 ÙÒ Ö��Ð ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ø ×Ó�Ø �

E ∈
�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

.

ÇÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� Λǫ
E �ÓÒÒ� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ÕÙ� ×Ù�Ø �

Λǫ
E = {(x, ξ) ∈ VoisTub(R2); pǫ(x, ξ) = E}.

�³�ÔÖ�× Ð³�ÝÔÓØ��×� ´�µ¸ �Ø �Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� �×Ø ÓÒÒ�Ü� �Ø df ǫ �= 0 ×ÙÖ

Ð³�Ò×�Ñ�Ð� Λǫ
E ÔÓÙÖ ǫ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Øº ��Ò× Ð� ×Ù�Ø�¸ ÓÒ Ú� ���Ò�Ö ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒ

�½



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

I(E) Ô�Ö �

I(E) =
1

2π

�

γE

ξdx,

Ó� γE �×Ø ÙÒ Ð��Ø Ô�ÖØ�ÙÐ��Ö ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
E º ÆÓÙ× Ú�ÖÖÓÒ× ÙÒ Ô�Ù ÔÐÙ× ÐÓ�Ò

ÓÑÑ�ÒØ �×Ø ���Ò� �Ü�Ø�Ñ�ÒØ � Ð��Ø �Ø ÒÓÙ× ÑÓÒØÖ�ÖÓÒ×¸ �ÒØÖ� �ÙØÖ�×¸ ÕÙ� Ð� �ÓÒØ�ÓÒ

E �−→ I(E) �×Ø �ÒÚ�Ö×��Ð�º

Ê�Ñ�ÖÕÙ� ¾º½º¿º ËÓÙ× Ð�× �ÝÔÓØ��×�× ´�µ � ´�µ¸ Ð� ×Ô�ØÖ� �� Ð� ��ÖÑ�ØÙÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(pǫ
�
) �×Ø ��×Ö�Ø ��Ò× ÙÒ ÚÓ�×�Ò��� �Ù Ö��Ð E0 ´ÚÓ�Ö �ÀË¼�℄µº

ÆÓÙ× ×ÓÑÑ�× ��×ÓÖÑ��× �Ò Ñ�×ÙÖ� �³�ÒÓÒ�Ö ÙÒ ��× ÔÖ�Ò�Ô�ÙÜ Ö�×ÙÐØ�Ø× �� �ØØ� Ø��×�º

Ì��ÓÖ�Ñ� �º ËÓ�Ø Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù

Ô�Ö�Ñ�ØÖ� ǫ¸ ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R) �Ø ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü� Ø�Ð× ÕÙ� Ð�× �ÝÔÓØ��×�×

´�µ � ´�µ ×Ó��ÒØ ×�Ø�×���Ø�×º �Ò Ô�ÖØ�ÙÐ��Ö Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �×Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(x, �Dx) = Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

Ó� Opw(f ǫ
�
) �Ø Opw(qǫ

�
) ×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ×º ÁÐ �Ü�×Ø�

ǫ0 > 0 ÙÒ Ô�Ö�Ñ�ØÖ� ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ×�ÑÔÐ�× �Ø �ÓÒÒ��×¸

ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø¸ Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ×ÙÖ ÙÒ ÚÓ�×�Ò��� �� I(E0) ��Ò× C¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº ��

ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� �ØØ� �ÓÒØ�ÓÒ gǫ
�
¸ ÒÓØ� gǫ¸ �×Ø Ð�

Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ E �−→ 1
2π

�

γE
ξdxº

Ê�Ñ�ÖÕÙ� ¾º½º�º �� Ö�×ÙÐØ�Ø �ÓÒÒ� ÙÒ� ��×Ö�ÔØ�ÓÒ �Ù ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)

��Ò× ÙÒ Ö�Ø�Ò�Ð� RC,ǫ0 ÕÙ� Ò� ��Ô�Ò� Ô�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � ÓÒØÖ��Ö�Ñ�ÒØ

�Ù Ö�×ÙÐØ�Ø Ó�Ø�ÒÙ Ô�Ö Å����Ð À�ØÖ�� �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò× �ÀË¼�℄ �Ò ��Ñ�Ò×�ÓÒ

��ÙÜº

Ê�Ñ�ÖÕÙ� ¾º½º�º ÇÒ � ×ÙÔÔÓ×� ÕÙ� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛE0 �Ø��Ø ÓÒÒ�Ü�º��Ô�Ò��ÒØ¸

�Ð ��ÚÖ��Ø �ØÖ� ÔÓ××��Ð� �³�ÒÓÒ�Ö ÙÒ Ö�×ÙÐØ�Ø ×�Ñ�Ð��Ö� ×³�Ð ��Ñ�Ø ÔÐÙ×��ÙÖ× ÓÑÔÓ×�ÒØ�×

ÓÒÒ�Ü�×º ��Ò× � �×¸ ÓÒ ��ÚÖ� �ÐÓÖ× �ÓÒÒ�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��ÕÙ� ÓÑÔÓ×�ÒØ� ÓÒÒ�Ü�¸ ÔÙ�× ÓÒ×���Ö�Ö Ð� Ö�ÙÒ�ÓÒ �� ØÓÙØ�× Ð�×

ÓÑÔÓ×�ÒØ�×º

�¾



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

¾º¾ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R2¸ ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ��

S1×R �Ø ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

ÆÓÙ× �ÐÐÓÒ× ÒÓÙ× �Ó�Ð�×�Ö ×ÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �º ��ØØ� ��ÖÒ��Ö� ×� ��Ú�×�

�Ò ��ÙÜ Ô�ÖØ��× �

½º ÓÒ ÓÒ×���Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(pǫ
�
) ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(S1)

�� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(θ, �Dθ) = Opw(f ǫ�)(θ, �Dθ) + iǫOpw(qǫ�)(θ, �Dθ),

Ó� f ǫ
�
(θ, I) = f ǫ(I) + O(�) �Ø ÓÒ ÑÓÒØÖ� ÙÒ Ö�×ÙÐØ�Ø ´Ì��ÓÖ�Ñ� �³µ �Ù Ñ�Ñ� ØÝÔ�

ÕÙ� Ð� Ø��ÓÖ�Ñ� � ÔÓÙÖ �Ø ÓÔ�Ö�Ø�ÙÖ �

¾º ÓÒ �Ø�Ò� Ð� Ø��ÓÖ�Ñ� �³ �Ù �× �³ÙÒ ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R)

�Ø ×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�× ´�µ � ´�µ ÕÙ� ÒÓÙ× �ÚÓÒ× �ÓÒÒ��×º

¾º¾º½ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� S1×R �Ø ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð�

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× ÔÖ�×�ÒØÓÒ× ÙÒ �Ò�ÐÓ�Ù� �Ù Ø��ÓÖ�Ñ� � ��Ò× Ð� ��Ö� �³ÓÔ�Ö�¹

Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(S1)º ��Ò

�� ÔÓÙÚÓ�Ö �ÒÓÒ�Ö ÙÒ Ø�Ð Ö�×ÙÐØ�Ø¸ ÒÓÙ× �ÚÓÒ× ��×Ó�Ò �³�ÒØÖÓ�Ù�Ö� �� ÒÓÙÚ�ÐÐ�× ÒÓØ�Ø�ÓÒ×º

ÆÓØ�Ø�ÓÒ×�

� S
1 �×Ø Ð� ØÓÖ� 1¹��Ñ�Ò×�ÓÒÒ�Ð Ö��Ð R/2πZ �

� S
1 + iR = {x+ iy;x ∈ S

1, y ∈ R} ⊂ C �

� (T ∗
S
1)C �×Ø Ð³�×Ô�� ÓØ�Ò��ÒØ ÓÑÔÐ�Ü� �� S

1¸ �º�º (S1 + iR)× C �

� L2(S1) �×Ø Ð³�×Ô�� �� À�Ð��ÖØ ��× �ÓÒØ�ÓÒ× f Ñ�×ÙÖ��Ð�× 2π¹Ô�Ö�Ó��ÕÙ�× Ø�ÐÐ�× ÕÙ� �

1

2π

� 2π

0
|f(θ)|2 dθ < ∞;

� VoisTub(S1 × R) �×Ø ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� Ð³�Ò×�Ñ�Ð� S
1 × R ��Ò× Ð³�×Ô��

(T ∗
S
1)C �

� Vois(A;B) �×Ø ÙÒ ÚÓ�×�Ò��� �� Ð³�Ò×�Ñ�Ð� A ��Ò× Ð³�×Ô�� Bº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÔÓÙÚÓ�Ö ÒÓÙ× Ô�Ò��Ö ×ÙÖ Ð�× �ÝÔÓØ��×�× �ÓÒØ ÒÓÙ× �ÐÐÓÒ× �ÚÓ�Ö

��×Ó�Òº ��× ��ÖÒ��Ö�× ×ÓÒØ �Ò�ÐÓ�Ù�× �ÙÜ �ÝÔÓØ��×�× ´�µ � ´�µ ÕÙ� ÒÓÙ× �ÚÓÒ× �ÒÓÒ��×

��Ò× Ð� ��Ö� �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R)º ÇÒ ÓÒ×���Ö�

Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� �

pǫ�(θ, I) = f ǫ�(θ, I) + iǫqǫ�(θ, I),

ÕÙ� �×Ø ÙÒ� �ÓÒØ�ÓÒ Ô�Ö�Ó��ÕÙ� �Ò θ¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫ �Ø ×�Ø�×���×�ÒØ Ð�×

�¿



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÓÒ��Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

´�³µ Ð�× ×ÝÑ�ÓÐ�× f ǫ
�
�Ø qǫ

�
×ÓÒØ ��× �ÓÒØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ×ÙÖ S1 × R � Ú�Ð�ÙÖ× Ö��ÐÐ�× ÕÙ�

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �

´�³µ pǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� S1 ×R Ø�ÐÐ� ÕÙ� ×ÙÖ �

ÚÓ�×�Ò���¸ ÓÒ � �

∃C > 0, |pǫ�(θ, I)| ≤ Cm(ℜ(I)), ´�¾º¾µ

Ó� m �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ R �

´�³µ pǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�

� ��Ò× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×�Ø�×���×�ÒØ Ð� �ÓÖÒ� ´�¾º¾µ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

pǫ�(θ, I) ∼
∞
�

j=0

pǫj(θ, I)�
j ,

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÓÙÖ ØÓÙØ N ∈ N �Ø ÔÓÙÖ ØÓÙØ (θ, I) ��Ò× ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� ��

S
1 × R¸ Ð� �ÓÒØ�ÓÒ pǫ

�
−
�N

j=0 p
ǫ
j�

j �×Ø �ÓÐÓÑÓÖÔ�� �Ø ×�Ø�×���Ø Ð³�Ò���Ð�Ø� ×Ù�Ú�ÒØ� �

∃C > 0,

�

�

�

�

�

�

pǫ�(θ, I) −
N
�

j=0

pǫj(θ, I)�
j

�

�

�

�

�

�

≤ C�
N+1m(ℜ(I)),

´�³µ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� pǫ �

pǫ(θ, I) = f ǫ(I) + iǫqǫ(θ, I),

�Ú� (θ, I) ∈ S
1×R¸ �×Ø �ÐÐ�ÔØ�ÕÙ� � Ð³�Ò�Ò�¸ �º�º ÔÓÙÖ (θ, I) ��Ò× ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö�

�� S
1 × R¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|pǫ(θ, I)| ≥ 1

C
m(ℜ(I)), ÔÓÙÖ |(θ, I)| ≥ Cº

ËÓ�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�¸ ÓÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ×Ù�Ú�ÒØ �

ΛE0 = {(θ, I) ∈ S
1 × R; pǫ(θ, I)|ǫ=0 = E0}.

�Ø ÓÒ ×ÙÔÔÓ×� ÕÙ� �

´�³µ ΛE0 �×Ø ÙÒ �Ò×�Ñ�Ð� ÓÒÒ�Ü� �Ø Ö��ÙÐ��Ö¸ �º�º d(pǫ|ǫ=0) = (f ǫ|ǫ=0)
′ �= 0 ×ÙÖ ΛE0 º

Ê�Ñ�ÖÕÙ� ¾º¾º½º Ä³�ÝÔÓØ��×� ´�³µ ×ÙÖ Ð� ×ÝÑ�ÓÐ� pǫ
�
�ÑÔÐ�ÕÙ� ÕÙ� Ð�× ��Ö�Ú��× �� �

×ÝÑ�ÓÐ� ÚÓÒØ �ØÖ� �ÓÖÒ��× Ô�Ö ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ´�Ö�� � Ð� �ÓÖÑÙÐ� �� ��Ù�Ýµ �Ø �ÓÒ

ÕÙ³�Ð ×� ØÖÓÙÚ� ��Ò× ÙÒ� �ÓÒÒ� Ð�××� �� ×ÝÑ�ÓÐ�×º

ËÓ�Ø C > 0 ÙÒ� ÓÒ×Ø�ÒØ�¸ ×Ó�Ø ǫ0 > 0 ÙÒ Ö��Ð ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ø ×Ó�Ø �

E ∈
�

z ∈ C; |ℜ(z) −E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÇÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� Λǫ
E �ÓÒÒ� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ÕÙ� ×Ù�Ø �

Λǫ
E = {(θ, I) ∈ VoisTub(S1 × R); pǫ(θ, I) = E}.

�³�ÔÖ�× Ð³�ÝÔÓØ��×� ´�³µ¸ �Ø �Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� �×Ø ÓÒÒ�Ü� �Ø (f ǫ)′ �= 0 ×ÙÖ

Λǫ
E ÔÓÙÖ ǫ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø ´f ǫ �×Ø ÙÒ ����ÓÑÓÖÔ��×Ñ� ÐÓ�Ð ×ÙÖ Λǫ

Eµº ËÓ�Ø γE ÙÒ Ð��Ø

��Ò× Ð³�Ò×�Ñ�Ð� Λǫ
E ÕÙ� �Ò��Ò�Ö� π1(Λǫ

E) Ð� �ÖÓÙÔ� �ÓÒ��Ñ�ÒØ�Ð �� Λǫ
E ¸ ÓÒ ���Ò�Ø ÙÒ�

�ÒØ��Ö�Ð� �³�Ø�ÓÒ Ĩ ´ÒÓÙ× �ÜÔÐ�ÕÙ�ÖÓÒ× Ô�Ö Ð� ×Ù�Ø� ÔÓÙÖÕÙÓ� �ØØ� �ÒØ��Ö�Ð� �×Ø ���Ò ���Ò��

�Ø �ÒÚ�Ö×��Ð�µ Ô�Ö �

Ĩ(E) =
1

2π

�

γE

Idθ.

ÆÓÙ× ×ÓÑÑ�× Ñ��ÒØ�Ò�ÒØ �Ò Ñ�×ÙÖ� �³�ÒÓÒ�Ö ÙÒ �Ò�ÐÓ�Ù� �Ù Ø��ÓÖ�Ñ� � ��Ò× Ð�

��Ö� �³ÓÔ�Ö�Ø�ÙÖ× ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(S1)º

Ì��ÓÖ�Ñ� �³º ËÓ�Ø Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù

Ô�Ö�Ñ�ØÖ� ǫ¸ ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(S1) �Ø ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü� Ø�Ð× ÕÙ� Ð�× �ÝÔÓØ��×�×

´�³µ � ´�³µ ×Ó��ÒØ ×�Ø�×���Ø�×º �Ò Ô�ÖØ�ÙÐ��Ö Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �×Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(θ, �Dθ) = Opw(f ǫ�)(θ, �Dθ) + iǫOpw(qǫ�)(θ, �Dθ),

Ó� Opw(f ǫ
�
)(θ, �Dθ) = Opw(f ǫ)(�Dθ) + O(�)º ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ö�Ñ�ØÖ� ×Ù�×�ÑÑ�ÒØ

Ô�Ø�Ø Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ×�ÑÔÐ�× �Ø �ÓÒÒ��×

ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ×ÙÖ ÙÒ ÚÓ�×�Ò��� �� Ĩ(E) ��Ò× C¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº ��

ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫ
�
¸ ÒÓØ� gǫ¸ �×Ø Ð�

Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ E �−→ Ĩ(E)º

¾º¾º¾ ÌÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü�¸ ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑ¹

ÔÐ�Ü� �Ø ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× �ÐÐÓÒ× ��ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� �³ �Ø ÔÓÙÖ � ���Ö�¸ ÒÓÙ× �ÐÐÓÒ×

×Ù�ÚÖ� Ð�× �Ø�Ô�× �¹��××ÓÙ×º

� �Ø�Ô� ½ � ÓÒ ÓÒ×ØÖÙ�Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü� κ �Ø ��× ÓÓÖ�ÓÒÒ��×

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

�Ø�ÓÒ¹�Ò�Ð� ÓÑÔÐ�Ü�× (θ̃, Ĩ) Ø�ÐÐ�× ÕÙ� �

κ : Vois(Λǫ
E , (T

∗
S
1)C) −→ Vois(Ĩ = cst, (T ∗

S
1)C),

(θ, I) �−→ (θ̃, Ĩ),

�� ×ÓÖØ� ÕÙ� ÔÓÙÖ (θ̃, Ĩ) ∈ (T ∗
S
1)C ÓÒ � �

pǫ ◦ κ−1(θ̃, Ĩ) = gǫ(Ĩ),

Ó� gǫ �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº

� �Ø�Ô� ¾ � ÓÒ ÕÙ�ÒØ��� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ �Ò ×Ù�Ú�ÒØ Ð� ÔÖÓ��ÙÖ� �¹

ÓÒØÖ� �

½º ÓÒ ÓÒ�Ù�Ù� Ô�Ö ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ÙÒ�Ø��Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ���××�ÒØ ×ÙÖ

Ð³�×Ô�� L2(S1) �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖOpwΦ1
(p̃ǫ

�
) ���××�ÒØ ×ÙÖ ÙÒ �×Ô�� �� ØÝÔ� ��Ö�Ñ�ÒÒ¸

��Ò×� Ð�ÙÖ× ×Ô�ØÖ�× ×ÓÒØ ���ÙÜ �

¾º ÓÒ ÓÒ×ØÖÙ�Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ÙÒ�Ø��Ö� Ũ0 Ø�Ð ÕÙ� Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ �

Ũ0OpwΦ1
(p̃ǫ�) = Opw(gǫ)

�

�

i

∂

∂θ̃

�

Ũ0 +O(�);

ÔÙ�×¸ Ô�Ö ÙÒ� ÔÖÓ��ÙÖ� �Ø�Ö�Ø�Ú�¸ ÓÒ ÓÒ×ØÖÙ�Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ

ÙÒ�Ø��Ö� Ũ Ø�Ð ÕÙ� Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ �

ŨOpwΦ1
(p̃ǫ�) = Opw(gǫ�)

�

�

i

∂

∂θ̃

�

Ũ + O(�∞).

� �Ø�Ô� ¿ � ÓÒ ��Ø�ÖÑ�Ò� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �Ò ÙØ�Ð�×�ÒØ ��ÙÜ ÔÖÓ�Ð�Ñ�×

�� �ÖÙ×��Ò¸ ÙÒ ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖOpwΦ1
(p̃ǫ

�
) �Ø Ð³�ÙØÖ� ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖOpw(gǫ

�
)

�

�

i

∂

∂θ̃

�

Ó�Ø�ÒÙ ��Ò× Ð³�Ø�Ô� ¾º

¾º¾º¾º½ �ÓÒ×ØÖÙØ�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ

Ä� ÓÒ×ØÖÙØ�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ ÕÙ� ÒÓÙ× �ÐÐÓÒ× �ÓÒÒ�Ö �×Ø �Ò�ÐÓ�Ù�

� �ÐÐ� ���Ø� Ô�Ö Å����Ð À�ØÖ�� �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò× Ð³�ÖØ�Ð� �ÀË¼�℄º ÇÒ ÓÒ×���Ö�

Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� �

Λǫ
E = {(θ, I) ∈ VoisTub(S1 × R); pǫ(θ, I) = E}.

ÇÒ Ô�ÙØ ÑÓÒØÖ�Ö ÙÒ� ÔÖ�Ñ��Ö� ÔÖÓÔÖ��Ø� ×ÙÖ �Ø �×Ô��º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾ ´Ê��Ö�ØÙÖ� �� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
Eµº Ä³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ

E ×�

Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

Λǫ
E = {(θ, I) ∈ VoisTub(S1 × R); I = lǫ(θ,E)},

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

Ó� lǫ �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ÕÙ� ��Ô�Ò� �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº

��ÑÓÒ×ØÖ�Ø�ÓÒº È�Ö ���Ò�Ø�ÓÒ¸ ÓÒ � �

Λǫ
E = {(θ, I) ∈ VoisTub(S1 × R); pǫ(θ, I) = E}.

�ÓÑÑ� Ð� �ÓÒØ�ÓÒ pǫ − E �×Ø �ÓÐÓÑÓÖÔ�� �Ø ÕÙ³ÓÒ � Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ

(θ, I) ∈ Λǫ
E �

∂pǫ

∂I
(θ, I) =

df ǫ

dI
(I) + iǫ

∂qǫ

∂I
(θ, I) �= 0,

ÔÓÙÖ ǫ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ö (f ǫ)′ �= 0 �Ø ∂Iqǫ �×Ø �ÓÖÒ� ×ÙÖ Ð³�Ò×�Ñ�Ð� Λǫ
E º �ÐÓÖ×¸ �³�ÔÖ�×

Ð� Ø��ÓÖ�Ñ� ��× �ÓÒØ�ÓÒ× �ÑÔÐ��Ø�×¸ �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� lǫ(θ,E) Ø�ÐÐ� ÕÙ� �

pǫ(θ, I) = E ×� �Ø ×�ÙÐ�Ñ�ÒØ ×� I = lǫ(θ,E).

�³Ó� Ð� ���Ø ÕÙ³ÓÒ ÔÙ�××� Ö�Ö�Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
E ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Λǫ
E = {(θ, I) ∈ VoisTub(S1 × R); I = lǫ(θ,E)}.

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö Ð� ÓÓÖ�ÓÒÒ�� �³�Ø�ÓÒ Ĩ �Ò �ÒØ��Ö�ÒØ Ð� 1¹�ÓÖÑ� Idθº

�ÓÑÑ� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
E �×Ø �ÓÑÓØÓÔ�ÕÙ�Ñ�ÒØ �ÕÙ�Ú�Ð�ÒØ � Ð³�Ò×�Ñ�Ð� S

1¸ �ÐÓÖ×

�Ð �Ü�×Ø� ÙÒ Ð��Ø γE ��Ò× Ð³�Ò×�Ñ�Ð� Λǫ
E �ÓÒØ Ð� Ð�××� �³�ÓÑÓØÓÔ�� �Ò��Ò�Ö� Ð� �ÖÓÙÔ�

�ÓÒ��Ñ�ÒØ�Ð π1(Λǫ
E)º ÇÒ ���Ò�Ø �ÐÓÖ× Ð� ÓÓÖ�ÓÒÒ�� Ĩ Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

Ĩ(E) =
1

2π

�

γE

Idθ.

ÇÒ Ô�ÙØ ���Ò�Ö Ð� Ð��Ø γE Ô�Ö Ð� Ô�Ö�Ñ�ØÖ��� ×Ù�Ú�ÒØ¸ ÔÓÙÖ t ∈ [0, 2π[ �

�

θ(t) = t;

I(t) = lǫ(θ(t), E).

��Ò×�¸ ÓÒ Ô�ÙØ Ö��Ö�Ö� Ð� ÓÓÖ�ÓÒÒ�� Ĩ(E) ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Ĩ(E) =
1

2π

� 2π

0
lǫ(θ(t), E)dt.

Å��ÒØ�Ò�ÒØ ÕÙ� �ØØ� ÓÓÖ�ÓÒÒ�� � �Ø� ���Ò��¸ ÓÒ Ô�ÙØ �Ø��Ð�Ö ��ÙÜ ÔÖÓÔÖ��Ø�× �ÒØ�Ö�××�ÒØ�×

Ð� ÓÒ�ÖÒ�ÒØº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿ ´Ê�Ð�Ø�ÓÒ �ÒØÖ� Ĩ(E) �Ø γEµº Ä� ÓÓÖ�ÓÒÒ�� Ĩ(E) Ò� ��Ô�Ò� ÕÙ� �� Ð�

Ð�××� �³�ÓÑÓØÓÔ�� �Ù Ð��Ø γE �Ó�×� ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛEº

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� 1¹�ÓÖÑ� Idθ|Λǫ
E
�×Ø ��ÖÑ��¸ �Ö �

d
�

Idθ|Λǫ
E

�

= d(lǫ(θ,E)dθ) =
∂lǫ

∂θ
(θ,E)dθ ∧ dθ = 0,

ÔÙ�×ÕÙ� Ð� �ÓÒØ�ÓÒ lǫ �×Ø �ÓÐÓÑÓÖÔ��º ��Ò×� �³�ÔÖ�× Ð� Ø��ÓÖ�Ñ� �� ËØÓ��×¸ Ĩ(E) Ò� ��Ô�Ò�

ÕÙ� �� Ð� Ð�××� �³�ÓÑÓØÓÔ�� �Ù Ð��Ø γE ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
E º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º� ´Ĩ �×Ø ÙÒ ����ÓÑÓÖÔ��×Ñ� ÐÓ�Ðµº Ä� �ÓÒØ�ÓÒ RC,ǫ0 ∋ E �−→ Ĩ(E) �×Ø

ÙÒ ����ÓÑÓÖÔ��×Ñ� ÐÓ�Ðº

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� Ð� �ÓÒØ�ÓÒ f ǫ �×Ø ÙÒ ����ÓÑÓÖÔ��×Ñ� ÐÓ�Ð¸ �ÐÓÖ× ÓÒ � �

dĨ

dE
(E) =

1

2π

� 2π

0

∂lǫ

∂E
(θ(t), E)dt,

=
1

2π

� 2π

0

�

d(f ǫ)−1

dE
(E) + O(ǫ)

�

dt,

=
d(f ǫ)−1

dE
(E) + O(ǫ) �= 0.

��Ò×�¸ ÓÑÑ� Ĩ(E) �×Ø �ÓÐÓÑÓÖÔ�� Ô�Ö Ö�ÔÔÓÖØ � E ´�Ö Ð� �ÓÒØ�ÓÒ lǫ Ð³�×Øµ¸ �³�ÔÖ�× Ð�

Ø��ÓÖ�Ñ� �³�ÒÚ�Ö×�ÓÒ ÐÓ�Ð� �ÓÐÓÑÓÖÔ�� Ð³�ÔÔÐ��Ø�ÓÒ E �−→ Ĩ(E) �×Ø ÙÒ ����ÓÑÓÖÔ��×Ñ�

ÐÓ�Ðº

ÆÓÙ× ×ÓÑÑ�× Ñ��ÒØ�Ò�ÒØ �Ò Ñ�×ÙÖ� �� ÓÒ×ØÖÙ�Ö� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º� ´�ÓÒ×ØÖÙØ�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κµº ÁÐ �Ü�×Ø� ÙÒ� ØÖ�Ò×¹

�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ �Ø ÙÒ� �ÓÒØ�ÓÒ gǫ Ø�ÐÐ�× ÕÙ� �

κ : Vois(Λǫ
E , (T

∗
S
1)C) −→ Vois(Ĩ = cst, (T ∗

S
1)C),

(θ, I) �−→ (θ̃, Ĩ),

�Ø �

pǫ ◦ κ−1(θ̃, Ĩ) = gǫ(Ĩ).

Ä� �ÓÒØ�ÓÒ gǫ ���Ò�� ��Ò×� �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ Ĩº

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ǫ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ø E ∈ RC,ǫ0 ¸ �Ð �Ü�×Ø� ÙÒ Ö��Ð ÔÓ×�Ø�� δ0 Ø�Ð ÕÙ�

ÔÓÙÖ (θ, I) ∈ Λǫ
E¸ θ ∈ S

1 + i] − δ0, δ0[º ÆÓÙ× �ÐÐÓÒ× ���Ò�Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ

Ô�Ö ÙÒ� �ÓÒØ�ÓÒ ��Ò�Ö�ØÖ�� h(θ, Ĩ)¸ �º�º ÕÙ� κ ×�Ø�×��Ö� Ð³���Ð�Ø� ×Ù�Ú�ÒØ� �

κ

�

θ,
∂h

∂θ

�

=

�

∂h

∂Ĩ
, Ĩ

�

.

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð� ÒÓÑ�Ö� ÓÑÔÐ�Ü� E ∈ RC,ǫ0 �×Ø �Ü� �Ø ÓÒ ÓÒ×���Ö� Ð� 1¹�ÓÖÑ� ×Ù�Ú�ÒØ� �

ωE = Idθ|Λǫ
E
.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ËÓ�Ø �

j : S1 + i] − δ0, δ0[ −→ Λǫ
E

θ �−→ (θ, lǫ(θ,E)).

�ÐÓÖ×¸ ÓÒ � �

j∗ωE = lǫ(θ,E)dθ.

�ÓÑÑ� lǫ �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� �Ò θ¸ �ÐÓÖ× dθ(j∗ωE) = 0º �Ò×Ù�Ø�¸ ÓÒ Ö�Ñ�ÖÕÙ�

ÕÙ� �

j∗ωE −
�

1

2π

�

S1

j∗ωE

�

dθ = j∗ωE −
�

1

2π

�

γE

ωE

�

dθ �×Ø �³�ÒØ��Ö�Ð� ÒÙÐÐ�,

Ó� γE �×Ø Ð� Ð��Ø ���Ò� ÔÖ����ÑÑ�ÒØº È�Ö ÓÒ×�ÕÙ�ÒØ¸ �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ hE(θ) ���Ò��

×ÙÖ S1 + i] − δ0, δ0[ Ø�ÐÐ� ÕÙ� �

dθhE = j∗ωE −
�

1

2π

�

γE

ωE

�

dθ = j∗ωE − Ĩ(E)dθ,

Ô�Ö ���Ò�Ø�ÓÒ �� Ð� ÓÓÖ�ÓÒÒ�� Ĩ(E)º ËÓ�Ø ĥE(θ) Ð� �ÓÒØ�ÓÒ ���Ò�� ×ÙÖ S1+ i]−δ0, δ0[ Ô�Ö �

dθĥE(θ) = dθhE(θ) + Ĩ(E)dθ.

�ÐÓÖ× �ÐÐ� Ú�Ö��� Ð� ÓÒ��Ø�ÓÒ ×Ù�Ú�ÒØ� �

pǫ

�

θ,
∂ĥE
∂θ

(θ)

�

= E.

�³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º�¸ Ð³�ÔÔÐ��Ø�ÓÒ E �−→ Ĩ(E) �×Ø ÙÒ ����ÓÑÓÖÔ��×Ñ� ÐÓ�Ð¸ �ÓÒ

ÓÒ Ô�ÙØ ÓÒ×���Ö�Ö Ð� �ÓÒØ�ÓÒ ĥE(Ĩ)(θ) ÓÑÑ� ÙÒ� �ÓÒØ�ÓÒ ��× Ú�Ö���Ð�× θ �Ø Ĩ Ó� E(Ĩ)

�×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð� �ÓÒØ�ÓÒ Ĩ(E)º ��Ò�Ð�Ñ�ÒØ¸ ÓÒ ÔÓ×� �

κ(θ, I) =

�

∂ĥE(Ĩ)(θ)

∂Ĩ
, Ĩ

�

,

´�ØØ� ���Ò�Ø�ÓÒ � ÙÒ ×�Ò× �Ö Ĩ Ò� ��Ô�Ò� ÕÙ� �� E¸ ÕÙ³ÓÒ Ô�ÙØ ÚÓ�Ö ÓÑÑ� ÙÒ� �ÓÒØ�ÓÒ

�� θ �Ø �� Iµº �Ø ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� �

∂ĥE(Ĩ)(θ + 2π)

∂Ĩ
−
∂ĥE(Ĩ)(θ)

∂Ĩ
=

∂

∂Ĩ

�

ĥE(Ĩ)(θ + 2π) − ĥE(Ĩ)(θ)
�

=
∂

∂Ĩ

�

�

S1

∂ĥE(Ĩ)(θ)

∂θ
dθ

�

=
∂

∂Ĩ
(2πĨ) = 2π.

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

��Ò×� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ �×Ø ���Ò ���Ò�� �Ø �×Ø ÐÓ�Ð�Ñ�ÒØ ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ×ÝÑÔÐ�Ø�ÕÙ�

�ÓÐÓÑÓÖÔ�� �Ö �

dĨ ∧ dθ̃ =
∂2ĥE(Ĩ)(θ)

∂θ∂Ĩ
dĨ ∧ dθ = dI ∧ dθ,

�Ø �ÐÐ� �ÒÚÓ�� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λǫ
E ×ÙÖ Ð³�Ò×�Ñ�Ð� {Ĩ = cst} ´�Ö Ĩ Ò� ��Ô�Ò� ÕÙ� ��

Eµ¸ �Ò ÓÙØÖ� �

pǫ ◦ κ−1(θ̃, Ĩ) = gǫ(Ĩ),

�Ö
∂

∂θ̃
Ð� ��ÑÔ �� Ú�Ø�ÙÖ× Ø�Ò��ÒØ � {Ĩ = cst} �×Ø �ÒÚÓÝ� Ô�Ö Ð³�ÔÔÐ��Ø�ÓÒ κ−1 ×ÙÖ Ð�

��ÑÔ �� Ú�Ø�ÙÖ× Ø�Ò��ÒØ � Λǫ
E ¸ �Ò �³�ÙØÖ�× Ø�ÖÑ�× �

∂

∂θ̃
(pǫ ◦ κ−1(θ̃, Ĩ)) = 0 ⇒ pǫ ◦ κ−1(θ̃, Ĩ) = gǫ(Ĩ).

�Ò�Ò¸ ÓÒ ���Ù�Ø �� �ØØ� �ÕÙ�Ø�ÓÒ ÕÙ� Ð� �ÓÒØ�ÓÒ gǫ �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ

Ĩ �Ö �

gǫ(Ĩ(E)) = p ◦ κ−1(θ̃, Ĩ(E)) = E.

Ê�Ñ�ÖÕÙ� ¾º¾º�º ÇÒ Ô�ÖÐ� �� ÓÓÖ�ÓÒÒ��× �Ø�ÓÒ¹�Ò�Ð� ÓÑÔÐ�Ü�× ÔÓÙÖ Ð� ÓÙÔÐ� (θ̃, Ĩ)

�Ö Ð� ÓÓÖ�ÓÒÒ�� Ĩ �×Ø ���Ò�� Ô�Ö ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒ �

Ĩ =
1

2π

�

γE

Idθ,

�Ø Ð� ÓÓÖ�ÓÒÒ�� θ̃ �×Ø ���Ò�� � Ô�ÖØ�Ö �� Ð� �ÓÒØ�ÓÒ ��Ò�Ö�ØÖ�� �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ¹

�ÕÙ� κ Ô�Ö �

θ̃ =
∂h

∂Ĩ
(θ, Ĩ).

Ê�Ñ�ÖÕÙ� ¾º¾º�º Ë� ǫ = 0¸ �ÐÓÖ× Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ �×Ø Ð³���ÒØ�Ø� ´�� �ÓÒØ�ÓÒ

��Ò�Ö�ØÖ�� h(θ, Ĩ) = θĨµº ÇÒ ÔÓÙÚ��Ø ×³Ý �ØØ�Ò�Ö� ÔÙ�×ÕÙ� ��Ò× � �×¸ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð

pǫ ×³�Ö�Ø ���� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� �ÓÒØ�ÓÒ �� Ð� Ú�Ö���Ð� �³�Ø�ÓÒº

¾º¾º¾º¾ ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ

ÇÒ ×ÓÙ���Ø� ÓÒ×ØÖÙ�Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κº Ä� ÔÖÓ�¹

Ð�Ñ� Ö�×��� ��Ò× Ð� ���Ø ÕÙ³ÓÒ Ò� Ô�ÙØ Ô�× ��Ö�Ø�Ñ�ÒØ �ÔÔÐ�ÕÙ�Ö Ð� Ø��ÓÖ�Ñ� �³��ÓÖÓÚ �Ö

ÒÓÙ× Ò� ×ÓÑÑ�× Ô�× ��Ò× Ð� ��Ö� Ö��Ðº ÆÓÙ× �ÐÐÓÒ× �ÓÒ ÔÐÙØ�Ø �Ö�Ö� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ

�ÒÓÒ�ÕÙ� κ ÓÑÑ� ÙÒ� ÓÑÔÓ×�Ø�ÓÒ �� ÔÐÙ×��ÙÖ× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× �ÒÓÒ�ÕÙ�× ÕÙ� �ÐÐ�×

×�ÖÓÒØ ÔÐÙ× ���Ð�Ñ�ÒØ ÕÙ�ÒØ����Ð�×º �ÙÔ�Ö�Ú�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö � Ð� Ø��ÓÖ��

��× ØÖ�Ò×�ÓÖÑ��× �� ��Áº ÈÓÙÖ ÙÒ� �ÒØÖÓ�ÙØ�ÓÒ � �ØØ� Ø��ÓÖ��¸ ÓÒ ÔÓÙÖÖ� ÓÒ×ÙÐØ�Ö Ð�

Ð�ÚÖ� �� Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ ���ÔØ�Ö ½¿℄ ÓÙ ���Ò Ð� ÓÙÖ× �Ò Ð��Ò� �� Å����Ð À�ØÖ�� �Ø

�� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �ÀË½�℄ ÓÙ �ÒÓÖ� �ÐÙ� �� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ë��¼¾℄º �ÓÑÑ�Ò�ÓÒ×

�¼
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2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

Ô�Ö �ÒØÖÓ�Ù�Ö� Ð�× ÒÓØ�Ø�ÓÒ× �ÓÒØ ÒÓÙ× �ÐÐÓÒ× �ÚÓ�Ö ��×Ó�Òº

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø Φ ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� ×ÙÖ C �Ø � Ú�Ð�ÙÖ×

Ö��ÐÐ�×º ÇÒ ÓÒ×���Ö� Ð�× ÒÓØ�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

� L(dz) �×Ø Ð� Ñ�×ÙÖ� �� Ä���×�Ù�
i

2
dz ∧ dz �

� L2
�
(C,Φ) = L2

�
(C, e−2Φ(z)/�L(dz)) �×Ø Ð³�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ× Ñ�×ÙÖ��Ð�× f Ø�ÐÐ�×

ÕÙ� �
�

C

|f(z)|2e−2Φ(z)/�L(dz) < +∞;

� L2
�
(C,Φ,m) = L2

�
(C,m2e−2Φ(z)/�L(dz)) �×Ø Ð³�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ× Ñ�×ÙÖ��Ð�× f

Ø�ÐÐ�× ÕÙ� �
�

C

|f(z)|2m(z)2e−2Φ(z)/�L(dz) < +∞,

Ó� m �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ´m ��×��Ò�Ö� ��Ò× Ð� ×Ù�Ø� ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ

C �××Ó��� � ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2
�
(C,Φ) ��Ò× ÙÒ ×�Ò× ÕÙ� ÒÓÙ×

ÔÖ��×�ÖÓÒ× ÔÐÙ× Ø�Ö�µ �

� H�(C,Φ) = Hol(C)∩L2
�
(C,Φ) �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ÕÙ� �ÔÔ�ÖØ��Ò¹

Ò�ÒØ � Ð³�×Ô�� L2
�
(C,Φ) �

� H�(C,Φ,m) = Hol(C) ∩ L2
�
(C,Φ,m) �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ÕÙ� �Ô¹

Ô�ÖØ��ÒÒ�ÒØ � Ð³�×Ô�� L2
�
(C,Φ,m)º

Ê�Ñ�ÖÕÙ� ¾º¾º�º �ÓÑÑ� Ô�Ö ���Ò�Ø�ÓÒ ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� m �×Ø ×ÙÔ�Ö��ÙÖ� ÓÙ ���Ð�

� 1¸ �ÐÓÖ× ÓÒ � Ð³�ÒÐÙ×�ÓÒ ×Ù�Ú�ÒØ� �

H�(C,Φ,m) ⊂ H�(C,Φ).

ÆÓÙ× Ö�ÔÔ�ÐÓÒ× Ð� ���Ò�Ø�ÓÒ �� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ÕÙ��Ö�Ø�ÕÙ� �ÓÒØ ÒÓÙ× �ÐÐÓÒ× �ÚÓ�Ö

��×Ó�Ò ��Ò× Ð� ×Ù�Ø� ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� ��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄µº

���Ò�Ø�ÓÒ ¾º¾º� ´�ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ÕÙ��Ö�Ø�ÕÙ�µº ÍÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ÕÙ��Ö�¹

Ø�ÕÙ� φ ×ÙÖ C×C �×Ø ÙÒ� �ÓÒØ�ÓÒ ÕÙ� ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ (z, x) ∈ C×C �

φ(z, x) =
1

2
az2 + bzx+

1

2
dx2,

Ó� a, b, d ×ÓÒØ ��× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�×º

ÆÓÙ× �ÓÒÒÓÒ× Ñ��ÒØ�Ò�ÒØ Ð� ���Ò�Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á ´�ÓÙÖ��Ö¹�ÖÓ×¹Á��ÓÒ�ÐØÞ�Öµ

��Ò× Ð� ��Ö� �� Ð� ��Ñ�Ò×�ÓÒ ÙÒ ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� ��ÛÓ½¾¸ ���ÔØ�Ö ½¿℄µº

���Ò�Ø�ÓÒ ¾º¾º½¼ ´ÌÖ�Ò×�ÓÖÑ�� �� ��Á �Ø ×� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ�µº ËÓ�Ø φ(z, x) ÙÒ�

�ÓÒØ�ÓÒ ÕÙ��Ö�Ø�ÕÙ� �ÓÐÓÑÓÖÔ�� ×ÙÖ C × C Ø�ÐÐ� ÕÙ� �

½º ℑ
�

∂2φ

∂x2

�

�×Ø ÙÒ ÒÓÑ�Ö� Ö��Ð ÔÓ×�Ø�� �

¾º
∂2φ

∂x∂z
�= 0º

�½



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Á �××Ó��� � Ð� �ÓÒØ�ÓÒ φ �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ Tφ ���Ò� ×ÙÖ Ð³�×Ô�� ��

Ë�Û�ÖØÞ S(R) Ô�Ö �
Tφu(z) =

cφ

�3/4

�

R

e(i/�)φ(z,x)u(x)dx,

Ó� �

cφ =
1

21/2π3/4
|det ∂x∂zφ|

(detℑ(∂2xφ))
1/4

.

ÇÒ ���Ò�Ø Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� �××Ó��� � Ð³ÓÔ�Ö�Ø�ÙÖ Tφ Ô�Ö Ð³�ÔÔÐ��Ø�ÓÒ ×Ù�Ú�ÒØ� �

κφ : C × C −→ C× C,

(x,−∂xφ(z, x)) �−→ (z, ∂zφ(z, x)).

ÆÓÙ× Ö�ÔÔ�ÐÓÒ× Ñ��ÒØ�Ò�ÒØ Ð�× ÔÖÓÔÖ��Ø�× �ÑÔÓÖØ�ÒØ�× �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á ´ÚÓ�Ö

Ô�Ö �Ü�ÑÔÐ� ��ÛÓ½¾¸ Ôº¿¼�℄µº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º½½ ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Á �ÒÚÓ�� L2(R) ×ÙÖ H�(C,Φ)µº ËÓ�Ø¸ ÔÓÙÖ

z ∈ C �

Φ(z) = sup
x∈R

(−ℑ(φ(z, x))) .

��ØØ� �ÓÒØ�ÓÒ Φ �×Ø ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� ×ÙÖ C �Ø � Ú�Ð�ÙÖ×

Ö��ÐÐ�×º �ÐÓÖ× Tφ : L2(R) −→ H�(C,Φ) �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ÙÒ�Ø��Ö�º

�� ÔÐÙ×¸ ×� T ∗
φ : L2

�
(C,Φ) −→ L2(R) �×Ø Ð³���Ó�ÒØ �� Ð³ÓÔ�Ö�Ø�ÙÖ Tφ¸ �ÐÓÖ× �Ð �×Ø �ÓÒÒ� Ô�Ö

Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ v ∈ L2
�
(C,Φ) �

T ∗
φv(x) = cφ�

−3/4

�

C

e(i/�)φ(z,x)e−2Φ(z)/�v(z)L(dz).

�Ø ÓÒ � �

½º TφT ∗
φ = id ×ÙÖ Ð³�×Ô�� H�(C,Φ) �

¾º T ∗
φTφ = id ×ÙÖ Ð³�×Ô�� L2(R)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ ÔÓÙÖÖ� �ÐÐ�Ö ÚÓ�Ö Ð� Ð�ÚÖ�

�� Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ Ôº¿¼�¹¿½½℄º

Ê�Ñ�ÖÕÙ� ¾º¾º½¾º Ä� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ �ÒÚÓ�� Ð³�×Ô�� R
2 ×ÙÖ Ð� IR¹Ú�Ö��Ø�

´I¹Ä��Ö�Ò���ÒÒ� �Ø R¹×ÝÑÔÐ�Ø�ÕÙ�µ ΛΦ =

��

z,
2

i

∂Φ

∂z
(z)

�

; z ∈ C

�

Ó� Φ �×Ø Ð� �ÓÖÑ�

ÕÙ��Ö�Ø�ÕÙ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� �××Ó��� � Ð� �ÓÒØ�ÓÒ φ �Ù ×�Ò× �� Ð� ÔÖÓÔÓ×�¹

Ø�ÓÒ ¾º¾º½½º �� ÔÐÙ×¸ ÓÒ ���ÒØ��� Ð� Ú�Ö��Ø� ΛΦ �Ú� C �Ö�� � Ð³�ÔÔÐ��Ø�ÓÒ ×Ù�Ú�ÒØ� �

C −→ ΛΦ

z �−→
�

z,
2

i

∂Φ

∂z
(z)

�

.

�¾



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�Ü�ÑÔÐ� ¾º¾º½º ËÓ�Ø φ1 Ð� �ÓÒØ�ÓÒ ���Ò�� ÔÓÙÖ ØÓÙØ (z, x) ∈ C ×C Ô�Ö �

φ1(z, x) =
1

2
(z − x)2.

�ÐÓÖ×¸ Ô�Ö ÙÒ �ÐÙÐ¸ ÓÒ ØÖÓÙÚ� ÕÙ� Ð� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� Φ1

�××Ó��� � �ØØ� �ÓÒØ�ÓÒ φ1 �×Ø �ÓÒÒ�� ÔÓÙÖ z ∈ C Ô�Ö �

Φ1(z) =
1

2
|ℑ(z)|2 .

Ä� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� �××Ó��� ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

κφ1 : C2 −→ C
2

(x, ξ) �−→ (x− iξ, ξ).

�Ø �ÐÐ� �ÒÚÓ�� Ð³�×Ô�� R
2 ×ÙÖ Ð³�Ò×�Ñ�Ð� �

ΛΦ1 = {(z,−ℑ(z)), z ∈ C}.

ÆÓÙ× Ö�ÖÓ�×�ÖÓÒ× �Ø �Ü�ÑÔÐ�¸ �Ö �Ð Ú� ×³�Ú�Ö�Ö �ÓÒ��Ñ�ÒØ�Ð ÔÓÙÖ Ð� ×Ù�Ø�º ÆÓÙ× �ÐÐÓÒ×

Ñ��ÒØ�Ò�ÒØ �ÒÓÒ�Ö ��× Ö�×ÙÐØ�Ø× ÙØ�Ð�×�ÒØ Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á �Ø ÕÙ� Ô�ÖÑ�ØØ�ÒØ �� ���Ö�

ÙÒ Ð��Ò �ÒØÖ� ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R) �Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð³�×Ô��

H�(C,Φ)º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿ ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� H�(C,Φ)µº ËÓ�Ø

Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R) �Ø ×�Ø�×���×�ÒØ Ð�×

�ÝÔÓØ��×�× ´�µ � ´�µº ËÓ�Ø Φ0 ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ÙÖ C ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� �Ø

� Ú�Ð�ÙÖ× Ö��ÐÐ�× ´ÓÒ Ô�ÙØ �××Ó��Ö � �ØØ� �ÓÒØ�ÓÒ Φ0 ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� �ÓÐÓÑÓÖÔ��

φ0 ��Ò× Ð� ×�Ò× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½½µº ËÓ�Ø OpwΦ0
(p̃ǫ

�
) := Tφ0 ◦Opw(pǫ

�
) ◦ T ∗

φ0
º �ÐÓÖ× �

½º OpwΦ0
(p̃ǫ

�
) : H�(C,Φ0, m̃) −→ H�(C,Φ0) �×Ø ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö Ö�ÔÔÓÖØ �Ù

Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø �Ù Ô�Ö�Ñ�ØÖ� ǫ ´ÔÓÙÖ � < 1 �Ø ǫ < ǫ0 Ó� ǫ0 �×Ø ÙÒ

Ö��Ð ÔÓ×�Ø�� �Ü�µ �Ø m̃ = m ◦ κ−1
φ0
�×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ Ð³�Ò×�Ñ�Ð� �

ΛΦ0 =

�

(y, η) ∈ C
2; η =

2

i

∂Φ0

∂y
(y)

�

,

´ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� m �×Ø Ð� �ÓÒØ�ÓÒ �³ÓÖ�Ö� �××Ó��� � Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð³�Ý¹

ÔÓØ��×� ´�µµ �

¾º OpwΦ0
(p̃ǫ

�
) �×Ø �ÓÒÒ� Ô�Ö Ð³�ÒØ��Ö�Ð� ×ÙÖ ÙÒ ÓÒØÓÙÖ ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ H�(C,Φ0) �

OpwΦ0
(p̃ǫ�)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη,

Ó� Γ(x) =

�

(y, η) ∈ C
2; η =

2

i

∂Φ0

∂x

�

x+ y

2

��

�Ø Ó� Ð� ×ÝÑ�ÓÐ� p̃ǫ
�
�×Ø �ÓÒÒ� Ô�Ö

�¿
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p̃ǫ
�
= pǫ

�
◦ κ−1

φ0
º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× ÔÖ�×�ÒØÓÒ× �� ÙÒ�ÕÙ�Ñ�ÒØ ÙÒ Ö�×ÙÑ� ��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ¸

ÔÓÙÖ ÔÐÙ× �� ��Ø��Ð× ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� Ð�× ÓÙÖ× �Ò Ð��Ò� �Ë��¼¾¸ Ôº½¿�¹½�¾℄ �Ø �ÀË½�℄ ÓÙ ���Ò

Ð³�ÖØ�Ð� �ÅË¼¿℄º

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� Ð� �ÓÖÑÙÐ� �

(Tφ0 ◦ Opw(pǫ�) ◦ T ∗
φ0
)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη,

�Ò ÙØ�Ð�×�ÒØ Ð� ���Ø ÕÙ� Ð�× ×ÝÑ�ÓÐ�× Ô�ÙÚ�ÒØ ×� ��ÓÑÔÓ×�Ö ×ÓÙ× Ð� �ÓÖÑ� �� ×ÓÑÑ�× ��

×ÝÑ�ÓÐ�× �ÜÔÓÒ�ÒØ��Ð× �ÓÖÒ�×º

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� ÕÙ� OpwΦ0
(p̃ǫ

�
) : Hol(C) −→ Hol(C) �Ò Ö�Ñ�ÖÕÙ�ÒØ ÕÙ� OpwΦ0

(p̃ǫ
�
) ×�

Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

OpwΦ0
(p̃ǫ�)u(x) =

C

2π�

�

C

k�(x, y)dydy,

Ó� Ð� �ÓÒØ�ÓÒ k� �×Ø �ÓÒÒ�� ÔÓÙÖ (x, y) ∈ C
2 Ô�Ö �

k�(x, y) = e(1/�)(Φ0(x)−Φ0(y))e(i/�)ℑ(i(x−y)(2/i)∂xΦ0(x+y/2))p̃ǫ�

�

x+ y

2
,
2

i

∂Φ0

∂x

�

x+ y

2

��

,

�Ø Ó� C �×Ø ÙÒ� ÓÒ×Ø�ÒØ� �Ò��Ô�Ò��ÒØ� �� �º ÈÙ�× ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� k� Ú�Ö��� Ð³�ÕÙ�Ø�ÓÒ

×Ù�Ú�ÒØ� �

∂xk� = ∂yk�,

��Ò×� �Ò ��Ö�Ú�ÒØ ×ÓÙ× Ð� ×��Ò� �ÒØ��Ö�Ð �Ø �Ò ÙØ�Ð�×�ÒØ ÙÒ� �ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��×¸ ÓÒ Ó�Ø��ÒØ

Ð³�ÓÐÓÑÓÖÔ��� �� OpwΦ0
(p̃ǫ

�
)u ÔÓÙÖ u ∈ Hol(C)º

�Ø�Ô� ¿ � ÓÒ ÑÓÒØÖ� ÕÙ� OpwΦ0
(p̃ǫ

�
) = O(1) : L2

�
(C,Φ0, m̃) −→ L2

�
(C,Φ0) �Ò ÙØ�Ð�×�ÒØ Ð�

�ÓÖÑÙÐ� �� ËØÓ��× ÔÓÙÖ Ö��Ö�Ö� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ0
(p̃ǫ

�
) �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

OpwΦ0
(p̃ǫ�)u(x) =

1

2π�

��

Γ1(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη

+
1

2π�

�

G[0,1](x)
e(i/�)(x−y)ηu(y)∂y,ηp̃

ǫ
�

�

x+ y

2
, η

�

∧ dydη,

=
1

2π�

��

Γ1(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη �Ö p̃ǫ� �×Ø �ÓÐÓÑÓÖÔ��,

Ó� Ð� ÓÒØÓÙÖ Γt(x) �×Ø ���Ò� ÔÓÙÖ 0 ≤ t ≤ 1 �Ø ÔÓÙÖ x ∈ C �Ü� Ô�Ö �

η =
2

i

∂Φ0

∂x

�

x+ y

2

�

+ it
x− y

�x− y� ,

�Ø Ó� Ð� ÓÒØÓÙÖ G[0,1](x) �×Ø Ó�Ø�ÒÙ �Ò ÓÒ×���Ö�ÒØ t ÓÑÑ� ÙÒ� Ú�Ö���Ð�º ÈÙ�× ÓÒ ÑÓÒØÖ�

��
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ÕÙ� �

OpwΦ0
(p̃ǫ�)u(x) =

1

2π�
eΦ0(x)/�

�

C

e−Φ0(y)/�f�(x, y)m̃(y)u(y)O(1)dydy,

Ó� f�(x, y) = e−|x−y|2/(��x−y�)p̃ǫ
�

�

x+ y

2
,
2

i

∂Φ0

∂x

�

x+ y

2

�

+ i
x− y

�x− y�

�

1

m̃(y)
�×Ø ÙÒ� �ÓÒ¹

Ø�ÓÒ �ÓÖÒ�� Ô�Ö �x−y�N0e−|x−y|2/(��x−y�) ×ÙÖ Γ1(x)º ü Ô�ÖØ�Ö �� �ØØ� �×Ø�Ñ�Ø�ÓÒ¸ ÓÒ ���Ù�Ø

Ð� �Ö�Ø�Ö� ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� �� Ð³ÓÔ�Ö�Ø�ÙÖº

ü Ô�ÖØ�Ö �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

ÓÑÔÐ�Ü� �� R
2 ´ÚÓ�Ö Ð� Ð�ÚÖ� ��ÛÓ½¾℄ ÓÙ Ð� Ñ�Ò�¹ÓÙÖ× �ÀË½�℄µ ��Ò× Ð�ÕÙ�ÐÐ� ÓÒ Ò³� Ô�×

��×Ó�Ò �� ×ÙÔÔÓ×�Ö ÕÙ� Ð�× ×ÝÑ�ÓÐ�× ÓÒ×���Ö�× ×Ó��ÒØ �ÓÐÓÑÓÖÔ��×º

���Ò�Ø�ÓÒ ¾º¾º½� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R
2µº ÇÒ ÒÓØ� �

S(ΛΦ0) = {p̃� ∈ C∞(ΛΦ0);∀α,∃Cα > 0, |∂αp̃�| ≤ Cα} ≃ S(C).

ËÓ�Ø p̃ǫ
�
∈ S(ΛΦ0) ÙÒ� �ÓÒØ�ÓÒ ��Ò× Ð� Ð�××� �� ×ÝÑ�ÓÐ�× S(ΛΦ0) ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫº ÇÒ ���Ò�Ø Ð�

ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ×ÝÑ�ÓÐ� p̃ǫ
�
Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ

u ∈ H�(C,Φ0) �

OpwΦ0
(p̃ǫ�)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη,

Ó� Γ(x) =

�

(y, η) ∈ C2; η =
2

i

∂Φ0

∂x

�

x+ y

2

��

º

�ÓÑÑ� Ð� ×ÝÑ�ÓÐ� p̃ǫ
�
¸ ���Ò� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿¸ �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� �Ø

�ÓÖÒ�� Ô�Ö ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� m̃ ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� Ð³�Ò×�Ñ�Ð� ΛΦ0 ¸ ÓÒ Ô�ÙØ

ÓÒ×���Ö�Ö ��× ���ÓÖÑ�Ø�ÓÒ× �Ù ÓÒØÓÙÖ Γ(x) �Ø �ÓÒ �³�ÙØÖ�× �ÓÒØ�ÓÒ× ÔÓ��×º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º½� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� H�(C,Φ) �Ú�

Φ ÔÐÙ× ��Ò�Ö�Ðµº �Ú� Ð�× ÒÓØ�Ø�ÓÒ× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿¸ ×Ó�Ø Φ ∈ C1,1(C,R) ´Ð³�×Ô��

��× �ÓÒØ�ÓÒ× �� Ð�××� C1 � �Ö����ÒØ Ð�Ô×��ØÞ��Òµ ÙÒ� �ÓÒØ�ÓÒ ÔÖÓ�� �� Ð� �ÓÖÑ� ÕÙ��Ö�¹

Ø�ÕÙ� Φ0 ��Ò× Ð� ×�Ò× Ó� Φ = Φ0 + f �Ú� f ∈ C1,1
0 (C,R) ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� Ð�× ÒÓÖÑ�×

�∇f�L∞ �Ø �∇2f�L∞ ×Ó��ÒØ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø�×º �ÐÓÖ× OpwΦ0
(p̃ǫ

�
) : H�(C,Φ, m̃) −→ H�(C,Φ)

�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö Ö�ÔÔÓÖØ �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø �Ù

Ô�Ö�Ñ�ØÖ� ǫ ´ÔÓÙÖ � < 1 �Ø ǫ < ǫ0 Ó� ǫ0 �×Ø ÙÒ Ö��Ð ÔÓ×�Ø�� �Ü�µº

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ �ÓÒÒ� �� �Ù××� ÙÒ Ö�×ÙÑ� ��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ ÔÓÙÖ ÔÐÙ×

�� ��Ø��Ð× ÚÓ�Ö �Ë��¼¾¸ Ôº½¿�¹½�¾℄ ÓÙ �ÀË½�℄ ÓÙ �ÅË¼¿℄º

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� Ú�� Ð� �ÓÖÑÙÐ� �� ËØÓ��× ÕÙ� OpwΦ0
(p̃ǫ

�
) ×� Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

OpwΦ0
(p̃ǫ�)u(x) =

1

2π�

��

ΓΦ(x,y)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη,

��
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Ó� Ð� ÓÒØÓÙÖ ΓΦ(x, y) �×Ø ���Ò� Ô�Ö �

η =
2

i

� 1

0

∂Φ

∂x
(tx+ (1 − t)y)dt+

i

C

x− y

�x− y� .

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ0
(p̃ǫ

�
) �×Ø �ÓÖÒ� ×ÙÖ Ð³�×Ô�� H�(C,Φ, m̃) �Ò

ÙØ�Ð�×�ÒØ Ð� ���Ø ÕÙ� Ð� ÐÓÒ� �� ΓΦ(x, y)¸ ÓÒ � �

�

�

�e(1/�)(i(x−y)η)−Φ(x)+Φ(y)
�

�

� ≤ e−C|x−y|2/�x−y�.

Ê�Ñ�ÖÕÙ� ¾º¾º½�º ËÓ�Ø Φ0 ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ÙÖ C ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� �Ø

� Ú�Ð�ÙÖ× Ö��ÐÐ�×º ËÓ�Ø Φ ∈ C1,1(C,R) ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� Φ − Φ0 ×Ó�Ø �ÓÖÒ��º �ÐÓÖ× Ð�×

�×Ô��× H�(C,Φ) �Ø H�(C,Φ0) Ó�Ò���ÒØº

ÆÓØ�Ø�ÓÒ� ×Ó�Ø Φ0 ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ×ÙÖ C ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� �Ø � Ú�Ð�ÙÖ×

Ö��ÐÐ�×º ËÓ�Ø Φ ∈ C1,1(C,R) ÙÒ� �ÓÒØ�ÓÒ ÔÖÓ�� �� Ð� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� Φ0 �Ù ×�Ò× ��

Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½�º ËÓ�Ø OpwΦ0
(p̃ǫ

�
) Ð³ÓÔ�Ö�Ø�ÙÖ ���Ò� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿º �³�ÔÖ�×

Ð�× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º½¿ �Ø ¾º¾º½�¸ ÓÒ ×��Ø ÕÙ� �Ø ÓÔ�Ö�Ø�ÙÖ ���Ø ×ÙÖ Ð³�×Ô�� H�(C,Φ0) �Ø

×ÙÖ Ð³�×Ô�� H�(C,Φ)º ÇÒ ÒÓØ� ��×ÓÖÑ��× OpwΦ0
(p̃ǫ

�
) ÐÓÖ×ÕÙ³ÓÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ ÓÑÑ�

���××�ÒØ ×ÙÖ Ð³�×Ô�� H�(C,Φ0) �Ø OpwΦ(p̃
ǫ
�
) ÐÓÖ×ÕÙ³ÓÒ Ð� ÓÒ×���Ö� ÓÑÑ� ���××�ÒØ ×ÙÖ Ð³�×¹

Ô�� H�(C,Φ)º

�Ø�ÒØ �ÓÒÒ� ÕÙ� ÒÓÙ× �ÚÓÒ× Ö�ÔÔ�Ð� Ð�× ÔÖ�Ò�Ô�Ð�× ÔÖÓÔÖ��Ø�× �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á

�Ø Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R
2 �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� ��

R
2¸ ÒÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÒÓÙ× �ÒØ�Ö�××�Ö �Ù ��Ö� �� Ð³�ÒÓÒ� �Ù Ø��ÓÖ�Ñ� �³ �Ø �ÓÒ

�ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �� S
1 × Rº ÇÒ ×� �Ó�Ð�×� ÔÐÙ× Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ ×ÙÖ Ð� �ÓÖÑ�

ÕÙ��Ö�Ø�ÕÙ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� Φ1 �ØÙ���� ��Ò× Ð³�Ü�ÑÔÐ� ¾º¾º½ �Ø ���Ò�� �� Ð�

���ÓÒ ×Ù�Ú�ÒØ� �

Φ1 : C −→ R

x �−→ 1

2
|ℑ(x)|2

�ÓÑÑ� ÓÒ Ð³� ÚÙ¸ �ØØ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� �×Ø �××Ó��� � ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ÕÙ��Ö�¹

Ø�ÕÙ� φ1 ��Ò× Ð� ×�Ò× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½½¸ ���Ò�� ÔÓÙÖ ØÓÙ× z, x ∈ C Ô�Ö �

φ1(z, x) =
i

2
(z − x)2.

Ä� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 �Ø�ÒØ �ÓÒÒ�� Ô�Ö �

κφ1 : C × C −→ C × C,

(x, ξ) �−→ (x− iξ, ξ).

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� ÔÓÙÖ (x, ξ) ∈ C
2¸ ÓÒ � �

κφ1(x+ 2π, ξ) = κφ1(x, ξ) + (2π, 0).

��Ò×�¸ �Ð �Ü�×Ø� ÙÒ� �ÔÔÐ��Ø�ÓÒ κφ1 : (S1+iR)×C −→ (S1+iR)×C Ø�ÐÐ� ÕÙ� π◦κφ1 = κφ1◦π
Ó� π : (R+ iR) × C −→ (S1 + iR)× C �×Ø Ð� ÔÖÓ��Ø�ÓÒº

ÇÒ ÓÒ×���Ö� Ñ��ÒØ�Ò�ÒØ Ð�× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

½º κφ1 : (T ∗
S
1)C −→ (T ∗

S
1)C ÕÙ� �ÒÚÓ�� Ð³�×Ô�� S

1 × R ×ÙÖ Ð³�×Ô�� ΛΦ1 Ó� �

ΛΦ1 =

�

(x, ξ) ∈ (T ∗
S
1)C, ξ =

2

i

∂Φ1

∂x
(x) = −ℑ(x)

�

;

¾º κ̃−1 ���Ò�� Ô�Ö �

κ̃−1 = κφ1 ◦ κ−1 ◦ κ−1
φ1

: (T ∗
S
1)C −→ (T ∗

S
1)C,

ÕÙ� Ò� ÔÖ�×�ÖÚ� Ô�× Ð³�Ò×�Ñ�Ð� ΛΦ1 ´�Ö κ Ò³�×Ø Ô�× ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ Ö��ÐÐ�µ Ñ��×

Ð³�ÒÚÓ�� ×ÙÖ ÙÒ� �ÙØÖ� IR¹Ú�Ö��Ø�¸ ÒÓØ�� ΛΦ2 ¸ Ó� Φ2 �×Ø ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� ÔÖÓ��

�� Φ1º

�Ò Ö�×ÙÑ�¸ ÓÒ � Ð� ����Ö�ÑÑ� ÓÑÑÙØ�Ø�� ×Ù�Ú�ÒØ �Ù Ò�Ú��Ù ��× �×Ô��× ��× Ô��×�× �

S
1 × R ⊂ (T ∗

S
1)C

(θ,I)

κ
��

κφ1
��

(T ∗
S
1)C ⊃ S

1

(θ̃,Ĩ)

× R

κφ1

��
ΛΦ1

⊂(T ∗S1)C

ΛΦ2 ⊂ (T ∗
S
1)C

(y,η)

(T ∗
S
1)C ⊃ ΛΦ1

(x,ξ)

κ̃−1
��

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ÕÙ�ÒØ���Ö �× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ×º �³��ÓÖ�¸ ÒÓÙ× �ÐÐÓÒ× ÑÓÒØÖ�Ö ÓÑ¹

Ñ�ÒØ ÓÒ Ô�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö� �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃¸ �Ò ×Ù�Ú�ÒØ

Ð³�ÖØ�Ð� �ÅË¼¿℄ ´ÕÙ� ØÖ��Ø� Ð� �× �� Ð� ��Ñ�Ò×�ÓÒ ��ÙÜµº È�Ö ×ÓÙ�× �� ÓÑÔÐ�ØÙ��¸ ÒÓÙ×

�ÐÐÓÒ× Ö�ÔÔ�Ð�Ö Ð� Ø��ÓÖ�� �Ò ��Ñ�Ò×�ÓÒ ÙÒº ÇÒ ÓÒ×���Ö� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �

κ̃−1 = κφ1 ◦ κ−1 ◦ κ−1
φ1

: (T ∗
S
1)C −→ (T ∗

S
1)C,

(x, ξ) �−→ (y, η).

ÆÓÙ× �ÐÐÓÒ× ÓÑÑ�Ò�Ö Ô�Ö ÑÓÒØÖ�Ö ÕÙ³�Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ Φ2 Ø�ÐÐ� ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ

κ̃−1 �ÒÚÓ�� Ð� IR¹Ú�Ö��Ø� ΛΦ1 ×ÙÖ ΛΦ2 º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º½� ´Ä� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃−1 �ÒÚÓ�� ΛΦ1 ×ÙÖ ΛΦ2µº ÁÐ �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ

Ö��ÙÐ��Ö� Φ2 ���Ò�� ×ÙÖ ÙÒ �ÓÑ��Ò� �� Ð³�Ò×�Ñ�Ð� S
1 + iR ÓÒØ�Ò�ÒØ Ð� Ð��Ø κφ1(γE) �Ø

Ø�ÐÐ� ÕÙ� �

��
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½º Φ2 �×Ø ÔÖÓ�� �� Φ1 ��Ò× Ð� ×�Ò× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½� �

¾º κ̃−1(ΛΦ1) = ΛΦ2 =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ2

∂y
(y)

�

º

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃−1 �×Ø Ð� ÓÑÔÓ×�Ø�ÓÒ �� ØÖÓ�× ØÖ�Ò×�ÓÖÑ�¹

Ø�ÓÒ× ×ÝÑÔÐ�Ø�ÕÙ�×¸ �ÐÓÖ× κ̃−1(ΛΦ1) �×Ø ÙÒ� IR¹Ú�Ö��Ø�º �Ò×Ù�Ø�¸ �Ò ÙØ�Ð�×�ÒØ Ð� ���Ø ÕÙ� Ð�

ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ �×Ø ÔÖÓ�� �� Ð³���ÒØ�Ø� ÐÓÖ×ÕÙ� Ð� Ô�Ö�Ñ�ØÖ� ǫ �×Ø Ô�Ø�Ø¸ ÓÒ ÑÓÒØÖ� ÕÙ�

κ̃−1(ΛΦ1) Ô�ÙØ ×³�Ö�Ö� ×ÓÙ× Ð� �ÓÖÑ� ΛΦ2 �Ú� Φ2 ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö�º �� ÔÐÙ×¸ ÓÑÑ�

Ð� Ô�Ö�Ñ�ØÖ� ǫ �×Ø Ô�Ø�Ø¸ Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃−1 �×Ø ���Ð�Ñ�ÒØ ÔÖÓ�� �� Ð³���ÒØ�Ø�¸ �ÓÒ

ΛΦ2 �×Ø ÔÖÓ�� �� ΛΦ1 �Ø ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ� ΛΦ2 �×Ø �ÒÐÙ× ��Ò× ΛΦ1 +W Ó� W �×Ø

ÙÒ ÚÓ�×�Ò��� �� (0, 0) ��Ò× (T ∗
S
1)Cº ��Ò×�¸ ÓÒ Ô�ÙØ Ö��Ö�Ö� Ð� �ÓÒØ�ÓÒ Φ2 ÓÑÑ� ×ÓÑÑ�

�� ��ÙÜ �ÓÒØ�ÓÒ×¸ Ð� �ÓÒØ�ÓÒ Φ1 �Ø ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� f Ø�ÐÐ� ÕÙ� Ð� ÒÓÖÑ� �∇f�L∞

×Ó�Ø Ô�Ø�Ø�º �� ÔÐÙ×¸ ÓÒ ÑÓÒØÖ� ÕÙ� Ð� �ÓÒØ�ÓÒ f �×Ø � �Ö����ÒØ Ð�Ô×��ØÞ��Ò �Ø ÓÑÑ�

�∇f�Lip = �∇2f�L∞ ¸ ÓÒ Ó�Ø��ÒØ ÕÙ� Ð� ÒÓÖÑ� �∇2f�L∞ �×Ø Ô�Ø�Ø�º

ËÓ�Ø graph(κ̃) = {(x, ξ; y, η) ∈ ΛΦ1 ×ΛΦ2 ; (x, ξ) = κ̃(y, η)}º �Ò ×Ù�Ú�ÒØ Ð³�ÖØ�Ð� �ÅË¼¿℄¸

ÓÒ Ô�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ� �ÓÒØ�ÓÒ ψ(x, y)¸ ���Ò�� �Ù ÚÓ�×�Ò��� �� ��ÕÙ� ÔÓ�ÒØ �� Ð³�Ò×�Ñ�Ð�

πx,y(graph(κ̃)) ´Ð� ÔÖÓ��Ø�ÓÒ �� Ð³�Ò×�Ñ�Ð� graph(κ̃)µ¸ Ø�ÐÐ� ÕÙ� �

½º ψ(x, y) �×Ø �ÓÐÓÑÓÖÔ�� Ô�Ö Ö�ÔÔÓÖØ � x �Ø �ÒØ�¹�ÓÐÓÑÓÖÔ�� Ô�Ö Ö�ÔÔÓÖØ � y ×ÙÖ

Ð³�Ò×�Ñ�Ð� π(x,y)(graph(κ̃)) �

¾º ∂xψ(x, y) =
2

i

∂Φ1

∂x
(x) �Ø ∂yψ(x, y) =

2

i

∂Φ2

∂y
(y)¸ ∀(x, y) ∈ π(x,y)(graph(κ̃)) �

¿º Φ1(x) + Φ2(y) + ℑ(ψ(x, y)) ∼ dist((x, y), π(x,y)(graph(κ̃))
2º

Ê�Ñ�ÖÕÙ� ¾º¾º½�º ÇÒ Ô�ÙØ ÓÒ×���Ö�Ö Ð³�Ò×�Ñ�Ð� πx,y(graph(κ̃)) �Ö Ð�× �×Ô��× ΛΦ1 �Ø

ΛΦ2 ×ÓÒØ Ô�Ö�Ñ�ØÖ�× Ô�Ö x �Ø y Ö�×Ô�Ø�Ú�Ñ�ÒØ¸ ��Ò×� Ð� ÔÖÓ�Ù�Ø ΛΦ1 ×ΛΦ2 �×Ø Ô�Ö�Ñ�ØÖ� Ô�Ö

Ð� ÓÙÔÐ� (x, y)º È�Ö ÓÒ×�ÕÙ�ÒØ πx,y(graph(κ̃)) �×Ø ÙÒ� ×ÓÙ×¹Ú�Ö��Ø� Ö��ÙÐ��Ö� �� πx,y(ΛΦ1×ΛΦ2)º

�³�ÔÖ�× Ð�× ÓÒ��Ø�ÓÒ× ½º �Ø ¾º ÓÒ � �

dψ =
2

i

∂Φ1

∂x
(x)dx +

2

i

∂Φ2

∂y
(y)dy ×ÙÖ π(x,y)(graph(κ̃)).

Ë� ÓÒ Ö�×ØÖ��ÒØ Ð� �ÓÒØ�ÓÒ ψ � Ð³�×Ô�� π(x,y)(graph(κ̃)) �Ø ÕÙ³ÓÒ Ð³���ÒØ��� � ÙÒ� �ÓÒØ�ÓÒ

×ÙÖ graph(κ̃)¸ ÓÒ Ó�Ø��ÒØ �

d
�

ψ|graph(κ̃)
�

= ξdx− ηdy ÔÓÙÖ (x, ξ; y, η) ∈ graph(κ̃).

ÇÒ Ú�ÙØ �ØÙ���Ö Ð� ÓÒØ�ÒÙ�Ø� �Ò�ÐÝØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ ψ Ð� ÐÓÒ� �³ÙÒ Ð��Ø γ ��Ò× graph(κ̃)º

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�³��ÓÖ�¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� �

ℑ(ξdx)|ΛΦ1
= ℑ
�

2

i

∂Φ1

∂x
dx

�

,

=
1

2i

�

2

i

∂Φ1

∂x
dx− 2

i

∂Φ1

∂x
dx

�

,

= −
�

∂Φ1

∂x
dx+

∂Φ1

∂x
dx

�

,

= −dΦ1,

�ÓÒ Ð� �ÓÖÑ� ℑ(ξdx)|ΛΦ1
�×Ø �Ü�Ø�º �� Ñ�Ñ� Ð� �ÓÖÑ� ℑ(ηdy)|ΛΦ2

�×Ø �Ü�Ø�º ËÓ�Ø

γ̂ = {(κ̃(ρ), ρ); ρ ∈ γ} Ó� γ �×Ø ÙÒ Ð��Ø ��Ò× ΛΦ2 º ÇÒ � �

�

γ̂
dψ =

�

(κ̃◦γ,γ)
(ξdx− ηdy) ,

=

�

κ̃◦γ
ξdx−

�

γ
ηdy,

=

�

κ̃◦γ
(ℜ(ξdx) + iℑ(ξdx)) −

�

γ
(ℜ(ηdy) + iℑ(ηdy)) ,

=

�

κ̃◦γ
ℜ(ξdx) −

�

γ
ℜ(ηdy),

=: −J(γ).

��Ò×� Ð� ÐÓÒ� �³ÙÒ Ð��Ø Ð� �ÓÒØ�ÓÒ ψ ��Ò�� �³ÙÒ� ÓÒ×Ø�ÒØ� Ö��ÐÐ� ÔÙ�×ÕÙ� ³�×Ø Ð� ����Ö�Ò�

�� ��ÙÜ �ÒØ��Ö�Ð�× �³�Ø�ÓÒ× Ö��ÐÐ�×º ÇÒ �ÔÔ�ÐÐ� �ØØ� ����Ö�Ò� ÙÒ� �Ò��� �� �ÐÓÕÙ�Ø¸ �

ÒÓÑ�Ö� ��Ô�Ò� �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃ �Ø �� Ð� Ð�××� �³�ÓÑÓØÓÔ�� �Ù Ð��Ø γº

ÁÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ �� ÒÓÙÚ�ÐÐ�× ÒÓØ�Ø�ÓÒ×º

ÆÓØ�Ø�ÓÒ×�

� L2
J(S

1) �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× Ñ�×ÙÖ��Ð�× �Ø �ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ�× f Ø�ÐÐ�× ÕÙ� �

1

2π

� 2π

0
|f(x)|2dx < +∞,

Ó� Ð� ÓÒ��Ø�ÓÒ �� �ÐÓÕÙ�Ø¹Ô�Ö�Ó���Ø� �×Ø Ð� ×Ù�Ú�ÒØ� �

f(x+ 2π) = e−(i/�)Jf(x);

� L2
J(S

1 + iR,Φ) �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× ÑÙÐØ�Ú�ÐÙ��× �ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ�× f Ø�ÐÐ�×

ÕÙ� �
� 2π

0

�

R

|f(z)|2e−2Φ(z)/�L(dz) < +∞,

Ó� z = x+ iy ∈ S
1 + iR �

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

� HJ(S
1+iR,Φ) �×Ø Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× �ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� L2

J(S
1+iR,Φ)º

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ�ÒØ���Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º½� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃µº ËÓ�Ø A Ð³ÓÔ�Ö�Ø�ÙÖ ���Ò� Ô�Ö

Ð³�ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� �

Au(x) =
1

�

�

C

e(i/�)ψ(x,y)a(x, y)χ(x, y)u(y)e−(2/�)Φ2 (y)L(dy),

Ó� a(x, y) �×Ø ÙÒ ×ÝÑ�ÓÐ� Ø�Ð ÕÙ� �

½º a(x, y) ∼� aj(x, y)�
j ��Ò× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× C∞(Vois(π(x,y)(graph(κ̃)))) �

¾º aj ∈ C∞ �

¿º ∂xaj = O((dist((x, y), π(x,y)graph(κ̃)))
∞ + �

∞) �

�º ∂yaj = O((dist((x, y), π(x,y)graph(κ̃)))
∞ + �

∞) �

�º a �×Ø �ÐÐ�ÔØ�ÕÙ�¸ �º�º a0 Ò� ×³�ÒÒÙÐ� Ô�× �

�Ø Ó� χ �×Ø ÙÒ� �ÓÒØ�ÓÒ �� ØÖÓÒ�ØÙÖ� ���Ð� � 1 ��Ò× ÙÒ ÚÓ�×�Ò��� �� π(x,y)(graph(κ̃))º ËÓ�Ø

U ⊂ ΛΦ2 �Ø ×Ó�Ø V ⊂ ΛΦ1 Ø�Ð× ÕÙ� κ̃(U) = V º �ÐÓÖ× �

½º A = L2
�
(π(U), e−2Φ2/�L(dy)) −→ L2

J
(π(V ), e−2Φ1/�L(dx)) �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÓÖÒ� �

¾º �(∂ ◦ A)u�L2
J
(Φ1) ≤ O(�∞)�u�L2

�
(Φ2)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÓÒÒÓÒ× �¹��××ÓÙ× ÙÒ Ö�×ÙÑ� ��× �Ö�Ò��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�¹

Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×� ØÖÓÙÚ� ��Ò× �ÅË¼¿℄º

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ u ∈ L2
�
(π(U), e−2Φ2/�L(dy))¸ Au(x) �×Ø ÙÒ� �ÓÒØ�ÓÒ

�ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ� �Ò ÙØ�Ð�×�ÒØ Ð� ���Ø ÕÙ� �

�

γ̂
dψ = −J(γ).

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� ÕÙ� ×� u ∈ L2
�
(π(U), e−2Φ2/�L(dy))¸ �ÐÓÖ×Au ∈ L2

J
(π(V ), e−2Φ1/�L(dx))

�Ò ÙØ�Ð�×�ÒØ Ð� ÓÒ��Ø�ÓÒ ¿º ×ÙÖ Ð� �ÓÒØ�ÓÒ ψ �Ø Ð� Ð�ÑÑ� �� Ð� Ô��×� ×Ø�Ø�ÓÒÒ��Ö�º

�Ø�Ô� ¿ � ÓÒ ÑÓÒØÖ� ÕÙ� �(∂ ◦A)u�L2
J

≤ O(�∞)�u�L2
�

�Ò �ÜÔÖ�Ñ�ÒØ ∂ ◦A Ô�Ö ��Ö�Ú�Ø�ÓÒ

×ÓÙ× Ð� ×��Ò� �ÒØ��Ö�Ð ´ÕÙ� �×Ø Ð���Ð� �Ò ÙØ�Ð�×�ÒØ Ð�× �ÝÔÓØ��×�× ¿º �Ø �º ×ÙÖ Ð� ×ÝÑ�ÓÐ� a

�Ø Ð³�ÝÔÓØ��×� ½º ×ÙÖ Ð� �ÓÒØ�ÓÒ ψµ¸ ÔÙ�× �Ò �×Ø�Ñ�ÒØ �ØØ� �ÒØ��Ö�Ð� �Ú� Ð� Ð�ÑÑ� �� Ð�

Ô��×� ×Ø�Ø�ÓÒÒ��Ö� ´�Ø Ð³�ÝÔÓØ��×� ¿º ×ÙÖ Ð� �ÓÒØ�ÓÒ ψµº

Ê�Ñ�ÖÕÙ� ¾º¾º¾¼º ËÓ�Ø A∗ Ð³���Ó�ÒØ �� Ð³ÓÔ�Ö�Ø�ÙÖ Aº �ÐÓÖ×¸ �Ø ÓÔ�Ö�Ø�ÙÖ A∗ �×Ø �××Ó��

� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃−1 �Ø ÓÒ Ô�ÙØ �Ó�×�Ö Ð� ×ÝÑ�ÓÐ� a �� Ø�ÐÐ� ×ÓÖØ� ÕÙ�¸ � ÙÒ O(�∞)¹ÔÖ�×

´�Ú� Ð�× ÒÓØ�Ø�ÓÒ× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½�µ �

� A∗A �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð L2
�
(π(U), e−2Φ2/�L(dy)) −→ H�(π(U),Φ2) �

� AA∗ �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð L2
J
(π(V ), e−2Φ1/�L(dx)) −→ HJ (π(V ),Φ1)º

�¼



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

��Ò×�¸ ÓÒ � ÓÒ×ØÖÙ�Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö� A¸ Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ���Ò� ×ÙÖ Ð�× �×Ô��×

L2(Φ)¸ �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃¸ ÕÙ� �ÒÚÓ�� Ð³�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ×ÙÖ

ÐÙ�¹Ñ�Ñ� � ÙÒ O(�∞)¹ÔÖ�×º ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ÙÒ Ø��ÓÖ�Ñ� �³��ÓÖÓÚ ��Ò× � ��Ö�

�ÓÒÒ� Ô�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾½ ´Ì��ÓÖ�Ñ� �³��ÓÖÓÚ ×ÙÖ Ð�× �×Ô��× H�(Φ)µº �Ú� Ð�× ÒÓØ�Ø�ÓÒ× �� Ð�

ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½�¸ �Ð �Ü�×Ø� ÙÒ ÓÔ�Ö�Ø�ÙÖ OpwΦ1
(p̂ǫ

�
) ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ�

ǫ¸ ���Ò� Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� �

OpwΦ1
(p̂ǫ�)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η(χp̂ǫ�)

�

x+ y

2
, η

�

u(y)dydη,

Ó� Γ(x) =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ1

∂x

�

x+ y

2

��

�Ø Ó� χ �×Ø ÙÒ� �ÓÒØ�ÓÒ �� ØÖÓÒ�ØÙÖ�

���ÔØ��¸ Ø�Ð ÕÙ� �

½º Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð p̂ǫ �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1
(p̂ǫ

�
) ×�Ø�×���Ø Ð³�ÕÙ�Ø�ÓÒ p̂ǫ = p̃ǫ ◦ κ̃−1 �

¾º OpwΦ1
(p̂ǫ

�
)A = AOpwΦ2

(p̃ǫ
�
) �Ø A∗OpwΦ1

(p̂ǫ
�
) = OpwΦ2

(p̃ǫ
�
)A∗ � ÙÒ O(�∞)¹ÔÖ�× �Ù ×�Ò×

Ó� �

�(OpwΦ1
(p̂ǫ�)A−AOpwΦ2

(p̃ǫ�))u�L2
J
(Ṽ ,Φ1)

≤ O(�∞)�u�H�(U,Φ2),

�(A∗OpwΦ1
(p̂ǫ�) −OpwΦ2

(p̃ǫ�)A
∗)u�L2

�
(Ũ ,Φ2)

≤ O(�∞)�u�HJ (V,Φ1),

Ó� Ṽ �×Ø ÙÒ ×ÓÙ×¹�Ò×�Ñ�Ð� ÓÑÔ�Ø �� π(V ) �Ø Ũ �Ò �×Ø ÙÒ �� π(U)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× Ö�×ÙÑÓÒ× Ð�× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ³ÓÒ

ÔÓÙÖÖ� ÓÒ×ÙÐØ�Ö ��Ò× Ð³�ÖØ�Ð� �ÅË¼¿℄º

�Ø�Ô� ½ � Ð³�Ü�×Ø�Ò� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ OpwΦ1
(p̂ǫ

�
) �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð p̂ǫ = p̃ǫ ◦ κ̃−1 �Ø Ø�Ð

ÕÙ� � ÙÒ O(�∞)¹ÔÖ�×¸ �Ð ×�Ø�×���Ø Ð�× Ö�Ð�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

OpwΦ1
(p̂ǫ�)A = AOpwΦ2

(p̃ǫ�) �Ø A∗OpwΦ1
(p̂ǫ�) = OpwΦ2

(p̃ǫ�)A,

�×Ø �××ÙÖ�� Ô�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½�º

�Ø�Ô� ¾ � Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� �� �Ø ÓÔ�Ö�Ø�ÙÖ ×� ���Ù�Ø �³ÙÒ �ÐÙÐº

ÈÖ����ÑÑ�ÒØ¸ ÓÒ � ���Ò� ÙÒ ÓÔ�Ö�Ø�ÙÖ Tφ1 : L2(R) −→ H�(C,Φ1) �××Ó�� � Ð� ØÖ�Ò×¹

�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 º ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ÓÒ×ØÖÙ�Ö� ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð�×

�×Ô��× �� �ÐÓÕÙ�Ø �Ø �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 ¸ �ÙØÖ�Ñ�ÒØ ��Ø ÓÒ ��Ö��

ÙÒ ÓÔ�Ö�Ø�ÙÖ B Ø�Ð ÕÙ� �

B : HJ (S
1 + iR,Φ1) −→ L2

J (S
1).

ÇÒ �ÒØÖÓ�Ù�Ø ÔÓÙÖ � ���Ö� ÕÙ�ÐÕÙ�× ÒÓØ�Ø�ÓÒ×º

�½



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÆÓØ�Ø�ÓÒ� ÓÒ ÒÓØ� k� Ð� ÒÓÝ�Ù �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á Tφ1 : L2(R) −→ H�(C,Φ1)

�××Ó��� � Ð� �ÓÒØ�ÓÒ φ1¸ �º�º ÔÓÙÖ ØÓÙØ u ∈ L2(R) �

Tφ1u(z) = cφ1�
−3/4

�

R

e−(1/2�)(z−x)2u(x)dx =

�

R

k�(z − x)u(x)dx,

�Ú� cφ1 ≥ 0 Ð� ÓÒ×Ø�ÒØ� �ÓÒÒ�� ��Ò× Ð� ���Ò�Ø�ÓÒ ¾º¾º½¼º

Ä³���Ó�ÒØ ÓÑÔÐ�Ü� T ∗
φ1

: L2
�
(C,Φ1) −→ L2(R) Ô�ÙØ ���Ð�Ñ�ÒØ ×� Ö��Ö�Ö� ×ÓÙ× Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ v ∈ L2
�
(C,Φ1) �

T ∗
φ1
v(x) = cφ1�

−3/4

�

C

e−(1/2�)(z−x)2e−2Φ1(z)/�v(z)L(dz),

=

�

C

k�(z − x)e−2Φ1(z)/�v(z)L(dz).

��Ò× Ð� ×Ù�Ø�¸ ÓÒ ���ÒØ��� Ð�× �ÓÒØ�ÓÒ× �� Ð³�×Ô�� L2
J
(S1) �Ú� ��× �ÓÒØ�ÓÒ× ÐÓ�Ð�Ñ�ÒØ

�� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ R �Ø �ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ�× �Ø ÓÒ ���Ø �� Ñ�Ñ� ÔÓÙÖ Ð�× �ÓÒØ�ÓÒ× ��

Ð³�×Ô�� HJ (S
1 + iR,Φ1)º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾¾ ´ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κφ1µº

½º Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1 �Ò�Ù�Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ B
∗ : L2

J
(S1) −→ HJ (S

1+iR,Φ1)

�ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

B∗u(z) =
�

R

k�(z − x)u(x)dx =

�

E

�

ν∈2πZ
k�(z − x+ ν)e(i/2π�)Jνu(x)dx,

Ó� E ⊂ R �×Ø ÙÒ �ÓÑ��Ò� �ÓÒ��Ñ�ÒØ�Ð ÔÓÙÖ Ð� Ö�×��Ù 2πZº

¾º Ä³���Ó�ÒØ ÓÑÔÐ�Ü� �� Ð³ÓÔ�Ö�Ø�ÙÖ B∗ �×Ø ���Ò� ÕÙ�ÒØ � ÐÙ� Ô�Ö �

Bv(x) =

�

E+iR

�

ν∈2πZ
k�(z − x+ ν)e(i/2π�)Jνe−2Φ1(z)/�v(z)L(dz),

=

�

C

k�(z − x)e−2Φ1(z)/�v(z)L(dz).

��Ò×� Ð� ÒÓÝ�Ù �� Ð³ÓÔ�Ö�Ø�ÙÖ B Ó�Ò��� �Ú� Ð� ÒÓÝ�Ù �� T ∗
φ1
Ð³���Ó�ÒØ �� Ð� ØÖ�Ò×¹

�ÓÖÑ�� �� ��Áº

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÓÒÒÓÒ× ÙÒ Ö�×ÙÑ� ��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ¹

×�Ø�ÓÒ ÕÙ³ÓÒ ØÖÓÙÚ� ��Ò× Ð³�ÖØ�Ð� �ÅË¼¿℄º

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ u ÙÒ� �ÓÒØ�ÓÒ �ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ�¸ Ð� �ÓÒØ�ÓÒ B∗u �×Ø

�Ù××� �ÐÓÕÙ�Ø¹Ô�Ö�Ó��ÕÙ� Ô�Ö ÙÒ ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� ��Ò× Ð³�ÒØ��Ö�Ð�º

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

B∗u(z) =
�

E

�

ν∈2πZ
k�(z − x+ ν)e(i/2π�)Jνu(x)dx,

�¾



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�Ò ÙØ�Ð�×�ÒØ Ð³���Ð�Ø� B∗u(x + ν) = e−(i/h)JνB∗u(x) ÔÙ�× �Ò Ö�Ñ�ÖÕÙ�ÒØ ÕÙ³�ÒØ��Ö�Ö ×ÙÖ R

Ö�Ú��ÒØ � �ÒØ��Ö�Ö ×ÙÖ Ð� �ÓÑ��Ò� E ÔÙ�× � ØÖ�Ò×Ð�Ø�Ö Ð³�ÒØ��Ö�Ð� Ô�Ö Ð� Ö�×��Ùº

�Ø�Ô� ¿ � ÓÒ �ÜÔÐÓ�Ø� � ÕÙ³ÓÒ � ���Ø ��Ò× Ð�× �Ø�Ô�× ÔÖ����ÒØ�× ÔÓÙÖ ÑÓÒØÖ�Ö Ð�× �ÓÖÑÙÐ�×

×ÙÖ Ð³���Ó�ÒØ Bº

�ÓÑÑ� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Á Tφ1 �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ÙÒ�Ø��Ö� �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

¾º¾º½½¸ �ÐÓÖ× ÓÒ �Ò ���Ù�Ø ÕÙ� B∗ �×Ø ���Ð�Ñ�ÒØ ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö�º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾¿ ´Ä� ØÖ�Ò×�ÓÖÑ�� B∗ �×Ø ÙÒ�Ø��Ö�µº

½º BB∗ = id ×ÙÖ L2
J
(S1) �

¾º B∗B = id ×ÙÖ HJ (S
1 + iR,Φ1)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× Ö�×ÙÑÓÒ× �� Ð�× �Ö�Ò��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ¹

×�Ø�ÓÒº ÍÒ� ��ÑÓÒ×ØÖ�Ø�ÓÒ ÔÐÙ× ��Ø��ÐÐ�� �� � Ö�×ÙÐØ�Ø ×� ØÖÓÙÚ� ��Ò× Ð³�ÖØ�Ð� �ÅË¼¿℄º

�Ø�Ô� ½ � BB∗ = id ×ÙÖ L2
J
(S1) ��ÓÙÐ� ��Ö�Ø�Ñ�ÒØ �� Ð³���Ð�Ø� � T ∗

φ1
Tφ1 = id ×ÙÖ L2(R)º

�Ø�Ô� ¾ � B∗B = id ×ÙÖ HJ (S
1 + iR,Φ1)º Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ���Ð�Ø� �×Ø ÔÐÙ×

ÓÑÔÐ�Ü�¸ ÔÓÙÖ ÓÑÑ�Ò�Ö ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ v ∈ L2
�
(C, e−2Φ1(w)/�L(dw))¸ ÓÒ � �

Tφ1T
∗
φ1
v(x) = C�

−1

�

C

e(2/�)ψ1(x,w)e−(2/�)Φ1(w)v(w)L(dw),

Ó� ψ1(x,w) = −1

8
(x− w)2 �Ø Ó� C �×Ø ÙÒ� ÓÒ×Ø�ÒØ� �Ò��Ô�Ò��ÒØ� �� �¸ ÔÓÙÖ �Ò ���Ù�Ö�

Ð³�Ò���Ð�Ø� ×Ù�Ú�ÒØ� ÔÓÙÖ v ∈ L2
�
(C, e−2Φ1(w)/�L(dw)) �

�Tφ1T
∗
φ1
v�2H�

≤ C2
�
−2�v�2L2

�

�

C

�

C

e−(1/2�)|x−w|2L(dw)L(dx) < +∞.

ü Ô�ÖØ�Ö �� Ð�¸ ÓÒ ÓÒ×���Ö� u ∈ HJ(S
1 + iR,Φ1) ÒÓÖÑ�Ð�×� �Ø ÓÒ ÑÓÒØÖ� ÕÙ³ÓÒ Ô�ÙØ

�ÔÔÖÓ��Ö Ð� �ÓÒØ�ÓÒ u Ô�Ö ÙÒ� ×Ù�Ø� �� �ÓÒØ�ÓÒ× (uR)R≥1 ∈ H�(C,Φ1) Ø�ÐÐ� ÕÙ� �

½º �uR�H�(C,Φ1) = O�(1)R �

¾º �u− uR�L2
�
(B(0,R/4),Φ1) = O�(1)e

−R2/C0� �Ú� C0 > 0 ÙÒ� ÓÒ×Ø�ÒØ�º

Ä� �ÓÒØ�ÓÒ uR �×Ø �ÓÒÒ�� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ x ∈ C �

uR(x) =
�

g(x) ⋆ χ
� x

R

��

χ
� x

R

�

u(x),

�Ú� �

� g(x) = e−(C/h)x2 Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ� ÕÙ³ÓÒ Ô�ÙØ �Ó�×�Ö ÓÑÑ� �Ð� ÒÓÙ×

�ÖÖ�Ò�� �

� χ
� x

R

�

ÙÒ� �ÓÒØ�ÓÒ �� ØÖÓÒ�ØÙÖ� ÕÙ� Ú�ÙØ 1 ×ÙÖ Ð� �ÓÙÐ� B

�

0,
R

2

�

�Ø 0 �Ò ���ÓÖ×

�� Ð� �ÓÙÐ� B(0, R)º

�Ò×Ù�Ø�¸ ÓÑÑ� uR ∈ H�(C,Φ1)¸ �ÐÓÖ× Tφ1T
∗
φ1
uR = uR �Ø ÓÒ �Ò ���Ù�Ø ÕÙ� B∗Bu = uº

ÇÒ � ���Ð�Ñ�ÒØ ÙÒ Ø��ÓÖ�Ñ� �³��ÓÖÓÚ ��Ò× Ð� ��Ö� ��× �×Ô��× �� �ÓÒØ�ÓÒ× �ÐÓÕÙ�Ø¹

Ô�Ö�Ó��ÕÙ�× ÕÙ³ÓÒ Ô�ÙØ ���Ù�Ö� �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿º

�¿



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ HJ(S
1 + iR,Φ1)µº ËÓ�Ø

Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2

J
(S1) �Ø ×�Ø�×���×�ÒØ Ð�×

�ÝÔÓØ��×�× ´�³µ � ´�³µº ËÓ�Ø OpwΦ1
(p̃ǫ

�
) = B∗ ◦ Opw(pǫ

�
) ◦Bº �ÐÓÖ× �

½º OpwΦ1
(p̃ǫ

�
) : HJ (S

1 + iR,Φ1, m̃) −→ HJ (S
1 + iR,Φ1) �×Ø ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö

Ö�ÔÔÓÖØ �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ ´ÔÓÙÖ � < 1 �Ø ǫ < ǫ0

Ó� ǫ0 �×Ø ÙÒ Ö��Ð ÔÓ×�Ø�� �Ü�µ �Ø m̃ = m◦κ−1
φ1
�×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ Ð³�Ò×�Ñ�Ð� �

ΛΦ1 =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ1

∂y
(y) = −ℑ(y)

�

;

¾º OpwΦ1
(p̃ǫ

�
) �×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� �

OpwΦ1
(p̃ǫ�)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η p̃ǫ�

�

x+ y

2
, η

�

u(y)dydη,

Ó� Γ(x) =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ1

∂x

�

x+ y

2

�

= −ℑ
�

x+ y

2

��

�Ø Ó� Ð� ×ÝÑ�ÓÐ�

p̃ǫ
�
�×Ø �ÓÒÒ� Ô�Ö p̃ǫ

�
= pǫ

�
◦ κ−1

φ1
º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ×ÙÖ Ð³�×Ô�� HJ(S
1 + iR,Φ2)µº �Ú�

Ð�× ÒÓØ�Ø�ÓÒ× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾�¸ ×Ó�Ø Φ2 ÙÒ� �ÓÒØ�ÓÒ �� Ð�××� C1,1(S1+iR;R) ÔÖÓ��

�� Φ1 ��Ò× Ð� ×�Ò× Ó� Φ2 = Φ1 + f �Ú� f ∈ C1,1
0 (S1 + iR;R) ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� Ð�×

ÒÓÖÑ�× �∇f�L∞ �Ø �∇2f�L∞ ×Ó��ÒØ ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø�×º

�ÐÓÖ× OpwΦ1
(p̃ǫ

�
) : HJ(S

1 + iR,Φ2, m̃) −→ HJ(S
1 + iR,Φ2) �×Ø ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö

Ö�ÔÔÓÖØ �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø �Ù Ô�Ö�Ñ�ØÖ� ǫ ´ÔÓÙÖ � < 1 �Ø ǫ < ǫ0 Ó� ǫ0 �×Ø ÙÒ

Ö��Ð ÔÓ×�Ø�� �Ü�µº

ÈÓÙÖ Ö�×ÙÑ�Ö¸ ÓÒ � Ð� ����Ö�ÑÑ� ×Ù�Ú�ÒØ ´�Ú� Ð�× ÒÓØ�Ø�ÓÒ× ��× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º½� �Ø

¾º¾º¾�µ �

L2(S1) ��

B∗

��

L2
J
(S1)

B∗

��
H�(S

1+iR,Φ1)

H�(S
1 + iR,Φ2) A

�� HJ (S
1 + iR,Φ1)

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� � Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ���××�ÒØ ×ÙÖ L2(S1) ÓÒ Ó�Ø��ÒØ

ÙÒ ÓÔ�Ö�Ø�ÙÖ �

OpwΦ1
(p̃ǫ�) = B∗Opw(pǫ�)B : H�(S

1 + iR,Φ2) −→ H�(S
1 + iR,Φ2).

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ A �×Ø �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̃ : ΛΦ2 �−→ ΛΦ1 �Ø ÕÙ�

Ð³ÓÔ�Ö�Ø�ÙÖ B �×Ø �××Ó�� � Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ−1
φ1

: ΛΦ1 �−→ S
1 × Rº ��Ò×� Ð� ØÖ�Ò×�ÓÖ¹

Ñ�Ø�ÓÒ κ−1
φ1

◦ κ̃ �ÒÚÓ�� Ð³�Ò×�Ñ�Ð� ΛΦ2 ×ÙÖ Ð³�Ò×�Ñ�Ð� S
1 × Rº È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ Ó�Ø��ÒØ

ÙÒ Ø��ÓÖ�Ñ� �³��ÓÖÓÚ �Ö ×� ÓÒ ÔÓ×� Ũ0 = BA¸ ÓÒ � ÙÒ� �ÕÙ�Ú�Ð�Ò� �ÒØÖ� ÙÒ ÓÔ�Ö�Ø�ÙÖ

Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� H�(π(U),Φ2) �Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ���Ò� ��Ò× ÙÒ ÚÓ�×�Ò��� �� Ĩ = cst ��Ò× S
1 × R �Ø ���××�ÒØ ×ÙÖ Ð³�×Ô��

L2
J(S

1)º �ÙØÖ�Ñ�ÒØ ��Ø¸ Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ÓÒ � �

Ũ0OpwΦ2
(p̃ǫ�) = Opw(gǫ)

�

�

i

∂

∂θ̃

�

Ũ0 + O(�),

Ó� gǫ �×Ø Ð� �ÓÒØ�ÓÒ �ÓÒÒ�� Ô�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º� �Ø Ó� Opw(gǫ) �×Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� gǫ(Ĩ) ×ÙÖ Ð³�×Ô�� L2
J(S

1)º

ÇÒ Ô�ÙØ Ö�×ÙÑ�Ö � ÕÙ³ÓÒ � ���Ø ��Ò× � Ô�Ö��Ö�Ô�� Ô�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ−1
φ1

◦ κ̃µº ÁÐ �Ü�×Ø� ÙÒ ÓÔ�Ö�Ø�ÙÖ
Ũ0 : H�(S

1 + iR,Φ2) −→ L2
J
(S1) Ø�Ð ÕÙ� �

½º Ũ0 �×Ø ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö Ö�ÔÔÓÖØ �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �

¾º Ũ0 �×Ø ÓÒ�ÒØÖ� ×ÙÖ graph(κ
−1
φ1

◦ κ̃) �
¿º Ũ0 �×Ø Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ÙÒ�Ø��Ö� ��Ò× Ð� ×�Ò× ×Ù�Ú�ÒØ �

´�µ ÔÓÙÖ ØÓÙØ� �ÓÒØ�ÓÒ χ1 ∈ C∞
0 (Vois(Ĩ = cst;S1 × R)) �Ò��Ô�Ò��ÒØ� �Ù Ô�Ö�Ñ�ØÖ�

�¸ ÓÒ � �

�

Ũ0Ũ
∗
0 − id

�

Opw(χ1) = O(�∞) : L2
J(S

1) −→ L2
J(S

1);

´�µ ÔÓÙÖ ØÓÙØ� �ÓÒØ�ÓÒ χ2 ∈ C∞
0 (Vois(π(U); ΛΦ2)) �Ò��Ô�Ò��ÒØ� �Ù Ô�Ö�Ñ�ØÖ� �¸ ÓÒ

� �
�

Ũ∗
0 Ũ0 − id

�

OpwΦ2
(χ2) : L

2
�(S

1 + iR,Φ2) −→ L2
�(S

1 + iR,Φ2);

Ó� OpwΦ2
(χ2) ��×��Ò� Ð� ÕÙ�ÒØ���Ø�ÓÒ ÓÑÔÐ�Ü� �Ù ×ÝÑ�ÓÐ� χ2 ÕÙ� �×Ø ���Ò��

Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� �Ò Ö�ÑÔÐ���ÒØ Ð� ÓÒØÓÙÖ �³�Ò¹

Ø��Ö�Ø�ÓÒ Ô�Ö �ÐÙ� ÕÙ� ×Ù�Ø �

Γ(x) =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ2

∂x

�

x+ y

2

�

+
i

C

x− y

�x− y�

�

.

�º Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ¸ ÓÒ � �

Ũ0OpwΦ2
(p̃ǫ�) = Opw(gǫ)

�

�

i

∂

∂θ̃

�

Ũ0 + O(�),

Ó� gǫ �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫ �Ø �ÓÒØ

Ð� Ö��ÔÖÓÕÙ� �×Ø Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ E �−→ Ĩ(E)º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �Ð� ×��Ò��� �







Opw(χ1)
�

Ũ0OpwΦ2
(p̃ǫ�) −Opw(gǫ)Ũ0

�

= O(�),
�

Ũ0OpwΦ2
(p̃ǫ�) − Opw(gǫ)Ũ0

�

OpwΦ2
(χ2) = O(�);

Ó� Ð�× ×ÝÑ�ÓÐ�× χ1 �Ø χ2 ×ÓÒØ �Ó�×�× ÓÑÑ� ��Ò× Ð³�××�ÖØ�ÓÒ ¿º

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÇÒ Ô�ÙØ �Ñ�Ð�ÓÖ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÔÖ����ÒØ� �Ò ÙØ�Ð�×�ÒØ ÙÒ� Ñ�Ø�Ó�� �Ø�Ö�Ø�Ú� �Ø ��Ò×�

Ó�Ø�Ò�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ−1
φ1

◦ κ̃µº ÁÐ �Ü�×Ø� ÙÒ ÓÔ�Ö�Ø�ÙÖ
Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ÙÒ�Ø��Ö� Ũ : H�(S

1 + iR,Φ2) −→ L2
J
(S1) Ø�Ð ÕÙ� Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ¸ ÓÒ � �

ŨOpwΦ2
(p̃ǫ�) = Opw(gǫ�)

�

�

i

∂

∂θ̃

�

Ũ + O(�∞),

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �Ø �ÓÒØ Ð�

ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� gǫ �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ

E �−→ Ĩ(E)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø Ũ0 Ð³ÓÔ�Ö�Ø�ÙÖ ���Ò� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾�¸ ×� ÓÒ ÒÓØ� S0 := Opw(gǫ)¸

�ÐÓÖ× ÓÒ � �

Ũ0OpwΦ2
(p̃ǫ�) = S0Ũ0 + O(�) =: (S0 + �R1)Ũ0. ´�¾º¿µ

ÆÓÙ× �ÐÐÓÒ× ÑÓ����Ö Ð³ÓÔ�Ö�Ø�ÙÖ Ũ0 ÔÓÙÖ Ó�Ø�Ò�Ö Ð� Ö�×ÙÐØ�Øº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ��Ö��

�³��ÓÖ� ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö� V Ø�Ð ÕÙ� �

V (Ũ0OpwΦ2
(p̃ǫ�)) = (S0 + �S1)V Ũ0 + O(�2), ´�¾º�µ

�Ú� S1 = Opw(gǫ1)

�

�

i

∂

∂θ̃

�

�Ø Ó� gǫ1 �×Ø ÙÒ� �ÓÒØ�ÓÒ � ��Ø�ÖÑ�Ò�Öº �³�ÔÖ�× Ð�× �ÕÙ�Ø�ÓÒ×

´�¾º¿µ �Ø ´�¾º�µ¸ ÓÒ Ú�ÙØ ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ V ×�Ø�×��××� Ð³�ÕÙ�Ø�ÓÒ ×Ù�Ú�ÒØ� �

V (Ũ0OpwΦ2
(p̃ǫ�)) = V (S0Ũ0 + �R1Ũ0) = (S0 + �S1)V Ũ0 + O(�2).

ÇÒ Ô�ÙØ Ö��Ö�Ö� �ØØ� �ÕÙ�Ø�ÓÒ ÓÑÑ� �¹��××ÓÙ× �

V S0Ũ0 + �V R1Ũ0 = S0V Ũ0 + �S1V Ũ0 + O(�2),

V S0 − S0V = �S1V − �V R1 + O(�2),

[V, S0] = �S1V − �V R1 + O(�2).

�Ò Ø�ÖÑ� �� ×ÝÑ�ÓÐ�× ÔÖ�Ò�Ô�ÙÜ¸ �Ð� ×��Ò��� �

1

i
{v(θ̃, Ĩ), s0(θ̃, Ĩ)} = v(θ̃, Ĩ)(s1(θ̃, Ĩ) − r1(θ̃, Ĩ)) ÔÓÙÖ (θ̃, Ĩ) ∈ (T ∗

S
1)C.

ËÓ�Ø v = eia¸ �ÐÓÖ× ÓÒ � �

1

i
{v, s0} =

1

i

�

∂eia

∂θ̃

∂s0

∂Ĩ
− ∂eia

∂Ĩ

∂s0

∂θ̃

�

=
1

i
ieia
�

∂a

∂θ̃

∂s0

∂Ĩ
− ∂a

∂Ĩ

∂s0

∂θ̃

�

= eia{a, s0}.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�ÓÒ eia{a, s0} = eia(s1− r1)¸ �º�º {a, s0} = s1− r1º �� ÔÐÙ×¸ ÓÒ ×��Ø ÕÙ� s0 = gǫ(Ĩ)¸ �ÓÒ �

s1 − r1 = {a, gǫ(Ĩ)} =
∂a

∂θ̃

dgǫ

dĨ
�º�º

∂a

∂θ̃
=

�

dgǫ

dĨ

�−1

(s1 − r1). ´�¾º�µ

�ÓÑÑ� {a, s0} = s1 − r1¸ �ÐÓÖ× �

s1 =
1

2π

�

r1dθ̃. ´�¾º�µ

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ Ô�ÙØ ��Ø�ÖÑ�Ò�Ö Ð� �ÓÒØ�ÓÒ s1 �Ò ÙØ�Ð�×�ÒØ Ð³�ÕÙ�Ø�ÓÒ ´�¾º�µ �Ø ∂θ̃a �Ò

ÙØ�Ð�×�ÒØ Ð³�ÕÙ�Ø�ÓÒ ´�¾º�µº �Ò×Ù�Ø�¸ ÓÑÑ�
�

∂θ̃adθ̃ = 0¸ ÓÒ Ô�ÙØ ���Ò�Ö Ð� �ÓÒØ�ÓÒ aº ÇÒ

Ó�Ø��ÒØ ��Ò×� �

(V Ũ0)OpwΦ2
(p̃ǫ�) =:

�

Opw(gǫ + �gǫ1)

�

�

i

∂

∂θ̃

�

+ �
2R2

�

(V Ũ0).

ÇÒ Ö��Ø�Ö� �Ò×Ù�Ø� � ÔÖÓ�××Ù× �Ú� Ð³ÓÔ�Ö�Ø�ÙÖ W = Id+�V � ÕÙ� �ÓÒÒ� Ð� Ö�×ÙÐØ�Øº

¾º¾º¾º¿ ËÔ�ØÖ� �Ø ÔÖÓ�Ð�Ñ�× �� �ÖÙ×��Ò

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) � Ð³���� �Ù ×Ô�ØÖ�

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) �Ø �� �ÐÙ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2

(p̃ǫ
�
)º ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö ���Ö�

ÙÒ Ð��Ò �ÒØÖ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �Ø Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1

(p̃ǫ
�
)º

Ê�Ñ�ÖÕÙ� ¾º¾º¾�º ËÓ��ÒØ H1 �Ø H2 ��ÙÜ �×Ô��× �� À�Ð��ÖØº ËÓ��ÒØ P� : H1 −→ H1 �Ø

P̃� : H2 −→ H2 ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×º ËÓ�Ø U : H1 −→ H2 ÙÒ ÓÔ�Ö�Ø�ÙÖ

ÙÒ�Ø��Ö� Ø�Ð ÕÙ� P� = U∗P̃�U º �ÐÓÖ× σ(P�) = σ(P̃�)º

ÇÒ Ô�ÙØ ���Ù�Ö� �� Ð� Ö�Ñ�ÖÕÙ� ¾º¾º¾� ÙÒ Ð��Ò �ÒØÖ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)

�Ø �ÐÙ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1
(p̃ǫ

�
)º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� ´ËÔ�ØÖ� �� Opw(pǫ
�
) �Ø ×Ô�ØÖ� �� OpwΦ1

(p̃ǫ
�
)µº ËÓ��ÒØ Opw(pǫ

�
) �Ø

OpwΦ1
(p̃ǫ

�
) Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���Ò�× ÔÖ����ÑÑ�ÒØº

�ÐÓÖ× ÓÒ � � σ(Opw(pǫ
�
)) = σ(OpwΦ1

(p̃ǫ
�
))º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÁÐ �Ü�×Ø� ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ�Ø��Ö� B∗ : L2(S1) −→ H�(S
1 + iR,Φ1) Ø�Ð ÕÙ�

OpwΦ1
(p̃ǫ

�
) = B∗Opw(pǫ

�
)B¸ Ô�Ö ÓÒ×�ÕÙ�ÒØ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1

(p̃ǫ
�
) �×Ø ���Ð �Ù

×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)º

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ��Ö�Ö� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) �Ò ÙØ�Ð�×�ÒØ Ð� ÓÒ¹

Ò��××�Ò� ÕÙ³ÓÒ � �Ù ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)º ÈÓÙÖ � ���Ö�¸ ÓÒ ×Ù�Ø Ð�× Ñ�Ø�Ó��×

ÙØ�Ð�×��× ��Ò× Ð�× �ÖØ�Ð�× �ÀË¼�¸ ÅË¼¿℄ ×�Ù� ÕÙ� ��Ò× ÒÓØÖ� �×¸ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) Ó�Ø�ÒÙ

Ô�Ö ÓÒ�Ù���×ÓÒ � Ô�ÖØ�Ö �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) �×Ø ÔÐÙ× ���Ð� � Ñ�Ò�ÔÙÐ�Öº ÈÐÙ× ÔÖ��×�¹

Ñ�ÒØ¸ ÓÒ Ú�ÙØ ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ��Ò× Ð� Ö�Ø�Ò�Ð� ×Ù�Ú�ÒØ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

,

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÔÓÙÖ E0 ∈ R¸ Ó� ǫ0 > 0 �×Ø ÙÒ Ô�Ö�Ñ�ØÖ� �Ü� ×Ù�×�ÑÑ�ÒØ Ô�Ø�Øº ÆÓÙ× �ÐÐÓÒ× �ÓÒ ÙØ�Ð�×�Ö

�� Ð³�Ò�ÐÝ×� Ñ�ÖÓ¹ÐÓ�Ð� ��Ò× ÙÒ ÚÓ�×�Ò��� �� {p̃ǫ
�
= E} Ó� E ∈ RC,ǫ0 º

ÆÓØ�Ø�ÓÒ×�

� Λ̃ǫ
E = {(y, η) ∈ ΛΦ2 ; p̃

ǫ(y, η) = pǫ ◦ κ−1
φ1

(y, η) = E} ´Ó� Ð� �ÓÒØ�ÓÒ Φ2 �×Ø Ø�ÐÐ� ÕÙ�

Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λ̃ǫ
E ÓÒØ��ÒØ κφ1(Λ

ǫ
E)µ �

� ×Ó�Ø I0 ∈ R Ð� ÓÒ×Ø�ÒØ� Ø�ÐÐ� ÕÙ� (κ−1
φ1

◦ κ̃)(Λ̃E0) = {Ĩ = I0} Ó� �

Λ̃E0 = {(y, η) ∈ ΛΦ1 ; p̃
ǫ(y, η)|ǫ=0 = E0}.

ÇÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� ��× ÕÙ�×�¹Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)¸ �º�º �

Σ(ǫ, �) =

�

gǫ�

�

�k − J

2π

�

, k ∈ Z

�

∩RC,ǫ0 .

ÌÓÙØ �³��ÓÖ�¸ ÓÒ Ô�ÙØ �×Ø�Ñ�Ö Ð� ��×Ø�Ò� �ÒØÖ� ��ÙÜ �Ð�Ñ�ÒØ× �� Ð³�Ò×�Ñ�Ð� Σ(ǫ, �)º �Ò

���Ø¸ ×Ó�Ø z = gǫ
�

�

�k − J

2π

�

�Ø ×Ó�Ø z̃ = gǫ
�

�

�l − J

2π

�

�Ú� k, l ∈ Z �Ø k �= lº ÇÒ ×ÙÔÔÓ×�

ÕÙ� z, z̃ ∈ Σ(ǫ, �)º �ÐÓÖ× �

|z − z̃| ≥ �|k − l|
O(1)

.

ËÓ�Ø �

δ� =
1

4
inf
k �=l

dist

�

gǫ�

�

�k − J

2π

�

, gǫ�

�

�l − J

2π

��

>
�

O(1)
;

�Ø ÓÒ×���ÖÓÒ× Ð� ��Ñ�ÐÐ� �� ��×ÕÙ�× ÓÙÚ�ÖØ× ×Ù�Ú�ÒØ� �

Ωk(�) =

�

z ∈ RC,ǫ0 ;

�

�

�

�

z − gǫ�

�

�k − J

2π

��

�

�

�

< δ�

�

.

Ê�Ñ�ÖÕÙ� ¾º¾º¿¼º Ä�× �Ò×�Ñ�Ð�× Ωk(�) ×ÓÒØ ��×�Ó�ÒØ× ´�Ö Ð� ��×Ø�Ò� �ÒØÖ� ��ÙÜ �Ð�Ñ�ÒØ×

�� Ð³�Ò×�Ñ�Ð� Σ(ǫ, �) �×Ø ×ÙÔ�Ö��ÙÖ� � δ�µº

ÇÒ ×ÓÙ���Ø� ÑÓÒØÖ�Ö ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø

ÓÒØ�ÒÙ ��Ò× Ð³ÙÒ�ÓÒ ��× ��×ÕÙ�× Ωk(�)º È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ ÓÒ×���Ö� Ð³�ÕÙ�Ø�ÓÒ ×Ù�Ú�ÒØ�

ÔÓÙÖ z ∈ RC,ǫ0 �

(OpwΦ2
(p̃ǫ�) − z)u = v �Ú� u, v ∈ H�(S

1 + iR,Φ2). ´�¾º�µ

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð� �ÓÒØ�ÓÒ Φ2 �×Ø ���Ò�� ÐÓ�Ð�Ñ�ÒØ ��Ò× ÙÒ ÚÓ�×�Ò��� �Ù Ð��Ø κφ1(γE)

��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½�º ÇÒ �Ø�Ò� Ñ��ÒØ�Ò�ÒØ �ØØ� �ÓÒØ�ÓÒ ×ÙÖ S1 + iR �� Ø�ÐÐ� ×ÓÖØ�

ÕÙ³�ÐÐ� Ö�×Ø� ÔÖÓ�� �� Ð� �ÓÒØ�ÓÒ Φ1 �Ø ���Ð� � Φ1 �Ò ���ÓÖ× �³ÙÒ ÚÓ�×�Ò��� �� κφ1(γE)º

ÇÒ Ô�ÙØ ���� ÑÓÒØÖ�Ö ÙÒ� ÔÖ�Ñ��Ö� ÔÖÓÔÖ��Ø� ×ÙÖ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
)

ÓÒ�ÖÒ�ÒØ Ð� ÐÓ�Ð�×�Ø�ÓÒ ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×º

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿½ ´ÈÖÓÔÖ��Ø� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
)µº �Ò ���ÓÖ× �³ÙÒ Ô�Ø�Ø ÚÓ�×�Ò���

�� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λ̃ǫ
E ��Ò× Ð³�Ò×�Ñ�Ð� ΛΦ2¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|ℜ(p̃ǫ�(y, η) − E)| > 1

C
.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÌÓÙØ �³��ÓÖ�¸ ÑÓÒØÖÓÒ× ÕÙ³�Ò ���ÓÖ× �³ÙÒ Ô�Ø�Ø ÚÓ�×�Ò��� �� Ð³�Ò×�Ñ�Ð�

�� Ò�Ú��Ù Λ̃ǫ
E ��Ò× Ð³�Ò×�Ñ�Ð� ΛΦ2 ¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|p̃ǫ�(y, η) − E| > 1

C
.

È�Ö ���Ò�Ø�ÓÒ¸ ÓÒ � �

Λ̃ǫ
E = {(y, η) ∈ ΛΦ2 ; p̃

ǫ(y, η) = E},
= {(y, η) ∈ ΛΦ2 ; |p̃ǫ(y, η) − E| = 0} .

�ÓÒ¸ ÔÓÙÖ (y, η) /∈ V ÙÒ Ô�Ø�Ø ÚÓ�×�Ò��� �� Λ̃ǫ
E ��Ò× ΛΦ2 ¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C1 > 0

Ø�ÐÐ� ÕÙ� �

|p̃ǫ(y, η) − E| > 1

C1
.

�� ÔÐÙ×¸ �³�ÔÖ�× Ð³�ÝÔÓØ��×� ´�³µ¸ ÔÓÙÖ (y, η) ∈ ΛΦ2 ¸ ÓÒ � �

|p̃ǫ(y, η)| ≥ 1

C
m̃(ℜ(η)), ÔÓÙÖ |y, η| ≥ C.

ËÓ�Ø K = {(y, η) ∈ ΛΦ2 ; |(y, η)| ≤ C}º ÇÒ ×ÙÔÔÓ×� ÕÙ� Ð³�Ò×�Ñ�Ð� K �×Ø Ø�Ð ÕÙ� ÔÓÙÖ

(y, η) /∈ K¸ ÓÒ � � |E| ≤ 1

2C
m̃(ℜ(η))º ÇÒ ��×Ø�Ò�Ù� ��ÙÜ �× �

� ×Ó�Ø (y, η) /∈ V �Ø (y, η) ∈ K¸ �ÐÓÖ× Ô�Ö ÓÒØ�ÒÙ�Ø� �

|p̃ǫ(y, η) − E|
m̃(ℜ(η))

�= 0,

�ÓÒ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|p̃ǫ(y, η) − E|
m̃(ℜ(η))

≥ 1

C
�º�º |p̃ǫ(y, η) − E| ≥ 1

C
m̃(ℜ(η));

� ×Ó�Ø (y, η) /∈ V �Ø (y, η) /∈ K¸ �ÐÓÖ× Ô�Ö �ÐÐ�ÔØ��Ø�¸ ÓÒ � �

|p̃ǫ(y, η)| ≥ 1

C
m̃(ℜ(η)),

�ÓÒ �

|p̃ǫ(y, η) − E| ≥ |p̃ǫ(y, η)| − |E| ≥ 1

C
m̃(ℜ(η)) − 1

2C
m̃(ℜ(η)) =

1

2C
m̃(ℜ(η)).

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÔÓÙÖ (y, η) /∈ V ¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|p̃ǫ(y, η) − E| ≥ 1

2C
m̃(ℜ(η)).

ÇÒ ÒÓØ� r̃ǫ
�
Ð� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� p̃ǫ

�
(y, η) = p̃ǫ(y, η) + �r̃ǫ

�
(y, η)º ��Ò×�¸ ÔÓÙÖ (y, η) /∈ V ¸ ÓÒ

� �

|p̃ǫ�(y, η) − E| = |p̃ǫ�(y, η) − p̃ǫ(y, η) + p̃ǫ(y, η) − E|,
≥ |p̃ǫ(y, η) − E| − |p̃ǫ�(y, η) − p̃ǫ(y, η)|,

≥ 1

2C
m̃(ℜ(η)) − |�rǫ�(y, η)| ,

≥ 1

2C
m̃(ℜ(η)) − �Cm̃(ℜ(η)) �³�ÔÖ�× Ð³�ÝÔÓØ��×� ´�³µ¸

=

�

1

2C
− �C

�

m̃(ℜ(η)).

�ÓÒ¸ ÔÓÙÖ (y, η) /∈ V ¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|p̃ǫ�(y, η) −E| > 1

C
.

ËÓ�Ø U =

�

z ∈ C; |z − E| < 1

C

�

ÙÒ ÚÓ�×�Ò��� ÓÙÚ�ÖØ �� E ��Ò× Cº ÇÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð�

×Ù�Ú�ÒØ �

(p̃ǫ�)
−1(U) = {(y, η) ∈ ΛΦ2 ; p̃

ǫ
�(y, η) ∈ U}.

�ÓÑÑ� p̃ǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ ÓÒØ�ÒÙ� �ÐÓÖ× (p̃ǫ

�
)−1(U) �×Ø ÙÒ �Ò×�Ñ�Ð� ÓÙÚ�ÖØº �� ÔÐÙ×¸

(p̃ǫ
�
)−1(U) ÓÒØ��ÒØ Ð³�Ò×�Ñ�Ð� Λ̃ǫ

E º �ÓÒ¸ (p̃
ǫ
�
)−1(U) �×Ø ÙÒ ÚÓ�×�Ò��� ÓÙÚ�ÖØ �� Λ̃ǫ

Eº ÇÒ

Ô�ÙØ �Ó�×�Ö Ð� ÚÓ�×�Ò��� U Ø�Ð ÕÙ� ×� (y, η) /∈ (p̃ǫ
�
)−1(U)¸ �ÐÓÖ× �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0

Ø�ÐÐ� ÕÙ� �

|ℜ(p̃ǫ�(y, η) − E)| > 1

C
.

ÇÒ �ÒØÖÓ�Ù�Ø Ñ��ÒØ�Ò�ÒØ ÙÒ� ÒÓØ�Ø�ÓÒ ÓÒ�ÖÒ�ÒØ Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü�

�³ÙÒ ×ÝÑ�ÓÐ� Ö��ÙÐ��Ö ×ÙÖ ΛΦ2 º

ÆÓØ�Ø�ÓÒ� ×Ó�Ø a ∈ C∞
b (ΛΦ2)º ÇÒ ÒÓØ� OpwΦ2

(a) Ð� ÕÙ�ÒØ���Ø�ÓÒ �Ù ×ÝÑ�ÓÐ� a ���Ò��¸

ÔÓÙÖ u ∈ H�(S
1 + iR,Φ2)¸ Ô�Ö �

OpwΦ2
(a)u(x) =

1

2π�

��

Γ(x)
e(i/�)(x−y)η ã

�

x+ y

2
, η

�

u(y)dydη,

Ó� Γ(x) =

�

(y, η) ∈ (T ∗
S
1)C; η =

2

i

∂Φ2

∂x

�

x+ y

2

�

+
i

C

x− y

�x− y�

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ¹

×Ø�ÒØ� �Ø Ó� ã �×Ø ÙÒ� �ÜØ�Ò×�ÓÒ ÔÖ�×ÕÙ� �ÓÐÓÑÓÖÔ�� �� aº

�¼



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� OpwΦ2
(a) : H�(S

1 + iR,Φ2) −→ H�(S
1 + iR,Φ2) � ÙÒ O(�∞)¹ÔÖ�×º

ËÓ�Ø Xpǫ|ǫ=0
Ð� ��ÑÔ �� Ú�Ø�ÙÖ× ��Ñ�ÐØÓÒ��Ò �××Ó�� � pǫ|ǫ=0º ËÓ�Ø X p̃ǫ|ǫ=0

Ð³�Ñ��� Ô�Ö

Ð� �ÓÒØ�ÓÒ κφ1 �Ù ��ÑÔ �� Ú�Ø�ÙÖ× Ö��Ð Xpǫ|ǫ=0
º ÇÒ ÓÒ×���Ö� ÙÒ� Ô�ÖØ�Ø�ÓÒ �� Ð³ÙÒ�Ø�

×ÙÖ ΛΦ2 �

1 = χ+ ψ+
1 + ψ−

1 ,

�Ú� �

½º χ ∈ C∞
0 (ΛΦ2) ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� Ø�ÐÐ� ÕÙ� χ = 1 ��Ò× ÙÒ ÚÓ�×�Ò��� �� Λ̃ǫ

E �Ø Ø�ÐÐ�

ÕÙ� ×ÓÒ ×ÙÔÔÓÖØ �×Ø ÓÒØ�ÒÙ ��Ò× ÙÒ Ô�Ø�Ø ÚÓ�×�Ò��� �� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù Λ̃ǫ
E Ó� �

ŨOpwΦ2
(p̃ǫ�)OpwΦ2

(χ) = Opw(gǫ�)ŨOpwΦ2
(χ) + O(�∞);

¾º ψ±
1 ∈ C∞

b (ΛΦ2) ÙÒ� �ÓÒØ�ÓÒ Ö��ÙÐ��Ö� � ×ÙÔÔÓÖØ ��Ò× Ð� Ö���ÓÒ �

±ℜ(p̃ǫ� − E) >
1

C
.

ÈÓÙÖ ÑÓÒØÖ�Ö Ð� Ô�ÖØ�Ò�Ò� �� �ØØ� Ô�ÖØ�Ø�ÓÒ �� Ð³ÙÒ�Ø�¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö �

ÕÙ�ÐÕÙ�× ÔÖÓÔÖ��Ø�× ��Ò× Ð�×ÕÙ�ÐÐ�× �ÐÐ� Ú� �ÒØ�ÖÚ�Ò�Öº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿¾ ´�×Ø�Ñ�Ø�ÓÒ ×ÙÖ Ð� ÒÓÖÑ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(1 − χ)µº

ËÓ��ÒØ u, v ∈ H�(S
1 + iR,Φ2) ×�Ø�×���×�ÒØ Ð³�ÕÙ�Ø�ÓÒ ´�¾º�µº �ÐÓÖ×¸ ÓÒ � Ð³�×Ø�Ñ�Ø�ÓÒ ×Ù�Ú¹

�ÒØ� �

�OpwΦ2
(1 − χ)u� ≤ O (1) �v� + O(�∞)�u�.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÐÐÓÒ× �ÓÒÒ�Ö Ð�× �Ö�Ò��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ¹

×�Ø�ÓÒº ��ØØ� ��ÑÓÒ×ØÖ�Ø�ÓÒ �×Ø �Ò�ÐÓ�Ù� � �ÐÐ� �� Ð³�ÖØ�Ð� �ÀË¼�℄ ÕÙ� �×Ø ���Ø� ��Ò× Ð� �×

�� Ð� ��Ñ�Ò×�ÓÒ ��ÙÜº

ÇÒ ÓÒ×���Ö� ÔÓÙÖ N ∈ N¸ ψ0 ≺ ψ1 ≺ . . . ≺ ψN �Ú� ψ0 = ψ+
1 ��× �ÓÒØ�ÓÒ× �� ØÖÓÒ�ØÙÖ�

��Ò× Ð³�×Ô�� C∞
0 (ΛΦ2 ; [0, 1]) � ×ÙÔÔÓÖØ ��Ò× ÙÒ� Ö���ÓÒ Ó� ℜ(p̃ǫ

�
− E) ∼ 1 �Ø ÓÒ ÑÓÒØÖ�

ÙÒ� ×�Ö�� �³�×Ø�Ñ�Ø�ÓÒ× ×ÙÖ �× �ÓÒØ�ÓÒ× ´ÓÒ ÒÓØ� f ≺ g ×� Ð� ×ÙÔÔÓÖØ �� Ð� �ÓÒØ�ÓÒ f �×Ø

�ÒÐÙ× ��Ò× Ð³�Ò×�Ñ�Ð� Ó� Ð� �ÓÒØ�ÓÒ g �×Ø ���Ð� � 1µº

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð� ×ÙÔÔÓÖØ �� Ð� �ÓÒØ�ÓÒ ψj ÕÙ� ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N �

[OpwΦ2
(p̃ǫ�),OpwΦ2

(ψj)] = O(�).

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð� ×ÙÔÔÓÖØ �� Ð� �ÓÒØ�ÓÒ ψj �Ø Ð� ���Ø ÕÙ� E ∈ RC,ǫ0 ÕÙ³�Ð

�Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ�¸ ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N �

�ℜ(OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(ψj)u|OpwΦ2
(ψj)u� ≥ 1

C
�OpwΦ2

(ψj)u�2.

�Ø�Ô� ¿ � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð�× �Ø�Ô�× ½ �Ø ¾ �Ø � Ð³���� �� Ð³�Ò���Ð�Ø� �� ��Ù�Ý¹

�½



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

Ë�Û�ÖØÞ ÕÙ� ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N �

�

��ℜ(OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(ψj)u|OpwΦ2
(ψj)u�

�

�

≤ O(1)�(OpwΦ2
(p̃ǫ�) − z)u��OpwΦ2

(ψj)u� + O(�)�OpwΦ2
(ψj+1)u�2 + O(�∞)�u�2.

�Ø�Ô� � � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð�× �Ø�Ô�× ¾ �Ø ¿ ÕÙ� ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N ¸ ÓÒ � �

1

C
�OpwΦ2

(ψj)u�2 ≤ O(1)�(OpwΦ2
(p̃ǫ�)−z)u��OpwΦ2

(ψj)u�+O(�)�OpwΦ2
(ψj+1)u�2+O(�∞)�u�2.

�Ø�Ô� � � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð³�Ø�Ô� � �Ø Ð³�Ò���Ð�Ø� �� �ÓÙÒ� ÕÙ� ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N ¸

ÓÒ � �

1

C
�OpwΦ2

(ψj)u�2 ≤ 1

2C
�OpwΦ2

(ψj)u�2+O(1)�(OpwΦ2
(p̃ǫ�)−z)u�2+O(�)�OpwΦ2

(ψj+1)u�2+O(�∞)�u�2.

�Ø�Ô� � � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð³�Ø�Ô� � ÕÙ� ÔÓÙÖ ØÓÙØ 0 ≤ j ≤ N ¸ ÓÒ � �

�OpwΦ2
(ψj)u�2 ≤ O(1)�(OpwΦ2

(p̃ǫ�) − z)u�2 + O(�)�OpwΦ2
(ψj+1)u�2 + O(�∞)�u�2.

�Ø�Ô� � � ÓÒ ÑÓÒØÖ� �Ò ÙØ�Ð�×�ÒØ Ð³�Ø�Ô� � �Ø ÙÒ� Ö�Ð�Ø�ÓÒ �� Ö�ÙÖÖ�Ò� ×ÙÖ Ð�× �ÓÒØ�ÓÒ×

ψj ÕÙ� ×� u, v ∈ H�(S
1 + iR,Φ2) Ú�Ö���ÒØ Ð³�ÕÙ�Ø�ÓÒ �¾º�¸ �ÐÓÖ× ÓÒ � �

�OpwΦ2
(ψ+

1 )u� ≤ O(1)�v� +O(�∞)�u�.

�Ò×Ù�Ø�¸ �³�ÔÖ�× Ð³�ÕÙ�Ø�ÓÒ ´�¾º�µ¸ ÓÒ � �

(OpwΦ2
(p̃ǫ�) − z)OpwΦ2

(χ)u = OpwΦ2
(χ)v + w �Ú� w = [OpwΦ2

(p̃ǫ�),OpwΦ2
(χ)]u. ´�¾º�µ

�ÓÑÑ� w �×Ø Ñ�ÖÓÐÓ�Ð�×� ��Ò× Ð� ×ÙÔÔÓÖØ �� [OpwΦ2
(p̃ǫ

�
),OpwΦ2

(χ)]¸ ÕÙ� �×Ø �Ò ���ÓÖ× �³ÙÒ

ÚÓ�×�Ò��� �� Λ̃ǫ
E¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö �Ò ÙØ�Ð�×�ÒØ Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿¾ ÕÙ� �

�w� ≤ O (�) �v� + O(�∞)�u�. ´�¾º�µ

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð³ÓÔ�Ö�Ø�ÙÖ Ũ � Ð³�ÕÙ�Ø�ÓÒ ´�¾º�µ¸ ÓÒ Ó�Ø��ÒØ �

Ũ((OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(χ)u) = Ũ(OpwΦ2
(χ)v + w),

ŨOpwΦ2
(p̃ǫ�)OpwΦ2

(χ)u− zŨOpwΦ2
(χ)u = ŨOpwΦ2

(χ)v + Ũw,

(Opw(gǫ�)Ũ + O(�∞))OpwΦ2
(χ)u− zŨOpwΦ2

(χ)u = ŨOpwΦ2
(χ)v + Ũw,

�Ö ŨOpwΦ2
(p̃ǫ

�
)OpwΦ2

(χ) = Opw(gǫ
�
)ŨOpwΦ2

(χ) + O(�∞) Ô�Ö ���Ò�Ø�ÓÒ �� Ð� Ô�ÖØ�Ø�ÓÒ ��

�¾



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

Ð³ÙÒ�Ø�º ��Ò×�¸ ÓÒ � �

(Opw(gǫ�)− z)ŨOpwΦ2
(χ)u = ŨOpwΦ2

(χ)v + Ũw + T∞u, ´�¾º½¼µ

Ó� T∞ = O(�∞) : H�(S
1 + iR,Φ2) −→ L2

J
(S1)º ÇÒ Ô�ÙØ �ÐÓÖ× ÑÓÒØÖ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ�

×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿¿ ´ÁÒÚ�Ö×���Ð�Ø� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)µº ËÓ�Ø z ∈ RC,ǫ0\

�

Ωk(�)º �ÐÓÖ×

Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)− z : L2

J(S
1) −→ L2

J(S
1) �×Ø Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ �ÒÚ�Ö×��Ð� ��Ò× Ð� Ö���ÓÒ

Ó� |Ĩ − I0| ≤
1

O(1)
´ÕÙ� ÓÖÖ�×ÔÓÒ� �Ù �ÓÑ��Ò� Ó� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ

�
) �×Ø ���Ò ���Ò�µ �Ø

�³�ÒÚ�Ö×� Ñ�ÖÓÐÓ�Ð �� ÒÓÖÑ� O
�

1

�

�

º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ ÑÓÒØÖ� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ �Ò �ÐÙÐ�ÒØ �� Ñ�Ò��Ö� �ÜÔÐ��Ø� Ð³�ÒÚ�Ö×� ��

Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) ÔÙ�× �Ò Ð³�×Ø�Ñ�ÒØº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿� ´�×Ø�Ñ�Ø�ÓÒ ×ÙÖ Ð� ÒÓÖÑ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(χ)µº

ËÓ�Ø z ∈ RC,ǫ0 \ �Ωk(�)º ËÓ��ÒØ u, v ∈ H�(S
1 + iR,Φ2) ×�Ø�×���×�ÒØ Ð³�ÕÙ�Ø�ÓÒ ´�¾º½¼µº

�ÐÓÖ×¸ ÓÒ � Ð³�×Ø�Ñ�Ø�ÓÒ ×Ù�Ú�ÒØ� �

�OpwΦ2
(χ)u� ≤ O(1)

�
�v� + O(�∞)�u�.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ ÑÙÐØ�ÔÐ� Ð³�ÕÙ�Ø�ÓÒ ´�¾º½¼µ Ô�Ö Ũ−1(Opw(gǫ
�
)− z)−1 ´Ó� Ũ−1 �×Ø Ð³�Ò¹

Ú�Ö×� Ñ�ÖÓÐÓ�Ð �� Ũ ÕÙ� �Ü�×Ø� ��Ò× Ð� �ÓÑ��Ò� �� Ð� �ÓÒØ�ÓÒ χµ¸ � ÕÙ� �ÓÒÒ� �

OpwΦ2
(χ)u = Ũ−1(Opw(gǫ�) − z)−1Ũ

�

OpwΦ2
(χ)v + w + Ũ−1T∞u

�

.

ÈÙ�× ÓÒ ÙØ�Ð�×� Ð³�×Ø�Ñ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿¿ ×ÙÖ Ð� ÒÓÖÑ� �� Ð³ÓÔ�Ö�Ø�ÙÖ (Opw(gǫ
�
)−z)−1¸

Ð³�×Ø�Ñ�Ø�ÓÒ ×ÙÖ w �Ø Ð� ���Ò�Ø�ÓÒ �� T∞ ÔÓÙÖ �Ò ���Ù�Ö� Ð³�Ò���Ð�Ø�º

ÇÒ Ô�ÙØ Ñ��ÒØ�Ò�ÒØ ���Ù�Ö� ��× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º¿¾ �Ø ¾º¾º¿�¸ Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿� ´ÁÒ��Ø�Ú�Ø� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − zµº ËÓ�Ø z ∈ RC,ǫ0 \�Ωk(�)¸

�ÐÓÖ× Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
)− z : H�(S

1 + iR,Φ2) −→ H�(S
1 + iR,Φ2) �×Ø �Ò��Ø��º

�� ÔÐÙ× Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) Ú�Ö��� ���Ð�Ñ�ÒØ ÙÒ� �ÙØÖ� ÔÖÓÔÖ��Ø�º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿� ´Ä³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − z �×Ø �� �Ö���ÓÐÑµº

Ä³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − z : H�(S

1 + iR,Φ2, m̃) −→ H�(S
1 + iR,Φ2) �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ��

�Ö���ÓÐÑ �³�Ò��� 0 ´�º�º ³�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �ÓÒØ Ð� ÒÓÝ�Ù �Ø Ð� ÓÒÓÝ�Ù ×ÓÒØ �� ��Ñ�Ò×�ÓÒ×

�Ò��× �Ø �× ��Ñ�Ò×�ÓÒ× ×ÓÒØ ���Ð�×µº

��ÑÓÒ×ØÖ�Ø�ÓÒº �Ö�� � Ð³�ÐÐ�ÔØ��Ø� �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð p̃ǫ¸ ÓÒ Ô�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ �ÒÚ�Ö×�

� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − z + K Ó� K �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ÓÑÔ�Øº ��Ò×�¸ ÓÒ Ó�Ø��ÒØ ÕÙ�

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
)− z +K �×Ø �� �Ö���ÓÐÑ �³�Ò��� 0 �Ø �Ð� ��ÑÓÒØÖ� ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ

OpwΦ2
(p̃ǫ

�
)− z �×Ø ���Ð�Ñ�ÒØ �� �Ö���ÓÐÑ �³�Ò��� 0º

�¿



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ÇÒ ���Ù�Ø ��× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º¿� �Ø ¾º¾º¿�¸ Ð� �Ö�Ø�Ö� ����Ø�� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
)−zº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿� ´����Ø�Ú�Ø� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − zµº ËÓ�Ø z ∈ RC,ǫ0 \�Ωk(�)¸

�ÐÓÖ× OpwΦ2
(p̃ǫ

�
) − z : H�(S

1 + iR,Φ2, m̃) −→ H�(S
1 + iR,Φ2) �×Ø ����Ø��º

ÇÒ Ô�ÙØ Ö�×ÙÑ�Ö � ÕÙ� ÒÓÙ× Ú�ÒÓÒ× �� ���Ö� �Ò ��×�ÒØ ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ��

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ÐÓ�Ð�×��× ��Ò× Ð�× ��×ÕÙ�× ÓÙÚ�ÖØ× Ωk(�)º

ÆÓÙ× ÓÒ�ÒØÖÓÒ× Ñ��ÒØ�Ò�ÒØ ÒÓØÖ� �ØØ�ÒØ�ÓÒ ×ÙÖ Ð³ÙÒ �� �× ��×ÕÙ�×¸ �ÓÒ ÓÒ ÓÒ×���Ö�

Ð�× ÓÙÔÐ�× (�, k) Ø�Ð ÕÙ� z ∈ Ωk(�)º ÇÒ ×ÓÙ���Ø� ÑÓÒØÖ�Ö ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× z ��

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ��Ò× Ωk(�) ×ÓÒØ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

z = gǫ�

�

�k − J

2π

�

+ O(�∞).

ÈÓÙÖ � ���Ö�¸ ÒÓÙ× �ÐÐÓÒ× �ØÙ���Ö ��ÙÜ ÔÖÓ�Ð�Ñ�× �� �ÖÙ×��Ò¸ ÙÒ ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖOpw(gǫ
�
)−z

�Ø Ð³�ÙØÖ� ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − z � ÓÒ Ö�ÔÔ�ÐÐ� Ð� ���Ò�Ø�ÓÒ �� � ÔÖÓ�Ð�Ñ� ´ÔÓÙÖ

ÔÐÙ× �� ��Ø��Ð× ×ÙÖ �Ø ÓÙØ�Ð¸ ÓÒ ÔÓÙÖÖ� �ÐÐ�Ö ÓÒ×ÙÐØ�Ö Ð³�ÖØ�Ð� �Ë�¼�℄µº

���Ò�Ø�ÓÒ ¾º¾º¿� ´ÈÖÓ�Ð�Ñ� �� �ÖÙ×��Òµº ÍÒ ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ÔÓÙÖ ÙÒ ÓÔ�Ö�Ø�ÙÖ

P : H1 −→ H2 �ÒØÖ� ��ÙÜ �×Ô��× �� À�Ð��ÖØ �×Ø ÙÒ ×Ý×Ø�Ñ� �

�

Pu+R−u− = v,

R+u = v+;

Ó� R− : H− −→ H2¸ R+ : H1 −→ H+¸ �Ú� H−,H+ ��ÙÜ �×Ô��× �� À�Ð��ÖØ �Ø Ó�

(u, u−) ∈ H1 × H−¸ (v, v+) ∈ H2 × H+º Ä� Ñ�ØÖ�� �Ù ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò �×Ø ���Ò��

Ô�Ö �

P :=

�

P R−
R+ 0

�

: H1 × H− −→ H2 × H+.

ÌÓÙØ �³��ÓÖ�¸ ÓÒ ÓÒ×���Ö� ÙÒ ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)− zº ��

ÔÖÓ�Ð�Ñ� �×Ø �ÐÓ��Ð�Ñ�ÒØ ���Ò� ×� ÓÒ ÓÒ×���Ö� ÙÒ� �ÜØ�Ò×�ÓÒ �� Ð� �ÓÒØ�ÓÒ gǫ
�
Ø�ÐÐ� ÕÙ�

×� Ô�ÖØ�� Ö��ÐÐ� ÖÓ�Ø ÓÙ ��ÖÓ�Ø Ô�ÖØÓÙØ �Ø �×Ø ÓÒ×Ø�ÒØ� �Ù ÚÓ�×�Ò��� �� Ð³�Ò�Ò�º �� �ØØ�

���ÓÒ¸ ÓÒ Ò³��ÓÙØ� Ô�× �� ÒÓÙÚ�ÐÐ�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �Ø Ð�× Ú�Ð�ÙÖ×

ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) ×ÓÒØ ×�ÑÔÐ�×º

ËÓ�Ø (el)l∈Z ÙÒ� ��Ñ�ÐÐ� �� �ÓÒØ�ÓÒ× Ó� ÔÓÙÖ l ∈ Z �Ø θ̃ ∈ [0, 2π] ÓÒ � �

el(θ̃) = e(i/2π�)(2π�l−J)θ̃ = eilθ̃e−(i/2π�)Jθ̃.

��ØØ� ��Ñ�ÐÐ� �� �ÓÒØ�ÓÒ× (el)l∈Z �ÓÖÑ� ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Ð³�×Ô�� L2
J
(S1)º ËÓ��ÒØ

R̂+ �Ø R̂− Ð�× ÓÔ�Ö�Ø�ÙÖ× ×Ù�Ú�ÒØ× �

R̂+ : L2
J (S

1) −→ C R̂− : C −→ L2
J (S

1),

u �−→ �u|ek� ũ �−→ ũek.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÇÒ ×³�ÒØ�Ö�××� �Ù ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ×Ù�Ú�ÒØ¸ ÔÓÙÖ (u, ũ) �Ø (v, ṽ) ∈ L2
J(S

1)× C �

�

(Opw(gǫ�)− z)u+ R̂−ũ = v,

R̂+u = ṽ.
´�¾º½½µ

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿� ´ÈÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)− zµº ËÓ�Ø �

S =

�

Opw(gǫ
�
)− z R̂−

R̂+ 0

�

: L2
J (S

1)× C −→ L2
J (S

1) ×C.

�ÐÓÖ× Ð³ÓÔ�Ö�Ø�ÙÖ S ��Ñ�Ø ÙÒ �ÒÚ�Ö×� ���Ò� Ô�Ö �

Ê =

�

Ê(z) Ê+

Ê− Ê−,+(z)

�

,

�Ú� �

½º Ê+ = R̂− �

¾º Ê− = R̂+ �

¿º Ê−,+(z) = z − gǫ
�

�

�k − J

2π

�

º

�� ÔÐÙ×¸ Ð�× ÓÑÔÓ×�ÒØ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Ê ×�Ø�×�ÓÒØ Ð�× �×Ø�Ñ�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

´�µ Ê(z) =
O(1)

�
: L2

J
(S1) −→ L2

J
(S1) �

´��µ Ê+ = O(1) : C −→ L2
J
(S1) �

´���µ Ê− = O(1) : L2
J
(S1) −→ C �

´�Úµ Ê−,+(z) = O(�) : C −→ Cº

�� ÔÐÙ×¸ ÔÓÙÖ ØÓÙ× (u, ũ), (v, ṽ) ∈ L2
J
(S1)×C ×�Ø�×���×�ÒØ S(u, ũ) = (v, ṽ)¸ ÓÒ � Ð³�×Ø�Ñ�Ø�ÓÒ

ÕÙ� ×Ù�Ø �

��u�L2
J

+ |ũ| ≤ O(1)(�v�L2
J

+ �|ṽ|). ´�¾º½¾µ

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ �ÒÚ�Ö×� Ð� ×Ý×Ø�Ñ� S(u, ũ) = (v, ṽ) �Ú� (u, ũ), (v, ṽ) ∈ L2
J
(S1) × C

�Ò ÙØ�Ð�×�ÒØ Ð� ��×� ÓÖØ�ÓÒÓÖÑ�� (el)l∈Z �Ø Ð³�ÜÔÖ�××�ÓÒ �ÜÔÐ��Ø� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
)

ÔÓÙÖ Ó�Ø�Ò�Ö Ð³�ÜÔÖ�××�ÓÒ �� Ê º �Ò×Ù�Ø�¸ Ð�× �×Ø�Ñ�Ø�ÓÒ× ´�µ¸ ´��µ¸ ´���µ �Ø ´�Úµ ×� ���Ù�×�ÒØ

��Ö�Ø�Ñ�ÒØ �� ½º¸ ¾º �Ø ¿º ØÓÙ�ÓÙÖ× �Ò ÙØ�Ð�×�ÒØ Ð� �Ö�Ø�Ö� ÓÖØ�ÓÒÓÖÑ� �� Ð� ��Ñ�ÐÐ� (el)l∈Zº

�Ò�Ò¸ Ð³�×Ø�Ñ�Ø�ÓÒ ´�¾º½¾µ ×� ���Ù�Ø ��× �×Ø�Ñ�Ø�ÓÒ× ´�µ¸ ´��µ¸ ´���µ �Ø ´�Úµº

ÇÒ ×³�ÒØ�Ö�××� Ñ��ÒØ�Ò�ÒØ � ÙÒ ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − zº

ÇÒ ÓÒ×���Ö� Ð�× ÓÔ�Ö�Ø�ÙÖ× ÕÙ� ×Ù�Ú�ÒØ¸ ÔÓÙÖ ØÓÙØ ÓÙÔÐ� (�, k) Ø�Ð ÕÙ� z ∈ Ωk(�) �

R+ : H�(S
1 + iR,Φ2) −→ C,

u �−→ R̂+ŨOpwΦ2
(χ)u = �ŨOpwΦ2

(χ)u|ek�

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

�Ø �

R− : C −→ H�(S
1 + iR,Φ2),

ũ �−→ Ũ−1R̂−ũ = ũŨ−1ek.

Ó� Ũ �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ ���Ò� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾� Ø�Ð ÕÙ� Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ �

ŨOpwΦ2
(p̃ǫ�)OpwΦ2

(χ) = Opw(gǫ�)ŨOpwΦ2
(χ) + O(�∞),

�Ø Ó� Ũ−1 ��×��Ò� Ð³�ÒÚ�Ö×� Ñ�ÖÓÐÓ�Ð �� Ð³ÓÔ�Ö�Ø�ÙÖ Ũ º

Ê�Ñ�ÖÕÙ� ¾º¾º�¼º

� Ä³ÓÔ�Ö�Ø�ÙÖ R+ �×Ø ���Ò ���Ò� �Ö Ð� �ÓÒØ�ÓÒ χ ÐÓ�Ð�×� ��Ò× ÙÒ ÚÓ�×�Ò��� Ó� Ð³ÓÔ�Ö�¹

Ø�ÙÖ Ũ �×Ø ���Ò ���Ò�º

� Ä³ÓÔ�Ö�Ø�ÙÖ R− �×Ø ���Ò ���Ò� �Ö Ð� �ÓÒØ�ÓÒ ek ÐÓ�Ð�×� ��Ò× ÙÒ ÚÓ�×�Ò��� Ó� Ð³ÓÔ�Ö�¹

Ø�ÙÖ Ũ−1 �×Ø ���Ò ���Ò�º

�³��ÓÖ�¸ ÓÑÑ� ��Ò× Ð³�ÖØ�Ð� �ÀË¼�℄¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ³ÓÒ � Ð� ÔÖÓÔÖ��Ø� ×Ù�Ú�ÒØ� ÓÒ¹

�ÖÒ�ÒØ Ð³ÓÔ�Ö�Ø�ÙÖ R− �

OpwΦ2
(χ)R− = R− +O(�∞) : C −→ H�(S

1 + iR,Φ2),

´�Ö Ð�× �ÓÒØ�ÓÒ× ek �Ø χ ×ÓÒØ ÐÓ�Ð�×��× ��Ò× Ð� Ñ�Ñ� ÚÓ�×�Ò���µº ÇÒ ÓÒ×���Ö� Ð� ÔÖÓ�Ð�Ñ�

�� �ÖÙ×��Ò ×Ù�Ú�ÒØ¸ ÔÓÙÖ (u, ũ) �Ø (v, ṽ) ∈ H�(S
1 + iR,Φ2)× C �

�

(OpwΦ2
(p̃ǫ�)− z)u+R−ũ = v,

R+u = ṽ.
´�¾º½¿µ

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º�½ ´ÈÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − zµº

ÈÓÙÖ ØÓÙØ (v, ṽ) ∈ H�(S
1 + iR,Φ2)×C¸ Ð� ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ´�¾º½¿µ ��Ñ�Ø ÙÒ� ÙÒ�ÕÙ�

×ÓÐÙØ�ÓÒ (u, ũ) ∈ H�(S
1 + iR,Φ2, m̃) ×C ×�Ø�×���×�ÒØ Ð³�×Ø�Ñ�Ø�ÓÒ ×Ù�Ú�ÒØ� �

��u�H�(Φ2) + |ũ| ≤ O(1)
�

�v�H�(Φ2) + �|ṽ|
�

. ´�¾º½�µ

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ��ÑÓÒØÖ�Ö �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÒÓÙ× �ÐÐÓÒ× Ö�Ñ�Ò�Ö Ð� ÔÖÓ�Ð�Ñ� ��

�ÖÙ×��Ò ´�¾º½¿µ �Ù ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ´�¾º½½µ¸ ��Ò×� ÒÓÙ× ÔÓÙÖÖÓÒ× �ÔÔÐ�ÕÙ�Ö Ð� ÔÖÓÔÓ¹

×�Ø�ÓÒ ¾º¾º¿�º �ÓÑÑ�Ò�ÓÒ× Ô�Ö �ÔÔÐ�ÕÙ�Ö Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(χ) � Ð� ÔÖ�Ñ��Ö� �ÕÙ�Ø�ÓÒ �Ù

ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ´�¾º½¿µ �

�

OpwΦ2
(χ)(OpwΦ2

(p̃ǫ�)− z)u+OpwΦ2
(χ)R−ũ = OpwΦ2

(χ)v,

R+u = ṽ.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�ÓÑÑ� OpwΦ2
(χ)R− = R− + O(�∞) =: R− −R∞

− ¸ �ÐÓÖ× ÓÒ � �

�

OpwΦ2
(χ)(OpwΦ2

(p̃ǫ�)− z)u+R−ũ = OpwΦ2
(χ)v +R∞

− ũ,

R+u = ṽ.

�ÓÑÑ� �

OpwΦ2
(χ)(OpwΦ2

(p̃ǫ�)− z)u = OpwΦ2
(χ)OpwΦ2

(p̃ǫ�)u− zOpwΦ2
(χ)u,

= OpwΦ2
(p̃ǫ�)OpwΦ2

(χ)u− [OpwΦ2
(p̃ǫ�),OpwΦ2

(χ)]u− zOpwΦ2
(χ)u,

= (OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(χ)u− [OpwΦ2
(p̃ǫ�),OpwΦ2

(χ)]u,

�ÐÓÖ×¸ ×� w := [OpwΦ2
(p̃ǫ

�
),OpwΦ2

(χ)]u¸ ÓÒ � �

�

(OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(χ)u+R−ũ = OpwΦ2
(χ)v + w +R∞

− ũ,

R+u = ṽ.

Ó� w ×�Ø�×���Ø Ð³�×Ø�Ñ�Ø�ÓÒ ×Ù�Ú�ÒØ� �

�w� ≤ O (�) �v� + O(h∞)(�u� + |ũ|).

ÇÒ �ÔÔÐ�ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Ũ � Ð� ÔÖ�Ñ��Ö� �ÕÙ�Ø�ÓÒ �

�

Ũ(OpwΦ2
(p̃ǫ�)− z)OpwΦ2

(χ)u+ ŨR−ũ = ŨOpwΦ2
(χ)v + Ũw + ŨR∞

− ũ,

R+u = ṽ.

�� ÔÐÙ×¸ ÓÑÑ� R− = Ũ−1R̂− �Ø Ũ(OpwΦ2
(p̃ǫ

�
)−z)OpwΦ2

(χ) = (Opw(gǫ
�
)−z)ŨOpwΦ2

(χ)+O(�∞)¸

Ð� ×Ý×Ø�Ñ� ��Ú��ÒØ �

�

(Opw(gǫ�)− z)ŨOpwΦ2
(χ)u+ R̂−ũ = ŨOpwΦ2

(χ)v + Ũw + w̃,

R+u = ṽ.

Ó� w̃ ×�Ø�×���Ø Ð³�×Ø�Ñ�Ø�ÓÒ ×Ù�Ú�ÒØ� � |w̃| ≤ O(�∞)(�u� + |ũ|)º �� ÔÐÙ×¸ Ô�Ö ���Ò�Ø�ÓÒ

R+ = R̂+ŨOpwΦ2
(χ)¸ ��Ò×� Ð� ×Ý×Ø�Ñ� ×� Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

�

(Opw(gǫ�)− z)ŨOpwΦ2
(χ)u+ R̂−ũ = ŨOpwΦ2

(χ)v + Ũw + w̃,

R̂+ŨOpwΦ2
(χ)u = ṽ.

ÇÒ Ö�ÓÒÒ��Ø Ð� ÔÖÓ�Ð�Ñ� �� �ÖÙ×��Ò ´�¾º½½µ¸ ÓÒ �Ò ���Ù�Ø �ÓÒ Ð� Ö�×ÙÐØ�Øº ÈÓÙÖ �Ò�Ö¸ Ð�

��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð³�×Ø�Ñ�Ø�ÓÒ ´�¾º½�µ ÙØ�Ð�×� Ð³�×Ø�Ñ�Ø�ÓÒ ´�¾º½¾µ¸ Ð�× �×Ø�Ñ�Ø�ÓÒ× ×ÙÖ Ð�×

ÒÓÖÑ�× ��× �ÓÒØ�ÓÒ× w �Ø w̃ �Ø Ð³�×Ø�Ñ�Ø�ÓÒ �

�OpwΦ2
(1 − χ)u� ≤ O(1)�v� + O(�∞) (�u� + |ũ|) .

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

ËÓ�Ø �

P =

�

OpwΦ2
(p̃ǫ

�
)− z R−

R+ 0

�

: H�(S
1 + iR,Φ2)× C −→ H�(S

1 + iR,Φ2)× C.

�ÐÓÖ×¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º�½¸ Ð³ÓÔ�Ö�Ø�ÙÖ P �×Ø �Ò��Ø�� ÔÓÙÖ z ∈ Ωk(�) �Ø ÓÑÑ�

³�×Ø ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ �� Ö�Ò� ÙÒ �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� �Ö���ÓÐÑ �³�Ò��� 0¸ ÓÒ ×��Ø ÕÙ�

Ð³ÓÔ�Ö�Ø�ÙÖ P �×Ø ����Ø�� ÔÓÙÖ z ∈ Ωk(�)º ÇÒ ÒÓØ� Ð³�ÒÚ�Ö×� �� P �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

E =

�

E(z) E+

E− E−,+(z)

�

,

�Ø ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ��Ò× Ωk(�) �×Ø ���Ð � Ð³�Ò×�Ñ�Ð�

��× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× z ∈ C Ø�Ð× ÕÙ� E−,+(z) = 0º ��Ò×�¸ ÓÒ ×ÓÙ���Ø� ��Ø�ÖÑ�Ò�Ö Ð�

ÓÑÔÓ×�ÒØ� E−,+(z)º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º�¾ ´�ÓÑÔÓ×�ÒØ�× �� Eµº Ä�× ÓÑÔÓ×�ÒØ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ E ×ÓÒØ �ÓÒÒ��×
Ô�Ö Ð�× �ÕÙ�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

½º E+ = Ũ−1Ê+ + O(�∞) �

¾º E−,+(z) = Ê−,+(z) + O(�∞) = z − gǫ
�

�

�k − J

2π

�

+ O(�∞)º

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� PE = id¸ �ÐÓÖ× �

�

(OpwΦ2
(p̃ǫ�)− z)E+ +R−E−,+(z) = 0,

R+E+ = 1.

ÇÒ Ú�ÙØ ÑÓÒØÖ�Ö ÕÙ³� ÙÒ O(�∞)¹ÔÖ�× ÓÒ � �

�

(OpwΦ2
(p̃ǫ�)− z)Ũ−1Ê+ +R−Ê−,+(z) ≡ 0,

R+Ũ
−1Ê+ ≡ 1.

ÇÖ¸ ÓÒ � �

R+Ũ
−1Ê+

= R̂+ŨOpwΦ2
(χ)Ũ−1Ê+ Ô�Ö ���Ò�Ø�ÓÒ �� R+,

≡ 1 Ô�Ö ���Ò�Ø�ÓÒ �� χ �Ø �Ö SÊ = id �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¿�.

��



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

�Ø¸ ÓÒ � �

(OpwΦ2
(p̃ǫ�)− z)Ũ−1Ê+ +R−Ê−,+(z)

= (OpwΦ2
(p̃ǫ�)− z)Ũ−1Ê+ + Ũ−1R̂−Ê−,+(z) Ô�Ö ���Ò�Ø�ÓÒ �� R−,

≡ Ũ−1(Opw(gǫ�)− z)Ê+ + Ũ−1R̂−Ê−,+(z) �Ö ŨOpwΦ2
(p̃ǫ�) = Opw(gǫ�)Ũ + O(�∞),

≡ 0 �Ö SÊ = id.

Ê�Ñ�ÖÕÙ� ¾º¾º�¿º ÇÒ � ÙÒ�ÕÙ�Ñ�ÒØ �ÓÒÒ� ��× �ÓÖÑÙÐ�× ÔÓÙÖ Ð�× ÓÑÔÓ×�ÒØ�× E+ �Ø

E−,+(z) �� Ð³ÓÔ�Ö�Ø�ÙÖ E �Ö � ×ÓÒØ Ð�× ÔÐÙ× ×�ÑÔÐ�× � ��Ø�ÖÑ�Ò�Ö �Ø ���Ð�Ñ�ÒØ �Ö ÓÒ �

ÙÒ�ÕÙ�Ñ�ÒØ ��×Ó�Ò �� ÓÒÒ��ØÖ� Ð� ÓÑÔÓ×�ÒØ� E−,+(z) ÔÙ�×ÕÙ� ³�×Ø �³�ÐÐ� �ÓÒØ ��Ô�Ò�

Ð� ×Ô�ØÖ�º ÇÒ Ô�ÙØ �Ô�Ò��ÒØ ��Ø�ÖÑ�Ò�Ö Ð�× �ÙØÖ�× ÓÑÔÓ×�ÒØ�× Ô�Ö ��× �ÐÙÐ× �Ù Ñ�Ñ�

ØÝÔ�º

ÇÒ Ô�ÙØ Ö�×ÙÑ�Ö � ÕÙ� ÒÓÙ× Ú�ÒÓÒ× �� ���Ö� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º�� ´ËÔ�ØÖ� �� OpwΦ2
(p̃ǫ

�
) �Ø ×Ô�ØÖ� �� Opw(gǫ

�
)µº

ËÓ�Ø OpwΦ2
(p̃ǫ

�
) : H�(S

1 + iR,Φ2) −→ H�(S
1 + iR,Φ2) Ð³ÓÔ�Ö�Ø�ÙÖ ���Ò� ÔÖ����ÑÑ�ÒØº ÁÐ

�Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� �Ü� Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

�Ú� Ð�× ÒÓØ�Ø�ÓÒ× �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾�¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) ×ÓÒØ

×�ÑÔÐ�× �Ø �ÓÒÒ��× Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �

σ(OpwΦ2
(p̃ǫ�)) ∩RC,ǫ0 = σ(Opw(gǫ�)) ∩RC,ǫ0 +O(�∞),

=

�

gǫ�

�

�k − J

2π

�

+ O(�∞), k ∈ Z

�

∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ×ÙÖ ÙÒ Ô�Ø�Ø ÚÓ�×�Ò��� �� I0 ��Ò× C¸ ��Ñ�ØØ�ÒØ ÙÒ

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ�

ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫ
�
¸ ÒÓØ� gǫ¸ �×Ø

Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ E �−→ Ĩ(E)º

��ÑÓÒ×ØÖ�Ø�ÓÒº È�Ö ���Ò�Ø�ÓÒ �Ù ×Ô�ØÖ�¸ ÓÒ ×��Ø ÕÙ� z ∈ σ(OpwΦ2
(p̃ǫ

�
)) ×� �Ø ×�ÙÐ�Ñ�ÒØ ×�

OpwΦ2
(p̃ǫ

�
) − z �×Ø ÒÓÒ¹�ÒÚ�Ö×��Ð�¸ �º�º E−,+(z) = 0¸ �º�º z = gǫ

�

�

�k − J

2π

�

+ O(�∞) ´�Ö

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2
(p̃ǫ

�
) − z �×Ø �ÒÚ�Ö×��Ð� ×� �Ø ×�ÙÐ�Ñ�ÒØ ×� E−,+(z) �×Ø �ÒÚ�Ö×��Ð� �Ù××�¸ �º�º

×� �Ø ×�ÙÐ�Ñ�ÒØ ×� E−,+(z) �= 0µº

ÇÒ Ô�ÙØ Ñ��ÒØ�Ò�ÒØ ÓÒÐÙÖ� �Ø ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �Ò ÙØ�Ð¹

�×�ÒØ Ð�× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º�� �Ø ¾º¾º¾�¸ � ÕÙ� Ø�ÖÑ�Ò� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �³º

��



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

¾º¾º¿ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� R2 �Ø ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �� S1 × R

ÈÓÙÖ ��ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� �¸ ÒÓÙ× �ÐÐÓÒ× ���Ö� �ÔÔ�Ð � ��× ×ÝÑ�ÓÐ�× ×ÙÖ Ð³�×Ô�� ��×

Ô��×�× S1×R �Ø �Ò×Ù�Ø� ÒÓÙ× �ÔÔÐ�ÕÙ�ÖÓÒ× Ð�× Ø��Ò�ÕÙ�× ��Ú�ÐÓÔÔ��× ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ

�Ù Ø��ÓÖ�Ñ� �³º ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(pǫ
�
) ���××�ÒØ ×ÙÖ Ð³�×Ô��

L2(R)¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ¸ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(x, �Dx) = Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

�Ø ×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�× ´�µ � ´�µº ÇÒ ×ÓÙ���Ø� Ó�Ø�Ò�Ö ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ

�� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ �Ø ÓÔ�Ö�Ø�ÙÖº ÇÒ ��Ö�� ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� Ö��ÐÐ�

�� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

κ̂ : Vois(f ǫ = cst,R2) −→ Vois(I = cst,S1 × R),

(x, ξ) �−→ (θ, I),

�Ø Ø�ÐÐ� ÕÙ� �

f ǫ ◦ κ̂−1(θ, I) = f̂ ǫ(I),

Ó� f̂ ǫ �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ÕÙ� ��Ô�Ò� �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº ÈÓÙÖ ÓÒ×ØÖÙ¹

�Ö� ÙÒ� Ø�ÐÐ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ̂¸ ÒÓÙ× �ÐÐÓÒ× ÙØ�Ð�×�Ö Ð� Ø��ÓÖ�Ñ� ��× ÓÓÖ�ÓÒÒ��×

�Ø�ÓÒ¹�Ò�Ð�º ËÓ�Ø E0 ∈ R¸ ÓÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

ΛE0 = {(x, ξ) ∈ R
2, f ǫ(x, ξ) = E0};

ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� �Ø �Ò×�Ñ�Ð� �� Ò�Ú��Ù �×Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº ËÓ�Ø γ̂E0 ÙÒ Ð��Ø

ÕÙ� �Ò��Ò�Ö� Ð� �ÖÓÙÔ� π1(ΛE0) �Ø ×Ó�Ø �

I(E0) =
1

2π

�

γ̂E0

ξdx.

�ÐÓÖ×¸ �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� Ø��ÓÖ�Ñ� ��× ÓÓÖ�ÓÒÒ��× �Ø�ÓÒ¹�Ò�Ð� �Ú� Ð� Ô�Ö�Ñ�ØÖ� ǫ¸ ÓÒ ×��Ø

ÕÙ³�Ð �Ü�×Ø� ÙÒ ����ÓÑÓÖÔ��×Ñ� �

κ̂ : Vois(f ǫ = E0,R
2) −→ Vois(I = cst,S1 ×R),

(x, ξ) �−→ (θ, I),

Ø�Ð ÕÙ� �

f ǫ ◦ κ̂−1(θ, I) = f̂ ǫ(I).

Ä� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ̂ �ÒÚÓ�� Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð pǫ(x, ξ) ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð

�� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

pǫ ◦ κ̂−1(θ, I) = f̂ ǫ(I) + iǫq̂ǫ(θ, I) =: p̂ǫ(θ, I);

�¼



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

Ó� q̂ǫ(θ, I) = qǫ ◦ κ̂−1(θ, I)º ��Ò×�¸ ÓÒ � ØÖ�Ò×�ÓÖÑ� Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð pǫ(x, ξ) �Ò ÙÒ

×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð p̂ǫ(θ, I) ���Ò� ÐÓ�Ð�Ñ�ÒØ �Ø �� Ð� �ÓÖÑ� ÙØ�Ð�×�� ��Ò× Ð� Ø��ÓÖ�Ñ� �³º

�ÓÑÑ� ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �³¸ ÓÒ � ×�ÙÐ�Ñ�ÒØ ��×Ó�Ò �� ØÖ�Ú��ÐÐ�Ö �Ú�

��× ×ÝÑ�ÓÐ�× ÔÖ�Ò�Ô�ÙÜ ���Ò�× ×ÙÖ ��× Ô�Ø�Ø× �ÓÑ��Ò�× �� Ð³�×Ô�� ��× Ô��×�× ÔÓÙÖ ÔÓÙ¹

ÚÓ�Ö ÓÒ×ØÖÙ�Ö� ��× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× �ÒÓÒ�ÕÙ�×¸ ÒÓÙ× �ÐÐÓÒ× ÔÓÙÚÓ�Ö ÙØ�Ð�×�Ö �� Ð�× Ñ�Ñ�×

Ø��Ò�ÕÙ�×º

�� ÔÐÙ×¸ ÓÒ Ô�ÙØ �Ó�×�Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̂ �� Ø�ÐÐ� ×ÓÖØ� ÕÙ� ÔÓÙÖ ØÓÙØ Ð��Ø γ̂¸ ÓÒ � �

�

γ̂
κ̂∗Idθ − ξdx = 0.

�Ò ���Ø¸ ÔÙ�×ÕÙ� κ̂ �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ�¸ �ÐÓÖ× �

κ̂∗(dI ∧ dθ) = dξ ∧ dx.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð� 1¹�ÓÖÑ� κ̂∗(Idθ) − ξdx �×Ø ��ÖÑ�� �Ø �³�ÔÖ�× Ð� Ø��ÓÖ�Ñ� �� ËØÓ��×¸ ÓÒ

Ó�Ø��ÒØ ÕÙ� Ð³�ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� ×ÙÖ Ð� Ð��Ø γ̂ �

�

γ̂
κ̂∗(Idθ) − ξdx,

Ò� ��Ô�Ò� ÕÙ� �� Ð� Ð�××� �³�ÓÑÓØÓÔ�� �Ù Ð��Ø γ̂¸ ��Ò×� �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� Ö��ÐÐ� cγ̂(κ̂)

Ø�ÐÐ� ÕÙ� �
�

γ̂
κ̂∗(Idθ) − ξdx = cγ̂(κ̂),

�Ø ÓÒ Ô�ÙØ �Ó�×�Ö �ØØ� ÓÒ×Ø�ÒØ� ���Ð� � Þ�ÖÓ ´ÕÙ�ØØ� � ��Ò��Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̂ ×� Ò��×¹

×��Ö�µº �� ÔÐÙ×¸ ÓÒ Ô�ÙØ �Ø�Ò�Ö� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� Ö��ÐÐ� κ̂ �Ò ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ

�ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü� Ø�ÐÐ� ÕÙ� �

pǫ ◦ κ̂−1(θ, I) = f̂ ǫ(I) + iǫq̂ǫ(θ, I), ÔÓÙÖ (θ, I) ��× ÓÓÖ�ÓÒÒ��× ÓÑÔÐ�Ü�×.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÔÓÙÖ γ̂ ÙÒ Ð��Ø ÓÑÔÐ�Ü�¸ Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �×Ø �ÒÓÖ� ÚÖ��� �

�

γ̂
κ̂∗(Idθ)− ξdx = 0.

ËÓ�Ø C > 0 ÙÒ� ÓÒ×Ø�ÒØ� �Ø ×Ó�Ø ǫ0 ÙÒ Ö��Ð ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ü�º ËÓ�Ø �

E ∈
�

z ∈ C, |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

.

ÇÒ Ô�ÙØ ÓÒ×���Ö�Ö ÙÒ Ð��Ø γE ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

Λ̂ǫ
E = {(θ, I) ∈ VoisTub(S1 × R), p̂ǫ(θ, I) = pǫ ◦ κ̂−1(θ, I) = E}.

�½



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

��Ò×� Ð� Ð��Ø κ̂∗γE =: γ̂E �×Ø �ÒÐÙ× ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

Λǫ
E = {(x, ξ) ∈ VoisTub(R2), pǫ(x, ξ) = E}.

�Ø Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ ×Ù�Ú�ÒØ� �×Ø ���Ò ���Ò�� �

1

2π

�

γ̂E

ξdx =
1

2π

�

γE

Idθ.

��� �ÜÔÐ�ÕÙ� ÔÓÙÖÕÙÓ� ÓÒ Ô�ÙØ �ÜÔÖ�Ñ�Ö Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�

��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) � Ð³���� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ

�

ξdxº

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ÕÙ�ÒØ���Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü� κ̂ ���Ò�� Ô�Ö �

κ̂ : Vois(Λǫ
E ,VoisTub(R

2)) −→ Vois(Λ̂ǫ
E ,VoisTub(S

1 × R)),

(x, ξ) �−→ (θ, I),

Ó� (x, ξ) �Ø (θ, I) ��×��Ò�ÒØ ��× ÓÓÖ�ÓÒÒ��× ÓÑÔÐ�Ü�×º ÇÖ¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º�¸

ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� ÓÑÔÐ�Ü� �

κ : Vois(Λ̂ǫ
E ,VoisTub(S

1 × R)) −→ Vois(Ĩ = cst, (T ∗
S
1)C),

(θ, I) �−→ (θ̃, Ĩ),

Ø�ÐÐ� ÕÙ� �

p̂ǫ ◦ κ−1(θ̃, Ĩ) = gǫ(Ĩ).

��Ò×�¸ ÔÐÙØ�Ø ÕÙ� �� ÕÙ�ÒØ���Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ̂¸ ÓÒ Ú� ��Ö�Ø�Ñ�ÒØ ÕÙ�ÒØ���Ö Ð� ØÖ�Ò×�ÓÖ¹

Ñ�Ø�ÓÒ κ◦κ̂º ÈÓÙÖ � ���Ö�¸ ÓÒ ×Ù�Ø Ð�× Ñ�Ñ�× �Ø�Ô�× ÕÙ� ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ�

�³¸ ��Ò×� ÓÒ ÓÒ×���Ö� Ð� ����Ö�ÑÑ� ÓÑÑÙØ�Ø�� ×Ù�Ú�ÒØ ×ÙÖ Ð�× �×Ô��× ��× Ô��×�× �

R
2 ⊂ C

2 κ◦κ̂
��

κφ1
��

(T ∗
S
1)C ⊃ S

1 × R

κφ1

��
ΛΦ1

⊂C2

ΛΦ2 ⊂ C
2 κ̃

�� (T ∗
S
1)C ⊃ ΛΦ1

ÇÒ ÕÙ�ÒØ��� Ð�× ����Ö�ÒØ�× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× ÓÑÑ� ÔÖ����ÑÑ�ÒØ �Ø ÓÒ Ó�Ø��ÒØ Ð� ���¹

�Ö�ÑÑ� ×Ù�Ú�ÒØ ´�Ú� Ð�× ÒÓØ�Ø�ÓÒ× ��× ÔÖÓÔÓ×�Ø�ÓÒ× ¾º¾º½�¸ ¾º¾º½� �Ø ¾º¾º¾�µ �

L2(R) ��

Tφ1
��

L2
J
(S1)

B∗

��
H�(C,Φ1)

H�(C,Φ2) A
�� HJ (S

1 + iR,Φ1)

�¾



¾º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �� R
2¸ ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä ��

S
1 × R �Ì �ÇÆ�ÁÌÁÇÆË �� ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä�

ÆÓØ�Ø�ÓÒ� OpwΦ2
(p̃ǫ

�
) = Tφ1 ◦ Opw(pǫ

�
) ◦ T ∗

φ1
: H�(C,Φ2) −→ H�(C,Φ2)º

ÇÒ Ô�ÙØ Ö�×ÙÑ�Ö � ÕÙ� ÒÓÙ× Ú�ÒÓÒ× �� ���Ö� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº Ä� ��ÑÓÒ¹

×ØÖ�Ø�ÓÒ �� �ØØ� ��ÖÒ��Ö� ÙØ�Ð�×� Ð� Ñ�Ñ� ÔÖÓ��ÙÖ� �Ø�Ö�Ø�Ú� ÕÙ� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð�

ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾�º

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¾º�� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ−1
φ1

◦ κ̃µº ÁÐ �Ü�×Ø� ÙÒ ÓÔ�Ö�Ø�ÙÖ
Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ ÙÒ�Ø��Ö� Ũ : H�(C,Φ2) −→ L2

J
(S1) Ø�Ð ÕÙ� Ñ�ÖÓÐÓ�Ð�Ñ�ÒØ �

ŨOpwΦ2
(p̃ǫ�) = Opw(gǫ�)

�

�

i

∂

∂θ̃

�

Ũ +O(�∞),

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ×ÙÖ ÙÒ ÚÓ�×�Ò��� �� I(E0) ��Ò× C¸ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞

�Ù Ô�Ö�Ñ�ØÖ� ǫ �Ø Ø�ÐÐ� ÕÙ� Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�¸ ÒÓØ� gǫ¸ �×Ø

Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ 1
2π

�

γ̂E
ξdxº

��Ò �� ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)¸ ÓÒ ÙØ�Ð�×� Ð�× Ñ�Ñ�× �Ö�ÙÑ�ÒØ×

ÕÙ� ��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �³º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ÓÒ×���Ö� ��ÙÜ ÔÖÓ�Ð�Ñ�×

�� �ÖÙ×��Ò¸ ÙÒ ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) − z �Ø Ð³�ÙØÖ� ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ2

(p̃ǫ
�
) − z �Ø

ÓÒ ÙØ�Ð�×� Ð� ���Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(gǫ
�
) ×�Ø�×���Ø Ð�× Ñ�Ñ�× �ÝÔÓØ��×�× ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(pǫ
�
)¸ ��Ò×� ×�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×ÓÒØ ×�ÑÔÐ�× �Ø �� Ð� �ÓÖÑ� gǫ

�
(�k) ÔÓÙÖ k ∈ Z ×� ÓÒ

ÓÒ×���Ö� Ð� �ÓÒØ�ÓÒ gǫ
�
ÓÑÑ� �ÐÓ��Ð�Ñ�ÒØ ���Ò��º ��� ÐÓ× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ�

�º

�¿



�À�ÈÁÌÊ� ¾º �ÇÆ�ÁÌÁÇÆË �� �ÇÀÊ¹ËÇÅÅ�Ê��Ä� ÈÇÍÊ Ä�Ë ÇÈ�Ê�Ì�ÍÊË
ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË

��



���Ô�ØÖ� ¿

�ÔÔÐ��Ø�ÓÒ×

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÓÒÒÓÒ× ��ÙÜ �ÔÔÐ��Ø�ÓÒ× �Ù Ø��ÓÖ�Ñ� �¸ Ð� ÔÖ�Ñ��Ö� ÓÒ¹

�ÖÒ�ÒØ ��× Ô�ÖØÙÖ��Ø�ÓÒ× PT ¹×ÝÑ�ØÖ�ÕÙ�× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×

�Ø Ð� ×�ÓÒ�� ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹

���Ó�ÒØ× �Ù ÔÐ�Ò ÓÑÔÐ�Ü�º

¿º½ ÇÔ�Ö�Ø�ÙÖ× PT ¹×ÝÑ�ØÖ�ÕÙ�×

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö �ÙÜ ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð×

PT ¹×ÝÑ�ØÖ�ÕÙ�×º ÆÓÙ× �ÐÐÓÒ× �ÓÒ �ÓÒÒ�Ö Ð� ���Ò�Ø�ÓÒ �� Ø�Ð× ÓÔ�Ö�Ø�ÙÖ× �Ø ÔÓÙÖ �Ð� ÒÓÙ×

�ÒØÖÓ�Ù�×ÓÒ× �³��ÓÖ� Ð� Ð�××� �� ×ÝÑ�ÓÐ�× ÕÙ� Ú� ÒÓÙ× �ÒØ�Ö�××�Öº

���Ò�Ø�ÓÒ ¿º½º½ ´�Ð�××� �� ×ÝÑ�ÓÐ�× ×ÙÖ R2µº ÇÒ ���Ò�Ø Ð� Ð�××� �� ×ÝÑ�ÓÐ�× S(R2) Ô�Ö

Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

S(R2) =
�

p� ∈ C∞(R2);∀α ∈ N
2, �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� Cα > 0 Ø�ÐÐ� ÕÙ� � |∂αp�| ≤ Cα

�

.

ËÓ�Ø 0 ≤ � < 1 Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�º ËÓ�Ø p� ∈ S(R2) ÙÒ ×ÝÑ�ÓÐ� ��Ñ�ØØ�ÒØ ÙÒ

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ËÓ�Ø Opw(p�) Ð�

ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� p� ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R)º Ê�ÔÔ�ÐÓÒ× Ð� ���Ò�Ø�ÓÒ

�³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð PT ¹×ÝÑ�ØÖ�ÕÙ�º

���Ò�Ø�ÓÒ ¿º½º¾ ´ÇÔ�Ö�Ø�ÙÖ PT ¹×ÝÑ�ØÖ�ÕÙ�µº ÇÒ ��Ø ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð

Opw(p�) �×Ø PT ¹×ÝÑ�ØÖ�ÕÙ� ×� [Opw(p�),PT ] = 0¸ Ó� �

P : L2(R) −→ L2(R) T : L2(R) −→ L2(R),

u(x) �−→ u(−x) u(x) �−→ u(x).

ÇÒ �ÔÔ�ÐÐ� P Ð³ÓÔ�Ö�Ø�ÙÖ �� Ô�Ö�Ø� �Ø T Ð³ÓÔ�Ö�Ø�ÙÖ �³�ÒÚ�Ö×�ÓÒ �Ù Ø�ÑÔ×º

ÇÒ Ô�ÙØ �Ö�Ø�Ö�×�Ö Ð� ×ÝÑ�ÓÐ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð PT ¹×ÝÑ�ØÖ�ÕÙ� Ú��

Ð� ÔÖÓÔÓ×�Ø�ÓÒ ×Ù�Ú�ÒØ�º

��



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½º¿ ´ËÝÑ�ÓÐ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ PT ¹×ÝÑ�ØÖ�ÕÙ�µº ËÓ�Ø Opw(p�) ÙÒ ÓÔ�Ö�Ø�ÙÖ

Ô×�Ù�Ó¹����Ö�ÒØ��Ð PT ¹×ÝÑ�ØÖ�ÕÙ� ���××�ÒØ ×ÙÖ L2(R)º �ÐÓÖ× Ð� ×ÝÑ�ÓÐ� p� �� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(p�) Ú�Ö��� Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ (x, ξ) ∈ R
2 �

p�(x, ξ) = p�(−x, ξ).

��ÑÓÒ×ØÖ�Ø�ÓÒº È�Ö ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ø ��× ÓÔ�Ö�Ø�ÙÖ× P �Ø T ¸ ÓÒ

� ÔÓÙÖ u ∈ L2(R) �

Opw(p�)PT u(x) = 1

2π�

��

R2

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

PT u(y)dydξ,

=
1

2π�

��

R2

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(−y)dydξ.

�Ø¸ ÓÒ � ���Ð�Ñ�ÒØ ÔÓÙÖ ØÓÙØ u ∈ L2(R) �

PT Opw(p�)u(x) = PT
�

1

2π�

��

R2

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(y)dydξ

�

,

= P
�

1

2π�

��

R2

e(−i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(y)dydξ

�

,

=
1

2π�

��

R2

e(−i/�)(−x−y)ξp�

�−x+ y

2
, ξ

�

u(y)dydξ,

=
1

2π�

��

R2

e(i/�)(x+y)ξp�

�−x+ y

2
, ξ

�

u(y)dydξ,

=
1

2π�

��

R2

e(i/�)(x−y)ξp�

�−x− y

2
, ξ

�

u(−y)dydξ,

�Ò ���ØÙ�ÒØ Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� y �−→ −yº ��Ò×� Ð� Ö�Ð�Ø�ÓÒ [Opw(p�),PT ] = 0 ×�

Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ u ∈ L2(R) �

1

2π�

��

R2

e(i/�)(x−y)ξp�

�−x− y

2
, ξ

�

u(−y)dydξ

=
1

2π�

��

R2

e(i/�)(x−y)ξp�

�

x+ y

2
, ξ

�

u(−y)dydξ.

�ÙØÖ�Ñ�ÒØ ��Ø¸ �Ù Ò�Ú��Ù ×ÝÑ�ÓÐ�ÕÙ�¸ ÓÒ Ó�Ø��ÒØ ÔÓÙÖ ØÓÙØ (x, ξ) ∈ R
2 Ð� Ö�Ð�Ø�ÓÒ ÕÙ� ×Ù�Ø �

p�(x, ξ) = p�(−x, ξ).

ÇÒ Ô�ÙØ ���Ð�Ñ�ÒØ ���Ù�Ö� �Ù �Ö�Ø�Ö� PT ¹×ÝÑ�ØÖ�ÕÙ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ� ÔÖÓÔÖ��Ø�

�� ×ÝÑ�ØÖ�� �Ù ×Ô�ØÖ�º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½º� ´ËÝÑ�ØÖ�� �Ù ×Ô�ØÖ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ PT ¹×ÝÑ�ØÖ�ÕÙ�µº ËÓ�Ø Opw(p�) ÙÒ

��



¿º½º ÇÈ�Ê�Ì�ÍÊË PT ¹Ë�Å�ÌÊÁÉÍ�Ë

ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð PT ¹×ÝÑ�ØÖ�ÕÙ� ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R)º �ÐÓÖ× Ð� ×Ô�ØÖ�

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�) �×Ø ×ÝÑ�ØÖ�ÕÙ� Ô�Ö Ö�ÔÔÓÖØ � Ð³�Ü� ��× Ö��Ð×º

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø λ ∈ σ(Opw(p�))º ÅÓÒØÖÓÒ× ÕÙ� λ ∈ σ(Opw(p�))º

ËÓ�Ø λ ∈ σ(Opw(p�))¸ �ÐÓÖ× Ô�Ö ���Ò�Ø�ÓÒ �Ù ×Ô�ØÖ�¸ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p�)−λ Ò³�×Ø Ô�× �Ò¹

Ú�Ö×��Ð� ��Ò× Ð³�×Ô�� L2(R)º È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð³ÓÔ�Ö�Ø�ÙÖ PT (Opw(p�)−λ) Ò³�×Ø ���Ð�Ñ�ÒØ

Ô�× �ÒÚ�Ö×��Ð� ��Ò× Ð³�×Ô�� L2(R)º �� ÔÐÙ×¸ ÔÓÙÖ u ∈ L2(R)¸ ÓÒ � �

PT (Opw(p�)− λ)u(x) = PT Opw(p�)u(x) − PT λu(x),
= Opw(p�)PT u(x) − λPT u(x) �Ö Opw(p�) �×Ø PT ¹×ÝÑ�ØÖ�ÕÙ�,

= (Opw(p�)− λ)PT u(x).

È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð³ÓÔ�Ö�Ø�ÙÖ (Opw(p�)−λ)PT Ò³�×Ø Ô�× �ÒÚ�Ö×��Ð� ��Ò× Ð³�×Ô�� L2(R)¸ �³Ó�

Ð� ���Ø ÕÙ� Opw(p�)−λ Ò� ×Ó�Ø Ô�× �ÒÚ�Ö×��Ð� ÒÓÒ ÔÐÙ×¸ � ÕÙ� ×��Ò��� ÕÙ� λ ∈ σ(Opw(p�))º

ÇÒ Ô�ÙØ Ñ��ÒØ�Ò�ÒØ �ÒÓÒ�Ö ÙÒ� ÔÖ�Ñ��Ö� �ÔÔÐ��Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �º

Ì��ÓÖ�Ñ� �º ËÓ�Ø Opw(pǫ
�
) ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞

�� ǫ¸ ���××�ÒØ ×ÙÖ L2(R) �Ø ×Ó�Ø E0 ∈ R Ø�Ð× ÕÙ� Ð�× �ÝÔÓØ��×�× ´�µ � ´�µ ×Ó��ÒØ ×�Ø�×���Ø�×º

�Ò Ô�ÖØ�ÙÐ��Ö¸ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �×Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Opw(pǫ�)(x, �Dx) = Opw(f ǫ�)(x, �Dx) + iǫOpw(qǫ�)(x, �Dx),

Ó� Opw(f ǫ
�
) �Ø Opw(qǫ

�
) ×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ×º ÇÒ ×ÙÔÔÓ×�

�� ÔÐÙ× ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) �×Ø PT ¹×ÝÑ�ØÖ�ÕÙ�º ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ�

´�Ò��Ô�Ò��ÒØ �� �µ Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C, |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø Ö��Ð ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ �

×Ù�×�ÑÑ�ÒØ Ô�Ø�Øº

�� ÔÐÙ× Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 ×ÓÒØ ×�ÑÔÐ�× �Ø

�ÓÒÒ��× Ô�Ö Ð� Ø��ÓÖ�Ñ� �¸ �º�º ÔÓÙÖ ØÓÙØ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø¸ ÓÒ � �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ò× ÙÒ ÚÓ�×�Ò��� �� I(E0) ��Ò× C¸ ��Ñ�ØØ�ÒØ ÙÒ

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫº �� ÔÐÙ×¸

Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�¸ ÒÓØ� gǫ¸ �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð�

�³�Ø�ÓÒ E �−→ 1
2π

�

γE
ξdxº

��ÑÓÒ×ØÖ�Ø�ÓÒº �³�ÔÖ�× Ð� Ø��ÓÖ�Ñ� �¸ ÓÒ ×��Ø ÕÙ� Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò×

��



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø �ÓÒÒ� ÔÓÙÖ 0 ≤ ǫ < ǫ0 �Ø ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�k) + O(�∞), k ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ�º �� ÕÙ� ×��Ò��� ÕÙ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ��Ò× � Ö�Ø�Ò�Ð�

×� ØÖÓÙÚ�ÒØ Ð� ÐÓÒ� �³ÙÒ� ÓÙÖ�� � ÙÒ O(�∞)¹ÔÖ�×º �� ÔÐÙ×¸ ÓÑÑ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
)

�×Ø PT ¹×ÝÑ�ØÖ�ÕÙ�¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º½º�¸ ÓÒ ×��Ø ÕÙ� Ð³�Ò×�Ñ�Ð� σ(Opw(pǫ
�
)) �×Ø

×ÝÑ�ØÖ�ÕÙ� Ô�Ö Ö�ÔÔÓÖØ � Ð³�Ü� ��× Ö��Ð×º ��Ò×� ×� ÓÒ �Ó�×�Ø ÙÒ� Ú�Ð�ÙÖ ÔÖÓÔÖ� ��Ò× Ð³�Ò×�Ñ¹

�Ð� σ(Opw(pǫ
�
))¸ �ÐÓÖ× Ð� ÓÒ�Ù�Ù� �� �ØØ� Ú�Ð�ÙÖ ÔÖÓÔÖ� �Ó�Ø �Ù××� �ØÖ� ��Ò× Ð³�Ò×�Ñ¹

�Ð� σ(Opw(pǫ
�
))º ÇÖ¸ Ð� ��×Ø�Ò� �ÒØÖ� Ð�× Ô�ÖØ��× Ö��ÐÐ�× �� ��ÙÜ Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �×Ø �³�Ù

ÑÓ�Ò× �/O(1)¸ �ÓÒ ÓÑÑ� Ð� ÓÒ�Ù�Ù� �³ÙÒ� Ú�Ð�ÙÖ ÔÖÓÔÖ� � Ð� Ñ�Ñ� Ô�ÖØ�� Ö��ÐÐ� ÕÙ�

�ØØ� Ú�Ð�ÙÖ ÔÖÓÔÖ�¸ �ÐÓÖ× Ð� ÓÒ�Ù�Ù� �³ÙÒ� Ú�Ð�ÙÖ ÔÖÓÔÖ� �×Ø Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� �ÐÐ�¹Ñ�Ñ�º

�ÙØÖ�Ñ�ÒØ ��Ø Ð� ×Ô�ØÖ� σ(Opw(pǫ
�
)) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø Ö��Ðº

¿º¾ ÇÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü�

��Ò× �ØØ� Ô�ÖØ��¸ ÓÒ �ÒØÖÓ�Ù�Ø ÙÒ �ÒØ��Ö k ≥ 1 ÕÙ� �ÓÙ�Ö� Ð� Ö�Ð� �� 1/�º È�Ö ÓÒ¹

Ú�ÒØ�ÓÒ¸ Ð�× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ×³�Ö�Ú�ÒØ �Ú� Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �

�Ø Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ú� Ð³�ÒÚ�Ö×� �� � Ô�Ö�Ñ�ØÖ� k � ÒÓÙ× �ÐÐÓÒ× �ÓÒ

�ÓÒ�Ð�Ö �Ú� �× ��ÙÜ Ô�Ö�Ñ�ØÖ�×º ÆÓÙ× Ö�ÔÔ�ÐÓÒ× �³��ÓÖ� Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ

�� ��Ö�Þ�Ò¹ÌÓ�Ô�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C ´ÕÙ³ÓÒ Ô�ÙØ ÒÓØ�ÑÑ�ÒØ ØÖÓÙÚ�Ö ��Ò× Ð� Ð�ÚÖ� ��

Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄µ ÔÓÙÖ � ���Ö�¸ ÓÒ �ÒØÖÓ�Ù�Ø Ð�× ÒÓØ�Ø�ÓÒ× ÕÙ� ×Ù�Ú�ÒØº

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø Φ ÙÒ� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� Ö��ÐÐ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� ×ÙÖ Cº ËÓ�Ø

k ≥ 1º ÇÒ ÒÓØ� �

� ΛΦ Ð³�Ò×�Ñ�Ð� ���Ò� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

ΛΦ =

��

z,
2

i

∂Φ

∂z
(z)

�

, z ∈ C

�

;

� L(dz) Ð� Ñ�×ÙÖ� �� Ä���×�Ù� ×ÙÖ C �ÓÒÒ�� Ô�Ö � L(dz) =
i

2
dz ∧ dz �

� L2
k(C,Φ) := L2(C, e−2kΦ(z)L(dz)) = L2(C, e−2Φ(z)/�L(dz)) =: L2

�
(C,Φ) Ð³�×Ô�� ��×

�ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ C Ô�Ö Ö�ÔÔÓÖØ � Ð� Ñ�×ÙÖ� � ÔÓ��× �ÜÔÓÒ�ÒØ��Ð

e−2kΦ(z)L(dz) �

� Hk(C,Φ) := Hol(C) ∩ L2
k(C,Φ) = Hol(C) ∩ L2

�
(C,Φ) =: H�(C,Φ) Ð³�×Ô�� ��× �ÓÒ¹

Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× ×ÙÖ C �ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� L2
k(C,Φ) �

� ΠΦ,k = ΠΦ,� : L2
k(C,Φ) −→ Hk(C,Φ) Ð� ÔÖÓ��Ø�ÓÒ ÓÖØ�Ó�ÓÒ�Ð� �� Ð³�×Ô�� �� �ÓÒ¹

Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2
k(C,Φ) ´ÑÙÒ� �Ù ÔÖÓ�Ù�Ø ×�Ð��Ö� L2 � ÔÓ��×µ ×ÙÖ Ð³�×Ô��

�� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk(C,Φ)º

���Ò�Ø�ÓÒ ¿º¾º½ ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cµº ËÓ�Ø k ≥ 1º

ËÓ�Ø qk ∈ L∞(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× ��

��



¿º¾º ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÈÄ�Æ �ÇÅÈÄ���

1/kº ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð� �ÓÒØ�ÓÒ qk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�¹

Ø�ÙÖ Tqk := (Tk)k≥1¸ Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò� Ô�Ö �

Tk := ΠΦ,kMqkΠΦ,k,

Ó� Mqk : L2
k(C,Φ) −→ L2

k(C,Φ) �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ qkº

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ qk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tqk º

Ê�Ñ�ÖÕÙ� ¿º¾º¾º Á�¸ ÓÒ � �Ó�×� �� ÓÒ×���Ö�Ö ÙÒ� ���Ò�Ø�ÓÒ ÔÓÙÖ Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� ÕÙ� ��Ô�Ò� �³ÙÒ� �ÓÒØ�ÓÒ Φº �Ò ��Ò�Ö�Ð¸ ÕÙ�Ò� ÓÒ Ô�ÖÐ�

�� �ØØ� ÕÙ�ÒØ���Ø�ÓÒ ÒÓØ�ÑÑ�ÒØ ��Ò× Ð�× �ÖØ�Ð�× �� �Ó��ÒÒ Ä� �ÐÓ� ´�Ä�½��℄¸ �Ä�½�℄µ¸

ÓÒ Ð� ÓÒ×���Ö� ÙÒ�ÕÙ�Ñ�ÒØ ÔÓÙÖ ÙÒ� �ÓÒØ�ÓÒ Φ Ô�ÖØ�ÙÐ��Ö� � Φ0(z) =
1

2
|z|2 ÔÓÙÖ z ∈ Cº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü�

�� R2 �Ò ×Ù�Ú�ÒØ Ð� Ð�ÚÖ� �� Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄ ÓÙ Ð� Ñ�Ò�¹ÓÙÖ× �Ò Ð��Ò�

�� Å����Ð À�ØÖ�� �Ø �� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �ÀË½�℄º �ÙÔ�Ö�Ú�ÒØ¸ ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ³ÓÒ Ô�ÙØ

���ÒØ���Ö Ð³�Ò×�Ñ�Ð� ΛΦ �Ú� C Ú�� Ð³�ÔÔÐ��Ø�ÓÒ ×Ù�Ú�ÒØ� �

C −→ ΛΦ

z �−→
�

z,
2

i

∂Φ

∂z
(z)

�

.

��Ò×�¸ ÓÒ Ô�ÙØ ���ÒØ���Ö Ð�× �×Ô��× �� Ë�Û�ÖØÞ S(C) �Ø S(ΛΦ)¸ ��Ò×� ÕÙ� Ð�× Ð�××�× ��

×ÝÑ�ÓÐ�× S(C) �Ø S(ΛΦ) Ó� ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� ´ÚÓ�Ö Ð� ���Ò�Ø�ÓÒ ¾º¾º½�µ �

S(ΛΦ) = {p� ∈ C∞(ΛΦ);∀α,∃Cα > 0, |∂αp�| ≤ Cα} ≃ S(C).

ÇÒ Ö�ÔÔ�ÐÐ� Ñ��ÒØ�Ò�ÒØ Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �³ÙÒ ×ÝÑ�ÓÐ�

×ÙÖ R2 ÕÙ� ÒÓÙ× �ÚÓÒ× ÚÙ� ��Ò× Ð� ��Ô�ØÖ� ¾ ´���Ò�Ø�ÓÒ ¾º¾º½�µº

���Ò�Ø�ÓÒ ¿º¾º¿ ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R2µº ËÓ�Ø p� ∈ S(ΛΦ) ÙÒ� �ÓÒØ�ÓÒ

��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ

�� Ï�ÝÐ ÓÑÔÐ�Ü� �� Ð� �ÓÒØ�ÓÒ p�¸ ÒÓØ�� OpwΦ(p�)¸ Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

OpwΦu(z) =
1

2π�

��

Γ(z)
e(i/�)(z−w)ζp�

�

z + w

2

�

u(w)dw ∧ dζ,

Ó� ÓÒ �ÒØ��Ö� ×ÙÖ Ð� ÓÒØÓÙÖ Γ(z) ���Ò� Ô�Ö �

Γ(z) =

�

(w, ζ); ζ =
2

i

∂Φ

∂z

�

z + w

2

��

.

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� �ØØ� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� ���Ò�Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹

����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� H�(C,Φ)º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ×ÙÖ H�(C,Φ)µº ËÓ�Ø p� ∈ S(ΛΦ)º �ÐÓÖ×

��



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ(p�) : H�(C,Φ) −→ H�(C,Φ) �×Ø ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� Ô�Ö Ö�ÔÔÓÖØ �Ù

Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ � ���� �Ø� ��ÓÖ��� �Ú� Ð� ÔÖÓÔÓ¹

×�Ø�ÓÒ ¾º¾º½¿ ´ÚÓ�Ö �Ù××� Ð� Ð�ÚÖ� �� Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄µº

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ³ÓÒ � ���� ÚÙ Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �� R2 �Ø Ð�

ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R
2¸ ³�×Ø Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿ ÕÙ� ÒÓÙ× Ð� �ÓÒÒ�º ÇÒ

Ú� Ñ��ÒØ�Ò�ÒØ �Ø��Ð�Ö ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü�

C �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R2¸ ÔÓÙÖ � ���Ö�¸ ÓÒ �ÒØÖÓ�Ù�Ø �ÙÔ�Ö�Ú�ÒØ ÙÒ�

ÒÓØ�Ø�ÓÒº

ÆÓØ�Ø�ÓÒ� ×Ó�Ø a ∈ S(ΛΦ) �Ø ×Ó�Ø q ∈ S(C)¸ ÐÓÖ×ÕÙ³ÓÒ �Ö�Ø Ð� Ö�Ð�Ø�ÓÒ ÕÙ� ×Ù�Ø¸ ÔÓÙÖ ØÓÙØ

z ∈ ΛΦ ≃ C �

a(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(q(z)),

�Ð� ×��Ò��� ÕÙ� a(z) =: ã(1, z) �×Ø Ð� ×ÓÐÙØ�ÓÒ �Ú�ÐÙ�� �Ù Ø�ÑÔ× 1 �� Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ�

×Ù�Ú�ÒØ� �










∂tã(t, z) =
1

4k

1

(∂2z,zΦ)
∂z∂zã(t, z),

ã(0, z) = q(z).

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ´ÉÙ�ÒØ���Ø�ÓÒ ÓÑÔÐ�Ü� �Ø ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò

ÓÑÔÐ�Ü� Cµº

½º ËÓ�Ø qk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� 1/kº ËÓ�Ø Tqk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� qkº �ÐÓÖ× ÔÓÙÖ

ØÓÙØ k ≥ 1¸

Tk = OpwΦ(a�) ×ÙÖ Hk(C,Φ),

Ó� a� ∈ S(ΛΦ) �×Ø ÙÒ ×ÝÑ�ÓÐ� �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ ≃ C �

a�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(qk(z)). ´�¿º½µ

¾º ËÓ�Ø a� ∈ S(ΛΦ) ÙÒ ×ÝÑ�ÓÐ� ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� �º �ÐÓÖ× �Ð �Ü�×Ø� ÙÒ ×ÝÑ�ÓÐ� qk ∈ S(C) ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�

�Ò ÔÙ�××�Ò�× �� 1/k Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1 �

OpwΦ(a�) = Tk + O(k−∞) ×ÙÖ H�(C,Φ),

Ó� (Tk)k≥1 = Tqk �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� qk¸ Ó� ÔÓÙÖ ØÓÙØ

½¼¼
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N ∈ N �Ø ØÓÙØ z ∈ C¸ Ð� �ÓÒØ�ÓÒ qk �×Ø �ÓÒÒ�� Ô�Ö �

qk(z) =

N
�

j=0

�
j

4jj!

�

1

(∂2z,zΦ)
DzDz

�j

(a�(z)) + O(�N+1).

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ ��Ø��ÐÐ�� �� � Ö�×ÙÐØ�Ø ×� ØÖÓÙÚ� ��Ò× Ð� Ð�ÚÖ� �� Å����

�ÛÓÖ×�� ��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄ ��Ò× Ð� �× ÑÙÐØ���Ñ�Ò×�ÓÒÒ�Ðº ÇÒ Ö�ÔÖÓ�Ù�Ø �� ÙÒ Ö�×ÙÑ�

��× ����Ö�ÒØ�× �Ø�Ô�× �� �ØØ� ��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � Ð� ×�ÓÒ�� �××�ÖØ�ÓÒ ��ÓÙÐ� �� Ð� ÔÖ�Ñ��Ö�º ÇÒ ×ÙÔÔÓ×� ÕÙ� Ð� ÔÖ�Ñ��Ö� �××�ÖØ�ÓÒ

�×Ø ÚÖ���º ËÓ�Ø a� ∈ S(ΛΦ)º ÅÓÒØÖÓÒ× ÕÙ³�Ð �Ü�×Ø� qk ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ C Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ

k ≥ 1 �

OpwΦ(a�) = Tk +O(k−∞) ×ÙÖ Ð³�×Ô�� H�(C,Φ),

Ó� Tqk = (Tk)k≥1 �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� qkº ÈÓÙÖ � ���Ö�¸ ÓÒ

ÓÒ×���Ö� Ð� �ÓÒØ�ÓÒ qk ���Ò��¸ ÔÓÙÖ ØÓÙØ N ∈ N �Ø ÔÓÙÖ ØÓÙØ z ∈ C¸ Ô�Ö �

qk(z) =

N
�

j=0

�

�

4

�j 1

j!

1

(∂2z,zΦ)
j
(DzDz)

ja�(z) +O(�N+1). ´�¿º¾µ

È�Ö ���Ò�Ø�ÓÒ¸ qk ∈ S(C) �ÓÒ �³�ÔÖ�× Ð� ÔÖ�Ñ��Ö� �××�ÖØ�ÓÒ ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ ×ÝÑ�ÓÐ�

b� ∈ S(ΛΦ) Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1 �

Tk = OpwΦ(b�) ×ÙÖ Ð³�×Ô�� Hk(C,Φ),

�Ø ÕÙ� �×Ø �ÓÒÒ�¸ ÔÓÙÖ z ∈ ΛΦ¸ Ô�Ö �

b�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(qk(z)).

�Ò Ö�ÔÐ���ÒØ qk Ô�Ö Ð³�ÜÔÖ�××�ÓÒ �ÓÒÒ�� ��Ò× Ð³�ÕÙ�Ø�ÓÒ ´�¿º¾µ¸ ÓÒ ØÖÓÙÚ� ÕÙ� ÔÓÙÖ ØÓÙØ

z ∈ ΛΦ �

b�(z) = a�(z) + O(�∞).

��Ò×�¸ ÔÓÙÖ ØÓÙØ k ≥ 1¸ ÓÒ � �

Tk = OpwΦ(a�) + O(�∞) ×ÙÖ Ð³�×Ô�� Hk(C,Φ).

��Ò×�¸ Ð� ×�ÓÒ�� �××�ÖØ�ÓÒ �×Ø ���Ò Ú�Ö���� �Ø �Ð ×Ù�Ø �ÓÒ Ñ��ÒØ�Ò�ÒØ �� ÑÓÒØÖ�Ö Ð�

ÔÖ�Ñ��Ö�º

�Ø�Ô� ¾ � ×�ÑÔÐ���Ø�ÓÒ �Ù ÔÖÓ�Ð�Ñ�º ËÓ�Ø qk ∈ S(C) �Ø ×Ó�Ø Tqk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� qkº �³��ÓÖ�¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º½¿¸ ÓÒ ×��Ø ÕÙ� ×�

a� ∈ S(ΛΦ)¸ �ÐÓÖ× �

OpwΦ(a�) = TφOpw(κ∗φa�)(x, �Dx)T
∗
φ ,

½¼½
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Ó� Opw ��×��Ò� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �� R
2º ÇÒ ×ÓÙ���Ø� ÑÓÒØÖ�Ö ÕÙ� ÔÓÙÖ

ØÓÙØ k ≥ 1 �

Tk = OpwΦ(a�) ×ÙÖ Ð³�×Ô�� Hk(C,Φ).

�ÓÒ¸ �Ð ×Ù�Ø �� ÑÓÒØÖ�Ö ÕÙ� �

T ∗
φMqkTφ = T ∗

φΠΦ,kMqkΠΦ,kTφ = T ∗
φTkTφ = Opw(κ∗φa�)(x, �Dx) ×ÙÖ Ð³�×Ô�� L2(R).

�Ò×Ù�Ø�¸ ÓÒ Ô�ÙØ ÓÒ×���Ö�Ö qk ∈ C∞
0 (C) �Ö ÙÒ� �ÓÒØ�ÓÒ qk ∈ S(C) Ô�ÙØ ×³�Ö�Ö� ÓÑÑ�

Ð�Ñ�Ø� �³ÙÒ� ×Ù�Ø� �� �ÓÒØ�ÓÒ× (qjk)j∈N ∈ C∞
0 (C) ��Ò× Ð³�×Ô�� �z�2L∞(C)º �Ø ×� ÓÒ ÓÒ×���Ö�

Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× T ∗
φMqj

k

Tφ¸ ÓÒ ÑÓÒØÖ� ÕÙ³�ÐÐ� ÓÒÚ�Ö��¸ ÓÑÑ� ÓÔ�Ö�Ø�ÙÖ �� S(R) ��Ò×
S ′(R)¸ Ú�Ö× Ð³ÓÔ�Ö�Ø�ÙÖ T ∗

φMqkTφº Ä� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× Opw(κ∗φa
j
�
)(x, �Dx) ÓÒÚ�Ö�� ÔÓÙÖ

Ð� Ñ�Ñ� ØÓÔÓÐÓ��� Ú�Ö× Ð³ÓÔ�Ö�Ø�ÙÖ Opw(κ∗φa�)(x, �Dx)º

�Ø�Ô� ¿ � �ÐÙÐ �ÓÖÑ�Ð �Ù ×ÝÑ�ÓÐ�º ËÓ�Ø qk ∈ C∞
0 (C)º Ä� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ T ∗

φMqkTφ

��Ò× Ð� ÕÙ�ÒØ���Ø�ÓÒ ×Ø�Ò��Ö�¸ �×Ø �ÓÒÒ� �ÓÖÑ�ÐÐ�Ñ�ÒØ¸ ÔÓÙÖ (x, η) ∈ R
2¸ Ô�Ö �

bqk(x, η) = e−(i/�)xη(T ∗
φMqkTφ)

�

e(i/�).η
�

(x).

��Ò×�¸ ×� bqk ∈ S(R)¸ ÓÒ � �

T ∗
φMqkTφ = Op(bqk)(x, �Dx),

Ó� Op ��×��Ò� Ð� ÕÙ�ÒØ���Ø�ÓÒ ×Ø�Ò��Ö�º ��Ø�ÖÑ�ÒÓÒ× ÙÒ� �ÜÔÖ�××�ÓÒ �ÓÖÑ�ÐÐ� �Ù ×ÝÑ�ÓÐ�

bqk º È�Ö ���Ò�Ø�ÓÒ¸ ÓÒ � �















Tφu(z) = cφ�
−3/4

�

R

e(i/�)φ(z,x)u(x)dx,

T ∗
φv(x) = cφ�

−3/4

�

C

e−(i/�)φ(w,x)v(w)e−(2/�)Φ(w)dL(w).

��Ò×�¸ ÓÒ � �

T ∗
φMqkTφ

�

e(i/�)xη
�

= T ∗
φMqk

�

cφ�
−3/4

�

R

e(i/�)φ(x,y)e(i/�)yηdy

�

,

= T ∗
φ

�

cφ�
−3/4

�

R

e(i/�)φ(x,y)qk(x)e
(i/�)yηdy

�

,

= cφ�
−3/4

�

C

e−(i/�)φ(w,x)

�

cφ�
−3/4

�

R

e(i/�)φ(w,y)qk(w)e
(i/�)yηdy

�

e−(2/�)Φ(w)dL(w),

= c2φ�
−3/2

�

C

�

R

e(i/�)(φ(w,y)−φ(w,x)+2iΦ(w))qk(w)e
(i/�)yηdydL(w).

½¼¾
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�ÓÒ ÔÓÙÖ ØÓÙØ (x, η) ∈ R
2¸ ÓÒ � �

bqk(x, η) = e−(i/�)xη(T ∗
φMqkTφ)

�

e(i/�).η
�

(x),

= e−(i/�)xηc2φ�
−3/2

�

C

�

R

e(i/�)(φ(w,y)−φ(w,x)+2iΦ(w))qk(w)e
(i/�)yηdydL(w),

= c2φ�
−3/2

�

C

�

R

e(i/�)(φ(w,y)−φ(w,x)+2iΦ(w))qk(w)e
(i/�)(y−x)ηdydL(w),

= c2φ�
−3/2

�

C

�

R

e(i/�)Θ(w,y;x,η)qk(w)dydL(w),

�Ú� Θ(w, y;x, η) = φ(w, y) − φ(w, x) + 2iΦ(w) + (y − x)η ÔÓÙÖ (w, y, x, η) ∈ C × R
3º �Ò

ÙØ�Ð�×�ÒØ Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �ÒØÖ� Ð� �ÓÒØ�ÓÒ φ �Ø Ð� �ÓÒØ�ÓÒ Φ �

Φ(w) = sup
x∈R

(−ℑ (φ(w, x))) ,

ÓÒ ÑÓÒØÖ� ÕÙ� Ð� Ô�ÖØ�� �Ñ���Ò��Ö� �� Ð� �ÓÒØ�ÓÒ Θ �×Ø ×ØÖ�Ø�Ñ�ÒØ ÔÓ×�Ø�Ú�º Ä�× ÔÓ�ÒØ×

Ö�Ø�ÕÙ�× �� Ð� �ÓÒØ�ÓÒ Θ ×ÓÒØ �ÓÒÒ�× Ô�Ö Ð�× �ÕÙ�Ø�ÓÒ× �















∂wΘ = 0,

∂wΘ = 0 ⇔ −∂wΘ = 0,

∂yΘ = 0,

ÕÙ� ×� Ö��Ö�Ú�ÒØ �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ (w, y, x, η) ∈ C × R
3 �















∂wφ(w, y) + 2i∂wΦ(w) = 0,

∂wφ(w, x) + 2i∂wΦ(w) = 0,

∂yφ(w, y) + η = 0.

Ë� ÓÒ ÒÓØ� x(w) Ð³ÙÒ�ÕÙ� ÔÓ�ÒØ Ö��Ð Ó� Ð� �ÓÒØ�ÓÒ −ℑφ(w, x) �ØØ��ÒØ ×ÓÒ Ñ�Ü�ÑÙÑ¸ �×

�ÕÙ�Ø�ÓÒ× ×� Ö��Ö�Ú�ÒØ �ÒÓÖ� ×ÓÙ× Ð� �ÓÖÑ� ÕÙ� ×Ù�Ø ÔÓÙÖ (w, y, x, η) ∈ C× R
3 �















∂wφ(w, y) − ∂wφ(w, x(w)) = 0,

∂wφ(w, x) − ∂wφ(w, x(w)) = 0,

∂yφ(w, y) + η = 0,

�Ö Ô�Ö ���Ò�Ø�ÓÒ Φ(w) = −ℑφ(w, x(w)) = −φ(w, x(w)) − φ(w, x(w))

2i
º �Ò×Ù�Ø�¸ ÓÒ Ö�Ô¹

Ô�ÐÐ� ÕÙ� �³�ÔÖ�× Ð� ���Ò�Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ κφ¸ ÓÒ � �

κφ(x,−∂xφ(w, x)) = (w, ∂wφ(w, x)),

�Ø ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� �

∂wφ(w, x(w)) =
2

i
∂wΦ(w),

½¼¿
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��Ò×� �

κφ(x(w),−∂xφ(x(w), w)) = w Ú�� Ð³���ÒØ���Ø�ÓÒ �� ΛΦ �Ú� C.

È�Ö ÓÒ×�ÕÙ�ÒØ Ð�× ��ÙÜ ÔÖ�Ñ��Ö�× �ÕÙ�Ø�ÓÒ× ���Ò�××�ÒØ Ð� ÔÓ�ÒØ Ö�Ø�ÕÙ� ×ÓÒØ �ÕÙ�Ú�Ð�ÒØ�×

� x = y = x(w)º �Ø Ð³ÙÒ�ÕÙ� ÔÓ�ÒØ Ö�Ø�ÕÙ� �� Ð� �ÓÒØ�ÓÒ Θ �×Ø �ÓÒÒ� Ô�Ö �

w = κφ(x, η) �Ø y = x.

ÇÒ ÑÓÒØÖ� Ô�Ö ÙÒ �ÐÙÐ ÕÙ� Ð� Ú�Ð�ÙÖ �� Ð� �ÓÒØ�ÓÒ Θ �Ò � ÔÓ�ÒØ Ö�Ø�ÕÙ� �×Ø ÒÙÐÐ�º

ÇÒ ���ØÙ� �Ò×Ù�Ø� Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� ×Ù�Ú�ÒØ �

w = κφ(x
′, η′) = −1

b
(dx′ + η′) �Ú� (x′, η′) ∈ R

2,

Ó� ÔÓÙÖ (z, x) ∈ C × R¸ ÓÒ � ÔÓ×� �

φ(z, x) =
1

2
az2 + bzx+

1

2
dx2,

�Ú� a, b, d ∈ C ´ÚÓ�Ö Ð� ���Ò�Ø�ÓÒ ¾º¾º�µº Ä� Ñ�ØÖ�� ��Ó���ÒÒ� �Ù ��Ò��Ñ�ÒØ �� Ú�Ö���Ð�

×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

M =

�

−ℜ(b−1d) −ℜ(b−1)

−ℑ(b−1d) −ℑ(b−1)

�

.

��Ò×� Ð� ��Ø�ÖÑ�Ò�ÒØ �� �ØØ� Ñ�ØÖ�� Ú�ÙØ �

detM =
−c
|b|2 Ó� c = ℑ(d).

�³�ÔÖ�× Ð� ���Ò�Ø�ÓÒ ¾º¾º½¼¸ ÓÒ � �

cφ =
1

21/2π3/4
|det ∂x∂zφ|

(detℑ∂2xφ)1/4
.

ÇÒ Ô�ÙØ �ÜÔÖ�Ñ�Ö c2φ �Ò �ÓÒØ�ÓÒ× ��× ÓÒ×Ø�ÒØ�× (b, c) ∈ C × R ÓÑÑ� ×Ù�Ø �

c2φ =
1

2π3/2
|b|2
c1/2

.

��Ò×�¸ ÓÒ Ô�ÙØ Ö��Ö�Ö� Ð� �ÓÒØ�ÓÒ bqk �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ (x, η) ∈ R
2 �

bqk(x, η) = c2φ�
−3/2

�

C

�

R

e(i/�)Θ(w,y;x,η)qk(w)dydL(w),

=
1

2π3/2
|b|2
c1/2

c

|b|2 �
−3/2

�

R3

e(i/�)Θ(κφ(x
′,η′),y;x,η)(κ∗φqk)(x

′, η′)dx′dη′dy,

=
1

2(π�)3/2
c1/2
�

R3

e(i/�)Θ̃(x′,η′,y;x,η)(κ∗φqk)(x
′, η′)dx′dη′dy,
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Ó� Θ̃(x′, η′, y;x, η) = Θ(κφ(x
′, η′), y;x, η)º

È�Ö Ð� �ÐÙÐ¸ ÓÒ ØÖÓÙÚ� ÕÙ�¸ ÔÓÙÖ (x′, η′, y, x, η) ∈ R
5¸ ÓÒ � �

Θ̃(x′, η′, y;x, η) = (y − x)

�

d

�

1

2
(y + x) − x′

�

+ (η − η′)

�

+ ic(x′ − x)2.

�Ò �ÔÔÐ�ÕÙ�ÒØ ÙÒ Ö�×ÙÐØ�Ø �Ù ØÝÔ� Ñ�Ø�Ó�� �� Ð� Ô��×� ×Ø�Ø�ÓÒÒ��Ö�¸ ÓÒ ØÖÓÙÚ� ÕÙ� ÔÓÙÖ

(x, η) ∈ R
2 �

bqk(x, η) = e−(�/4)(c−1D2
x+c

−1|d|2D2
η−2c−1dDηDx)(κ∗φqk)(x, η). ´�¿º¿µ

�Ø�Ô� � � Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ ×Ø�Ò��Ö� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐº ÈÓÙÖ qk ∈ C∞
0 (C)¸

ÓÒ � Ó�Ø�ÒÙ ÙÒ� �ÜÔÖ�××�ÓÒ �ÓÖÑ�ÐÐ� �Ù ×ÝÑ�ÓÐ� bqk ×�Ø�×���×�ÒØ Ð³���Ð�Ø� �

T ∗
φMqkTφ = Op(bqk)(x, �Dx),

�Ú� Op(bqk) Ð� ÕÙ�ÒØ���Ø�ÓÒ ×Ø�Ò��Ö� �Ù ×ÝÑ�ÓÐ� bqk º ÆÓÙ× ��ÚÓÒ× �ÓÒ Ñ��ÒØ�Ò�ÒØ

���Ö� Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ ×Ø�Ò��Ö� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ¸ ÔÙ�×ÕÙ³ÓÒ Ú�ÙØ

ÙÒ Ö�×ÙÐØ�Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

T ∗
φMqkTφ = Opw(aqk)(x, �Dx).

ÇÖ � Ð��Ò ×� ���Ø �Ù Ò�Ú��Ù ×ÝÑ�ÓÐ�ÕÙ� Ú�� Ð� �ÓÖÑÙÐ� ÕÙ� ×Ù�Ø¸ ÔÓÙÖ (x, η) ∈ R
2 �

aqk(x, η) = exp

�

−i�
2
DxDη

�

bqk(x, η),

= exp

�

− �

4c
(Dx − dDη)

�

Dx − dDη

�

�

(κ∗φqk)(x, η) �Ò ÙØ�Ð�×�ÒØ Ð³�ÕÙ�Ø�ÓÒ ´�¿º¿µ.

�Ò �ÜÔÐÓ�Ø�ÒØ Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� z = κφ(x, η) = −1

b
(dx+ η)¸ ÓÒ Ö��Ö�Ø Ð� ×ÝÑ�ÓÐ�

aqk ÔÓÙÖ (x, η) ∈ R
2 ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

aqk(x, η) = exp

�

−�

4

1

(∂2z,zΦ)
DzDzqk

�

(κφ(x, η)) = exp

�

�

4

1

(∂2z,zΦ)
∂z∂zqk

�

(κφ(x, η)).

��Ò×�¸ aqk(x, η) = a�(κφ(x, η))¸ �ÓÒ �Ù Ò�Ú��Ù ��× ÓÔ�Ö�Ø�ÙÖ×¸ ÓÒ � �

T ∗
φMqkTφ = Opw(aqk)(x, �Dx) = Opw(κ∗φa�)(x, �Dx).

�³Ó� Ð� Ö�×ÙÐØ�Øº

Å��ÒØ�Ò�ÒØ ÕÙ³ÓÒ � ���Ø ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò

ÓÑÔÐ�Ü� C �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� C¸ �Ð Ò� Ö�×Ø� ÔÐÙ× ÕÙ³� ØÖ��Ù�Ö�

Ð�× �ÝÔÓØ��×�× �Ù Ø��ÓÖ�Ñ� � ÔÓÖØ�ÒØ ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ R2 �Ò ��× �ÝÔÓØ��×�× ÔÓÖØ�ÒØ

×ÙÖ Ð� ×ÝÑ�ÓÐ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cº ÈÓÙÖ � ���Ö�¸ ÓÒ
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ÔÖÓ��� �Ò ��ÙÜ �Ø�Ô�×¸ Ð� ÔÖ�Ñ��Ö� ÓÒ×�×Ø� � ØÖ��Ù�Ö� Ð�× �ÝÔÓØ��×�× ´�µ � ´�µ ÔÓÖØ�ÒØ

×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ R
2 �Ò ��× �ÝÔÓØ��×�× ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ ΛΦ¸ ÔÙ�× ÓÒ ØÖ��Ù�Ö� �

Ð³���� �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º� Ð�× �ÝÔÓØ��×�× ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ ΛΦ �Ò ��× �ÝÔÓØ��×�×

×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Cº Ê�ÔÔ�ÐÓÒ× � �Ø ���Ø Ð�× �ÝÔÓØ��×�× �Ù Ø��ÓÖ�Ñ� �º ÇÒ ÓÒ×���Ö�

Ð� �ÓÒØ�ÓÒ pǫ
�
:= f ǫ

�
+ iǫqǫ

�
���Ò�� ×ÙÖ Ð³�Ò×�Ñ�Ð� R

2 ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫ �Ø

×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�× ×Ù�Ú�ÒØ�× �

´�µ Ð�× ×ÝÑ�ÓÐ�× f ǫ
�
�Ø qǫ

�
×ÓÒØ ��× �ÓÒØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ×ÙÖ R2 � Ú�Ð�ÙÖ× Ö��ÐÐ�× ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �

´�µ pǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� R×R �Ø ×ÙÖ � ÚÓ�×�Ò���¸

ÓÒ � �

∃C > 0, |pǫ�(x, ξ)| ≤ Cm(ℜ(x, ξ)), ´�¿º�µ

Ó� m �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ R2 �

´�µ pǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�

� ��Ò× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ×�Ø�×���×�ÒØ Ð� �ÓÖÒ� ´�¿º�µ �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

pǫ�(x, ξ) ∼
∞
�

j=0

pǫj(x, ξ)�
j ;

´�µ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� pǫ �

pǫ(x, ξ) = f ǫ(x, ξ) + iǫqǫ(x, ξ),

ÔÓÙÖ (x, ξ) ∈ R
2¸ �×Ø �ÐÐ�ÔØ�ÕÙ� � Ð³�Ò�Ò�¸ �º�º ÔÓÙÖ (x, ξ) ∈ VoisTub(R2)¸ �Ð �Ü�×Ø� ÙÒ�

ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|pǫ(x, ξ)| ≥ 1

C
m(ℜ(x, ξ)), ÔÓÙÖ |(x, ξ)| ≥ C;

´�µ ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�¸ �ÐÓÖ× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

ΛE0 = {(x, ξ) ∈ R
2; pǫ(x, ξ)|ǫ=0 = E0},

�×Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ´ÀÝÔÓØ��×�× ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ ΛΦµº ËÓ�Ø aǫ� := bǫ
�
+ iǫcǫ

�
ÙÒ� �ÓÒØ�ÓÒ

���Ò�� ×ÙÖ ΛΦ ≃ C ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �Ø ×�Ø�×���×�ÒØ Ð�×

�ÝÔÓØ��×�× ×Ù�Ú�ÒØ�× �

´�³µ Ð�× ×ÝÑ�ÓÐ�× bǫ
�
�Ø cǫ

�
×ÓÒØ ��× �ÓÒØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ×ÙÖ ΛΦ � Ú�Ð�ÙÖ× Ö��ÐÐ�× ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �

´�³µ aǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� ΛΦ �Ø ×ÙÖ � ÚÓ�×�Ò���¸

ÓÒ � �

∃C > 0, |a�(z)| ≤ Cm̃(ℜ(z)), ´�¿º�µ
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Ó� m̃ �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ ΛΦ �Ø Ó� �� Ð� ÒÓØ�Ø�ÓÒ Ô�ÖØ�� Ö��ÐÐ� ℜ ×��Ò���

ÕÙ� ×� z ∈ VoisTub(ΛΦ)¸ �ÐÓÖ× ℜ(z) ∈ ΛΦ ´Ô�Ö �Ò�ÐÓ��� �Ú� Ð�× �ÓÒØ�ÓÒ× �³ÓÖ�Ö� ×ÙÖ

R
2µ �

´�³µ aǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � ��Ò× Ð³�×Ô�� �� �ÓÒ¹

Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× ×�Ø�×���×�ÒØ Ð� �ÓÖÒ� ´�¿º�µ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

aǫ�(z) ∼
∞
�

j=0

aǫj(z)�
j ;

´�³µ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� aǫ �

aǫ(z) = bǫ(z) + iǫcǫ(z),

ÔÓÙÖ z ∈ ΛΦ¸ �×Ø �ÐÐ�ÔØ�ÕÙ� � Ð³�Ò�Ò�¸ �º�º ÔÓÙÖ ØÓÙØ z ∈ VoisTub(ΛΦ)¸ �Ð �Ü�×Ø� ÙÒ�

ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|aǫ(z)| ≥ 1

C
m̃(ℜ(z)) ÔÓÙÖ |z| ≥ C �

´�³µ ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�¸ �ÐÓÖ× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

Λ̃E0 = {z ∈ ΛΦ; a
ǫ(z)|ǫ=0 = E0},

�×Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº

ËÓ�Ø pǫ
�
ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ R2 ���Ò� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ (x, ξ) ∈ R

2 �

pǫ�(x, ξ) = aǫ� ◦ κφ(x, ξ),

Ó� ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� κφ �×Ø Ð� �ÓÒØ�ÓÒ ���Ò�� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

κφ : C × C −→ C × C,

(x,−∂xφ(z, x)) �−→ (z, ∂zφ(z, x)).

�ÐÓÖ× Ð� ×ÝÑ�ÓÐ� pǫ
�
×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�µ � ´�µº

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø aǫ
�
ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ ΛΦ ×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�× ´�³µ � ´�³µº ËÓ�Ø

pǫ
�
= aǫ

�
◦ κφº �³��ÓÖ�¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� �ÓÒØ�ÓÒ pǫ

�
�×Ø ���Ò ���Ò�� ×ÙÖ Ð³�×Ô�� R

2 �Ö

Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κφ �ÒÚÓ�� R2 ×ÙÖ ΛΦ �³�ÔÖ�× Ð� Ö�Ñ�ÖÕÙ� ¾º¾º½¾º ÇÒ Ö�Ñ�ÖÕÙ� ���Ð�Ñ�ÒØ

ÕÙ� ×� ÓÒ ÔÓ×�¸ ÔÓÙÖ a, b, d ∈ C �Ø ÔÓÙÖ (z, x) ∈ C
2 �

φ(z, x) =
1

2
az2 + bzx+

1

2
dx2,

½¼�



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

´ÚÓ�Ö Ð� ���Ò�Ø�ÓÒ ¾º¾º�µ �ÐÓÖ× Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κφ ×� Ö��Ö�Ø �

κφ : (x,−(bz + dx)) �−→ (z, az + bx).

ÅÓÒØÖÓÒ× ÕÙ� Ð� ×ÝÑ�ÓÐ� aǫ
�
×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�µ � ´�µº

´�µ È�Ö ���Ò�Ø�ÓÒ¸ ÓÒ � � f ǫ
�
= bǫ

�
◦κφ �Ø qǫ� = cǫ

�
◦κφ �ÓÒ ÓÒ �Ò ���Ù�Ø ÕÙ� Ð�× �ÓÒØ�ÓÒ×

f ǫ
�
�Ø qǫ

�
×ÓÒØ �Ò�ÐÝØ�ÕÙ�× ×ÙÖ R

2 � Ú�Ð�ÙÖ× Ö��ÐÐ�× �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù

Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫº

´�µ È�Ö ���Ò�Ø�ÓÒ Ð� �ÓÒØ�ÓÒ κφ �ÒÚÓ�� ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� R
2 ×ÙÖ ÙÒ ÚÓ�×�Ò���

ØÙ�ÙÐ��Ö� �� ΛΦ¸ �ÓÒ pǫ� �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ VoisTub(R2) �Ö aǫ
�
Ð³�×Ø

×ÙÖ VoisTub(ΛΦ) �Ø ×ÙÖ � ÚÓ�×�Ò���¸ ÓÒ � �

|pǫ�(x, ξ)| = |aǫ� ◦ κφ(x, ξ)| ,
= |aǫ�(z)| Ó� z = κφ(x, ξ) ∈ VoisTub(ΛΦ),

≤ Cm̃(ℜ(z)),

≤ Cm̃(κφ(ℜ(x, ξ)),

≤ Cm(ℜ(x, ξ)),

Ó� ÓÒ � ÔÓ×� m = m̃ ◦ κφ¸ � ÕÙ� ���Ò�Ø ���Ò ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ R2º

´�µ �ÓÑÑ� Ð� ×ÝÑ�ÓÐ� aǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �

�Ø ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κφ �×Ø �Ò��Ô�Ò��ÒØ� �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�¸ �ÐÓÖ× Ð�

×ÝÑ�ÓÐ� pǫ
�
��Ñ�Ø �Ù××� ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º

´�µ ËÓ�Ø pǫ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð �� Ð� �ÓÒØ�ÓÒ pǫ
�
¸ ×Ó�Ø (x, ξ) ∈ VoisTub(R2)¸ �ÐÓÖ× ÓÒ

� �

|pǫ(x, ξ)| = |aǫ(z)| ,

≥ 1

C
m̃(ℜ(z)) ÔÓÙÖ |z| ≥ C,

≥ 1

C
m(ℜ(x, ξ)) ÔÓÙÖ |(x, ξ)| ≥ C¸

�³Ó� Ð³�ÐÐ�ÔØ��Ø� � Ð³�Ò�Ò� �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð pǫº

´�µ ËÓ�Ø E0 ∈ R¸ ÓÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ×Ù�Ú�ÒØ �

ΛE0 = {(x, ξ) ∈ R
2; pǫ(x, ξ)|ǫ=0 = E0},

= {(x, ξ) ∈ R
2; aǫ ◦ κφ(x, ξ)|ǫ=0 = E0},

= {z ∈ ΛΦ; a
ǫ(z)|ǫ=0 = E0},

= Λ̃E0 ,

�³Ó� Ð� ���Ø ÕÙ� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ΛE0 ×Ó�Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº

½¼�



¿º¾º ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÈÄ�Æ �ÇÅÈÄ���

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ´ÀÝÔÓØ��×� ×ÙÖ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Cµº ËÓ�Ø pǫk := f ǫk + iǫqǫk ÙÒ� �ÓÒØ�ÓÒ

���Ò�� ×ÙÖ C ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �Ø ×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�×

×Ù�Ú�ÒØ�× �

´��µ Ð�× ×ÝÑ�ÓÐ�× f ǫk �Ø q
ǫ
k ×ÓÒØ ��× �ÓÒØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ×ÙÖ C � Ú�Ð�ÙÖ× Ö��ÐÐ�× ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �

´��µ pǫk �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� C �Ø ×ÙÖ � ÚÓ�×�Ò���¸

ÓÒ � �

|pǫk(z)| ≤ Cm̂ (ℜ(z)) , ´�¿º�µ

Ó� m̂ �×Ø ÙÒ� �ÓÒØ�ÓÒ �³ÓÖ�Ö� ×ÙÖ C �Ø Ó� �� Ð� Ô�ÖØ�� Ö��ÐÐ� ×��Ò��� ÕÙ� ×� z ∈ VoisTub(C)¸

�ÐÓÖ× ℜ(z) ∈ C ´Ô�Ö �Ò�ÐÓ��� �Ú� Ð�× �ÓÒØ�ÓÒ× �³ÓÖ�Ö� ×ÙÖ ΛΦµ �

´��µ pǫk ��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k ��Ò× Ð³�×Ô�� �� �ÓÒ¹

Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× ×�Ø�×���×�ÒØ Ð� �ÓÖÒ� ´�¿º�µ �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

pǫk(z) ∼
∞
�

j=0

pǫj(z)k
−j ;

´��µ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� pǫ �

pǫ(z) = f ǫ(z) + iǫqǫ(z),

ÔÓÙÖ z ∈ C¸ �×Ø �ÐÐ�ÔØ�ÕÙ� � Ð³�Ò�Ò�¸ �º�º ÔÓÙÖ ØÓÙØ z ∈ VoisTub(C)¸ �Ð �Ü�×Ø� ÙÒ�

ÓÒ×Ø�ÒØ� C > 0 Ø�ÐÐ� ÕÙ� �

|pǫ(z)| ≥ 1

C
m̂(ℜ(z)), ÔÓÙÖ |z| ≥ C.

´��µ ×Ó�Ø E0 ∈ R ÙÒ Ö��Ð �Ü�¸ �ÐÓÖ× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù �

Λ̂E0 = {z ∈ C; pǫ(z)|ǫ=0 = E0},

�×Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº

ËÓ�Ø Tpǫ
k
= (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� pǫkº �ÐÓÖ× Ð� ×ÝÑ�ÓÐ� a

ǫ
�

Ó�Ø�ÒÙ Ô�Ö �ÔÔÐ��Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ���Ò� ÔÓÙÖ ØÓÙØ z ∈ ΛΦ ≃ C Ô�Ö �

aǫ�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(pǫk(z)),

×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�³µ � ´�³µ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º�º

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø pǫk ÙÒ ×ÝÑ�ÓÐ� ×�Ø�×���×�ÒØ Ð�× �ÝÔÓØ��×�× ´��µ � ´��µº ËÓ�Ø Tpǫk = (Tk)k≥1

Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �� ×ÝÑ�ÓÐ� pǫkº �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�¹

Ø�ÓÒ ¿º¾º�¸ ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ aǫ
�
���Ò�� ×ÙÖ ΛΦ Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1 �

Tk = OpwΦ(a
ǫ
�) ×ÙÖ Ð³�×Ô�� Hk(C,Φ),

½¼�



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

�Ø Ó� Ð� ×ÝÑ�ÓÐ� aǫ
�
�×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ ΛΦ ≃ C �

aǫ�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(pǫk(z)).

�ÙØÖ�Ñ�ÒØ ��Ø Ð� �ÓÒØ�ÓÒ aǫ
�
�×Ø Ð� ×ÓÐÙØ�ÓÒ �Ù Ø�ÑÔ× 1 �� Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� �











∂ta
ǫ
�(t, z) =

�

4

1

(∂2z,zΦ)
∂z∂za

ǫ
�(t, z),

aǫ�(0, z) = pǫk(z)

ÅÓÒØÖÓÒ× ÕÙ� Ð� ×ÝÑ�ÓÐ� aǫ
�
×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�³µ � ´�³µº

´�³µ ËÓ��ÒØ bǫ
�
�Ø cǫ

�
��× �ÓÒØ�ÓÒ× ×ÙÖ ΛΦ ���Ò��× Ô�Ö Ð�× Ö�Ð�Ø�ÓÒ× ×Ù�Ú�ÒØ�×¸ ÔÓÙÖ ØÓÙØ

z ∈ ΛΦ �






















bǫ�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(f ǫk(z)),

cǫ�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(qǫk(z)),

ÓÑÑ� Ð�× �ÓÒØ�ÓÒ× f ǫk �Ø qǫk ×ÓÒØ �Ò�ÐÝØ�ÕÙ�× ×ÙÖ C¸ �ÐÓÖ× Ð�× �ÓÒØ�ÓÒ× bǫ
�
�Ø cǫ

�
Ð�

×ÓÒØ ×ÙÖ ΛΦº �� ÔÐÙ×¸ bǫ� �×Ø Ð� ×ÓÐÙØ�ÓÒ �Ù Ø�ÑÔ× �� 1 �� Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� �











∂tb
ǫ
�(t, z) =

�

4

1

(∂2z,zΦ)
∂z∂zb

ǫ
�(t, z),

bǫ�(0, z) = f ǫk(z)

ÕÙ� �×Ø �ÒÚ�Ö��ÒØ� Ô�Ö ÓÒ�Ù���×ÓÒ ÓÑÔÐ�Ü�¸ �ÓÒ bǫ
�
�×Ø � Ú�Ð�ÙÖ× Ö��ÐÐ�× ×ÙÖ ΛΦº ÁÐ

�Ò �×Ø �� Ñ�Ñ� ÔÓÙÖ Ð� �ÓÒØ�ÓÒ cǫ
�
º

´�³µ �ÓÑÑ� Ð� �ÓÒØ�ÓÒ pǫk �×Ø ���Ò�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� C¸ �ÐÓÖ× Ð� �ÓÒØ�ÓÒ

aǫ
�
�×Ø ���Ò ���Ò�� ×ÙÖ ÙÒ ÚÓ�×�Ò��� ØÙ�ÙÐ��Ö� �� ΛΦ �Ø �� ÔÐÙ× ÓÑÑ� Ð� �ÓÒØ�ÓÒ pǫk

�×Ø �ÓÐÓÑÓÖÔ�� ×ÙÖ VoisTub(C)¸ �ÐÓÖ× aǫ
�
×�Ö� �ÓÐÓÑÓÖÔ�� ×ÙÖ VoisTub(ΛΦ)º Ë� ÓÒ

ÓÒ×���Ö� Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� �¹��××Ù× ÔÓÙÖ z ∈ VoisTub(C)¸ �ÐÓÖ× ÓÒ � �

aǫ�(z) = pǫk(z),

�³Ó� Ð� Ñ��ÓÖ�Ø�ÓÒ ´�¿º�µº

´�³µ �ÓÑÑ� Ð� �ÓÒØ�ÓÒ pǫk ��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× ��

1/k �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ C �

pǫk(z) ∼
∞
�

j=0

pǫj(z)k
−j ,

½½¼



¿º¾º ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÈÄ�Æ �ÇÅÈÄ���

�ÐÓÖ× ÓÒ Ô�ÙØ ÓÒ×���Ö�Ö ÔÓÙÖ ØÓÙØ j ∈ N¸ Ð�× �ÕÙ�Ø�ÓÒ× ����Ö�ÒØ��ÐÐ�× ×Ù�Ú�ÒØ�× �











∂ta
ǫ
j(t, z) =

�

4

1

(∂2z,zΦ)
∂z∂za

ǫ
j(t, z),

aǫj(0, z) = pǫj(z).

Ë� ÓÒ ÒÓØ� aǫj(z) Ð� ×ÓÐÙØ�ÓÒ �Ù Ø�ÑÔ× 1 �� �ØØ� �ÕÙ�Ø�ÓÒ¸ �ÐÓÖ× �ØØ� ×ÓÐÙØ�ÓÒ ��Ñ�Ø

ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø �ÓÒ ÓÒ Ô�ÙØ �Ò ���Ù�Ö� ÕÙ�

Ð� ×ÝÑ�ÓÐ� aǫ
�
��Ñ�Ø ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ VoisTub(ΛΦ) �

aǫ�(z) ∼
∞
�

j=0

aǫj(z)�
j .

´�³µ ËÓ�Ø aǫ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð �� Ð� �ÓÒØ�ÓÒ aǫ
�
¸ �ÐÓÖ× ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ� ÔÓÙÖ ØÓÙØ

z ∈ VoisTub(ΛΦ)¸ ÓÒ � �

aǫ(z) = pǫ(z),

�³Ó� Ð³�ÐÐ�ÔØ��Ø� � Ð³�Ò�Ò� �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð aǫº

´�³µ ËÓ�Ø E0 ∈ R ÙÒ Ö��Ð �Ü� � ÓÒ ÓÒ×���Ö� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ×Ù�Ú�ÒØ �

Λ̃E0 = {z ∈ ΛΦ; a
ǫ(z)|ǫ=0 = E0},

= {z ∈ ΛΦ; p
ǫ(z)|ǫ=0 = E0} �³�ÔÖ�× Ð³�ÝÔÓØ��×� ´�³µ,

= {z ∈ C; pǫ(z)|ǫ=0 = E0} Ô�Ö ���ÒØ���Ø�ÓÒ �� ΛΦ �Ø C,

= Λ̂E0 ,

�³Ó� Ð� ���Ø ÕÙ� �Ø �Ò×�Ñ�Ð� �� Ò�Ú��Ù ×Ó�Ø ÓÑÔ�Ø¸ ÓÒÒ�Ü� �Ø Ö��ÙÐ��Öº

ÇÒ Ô�ÙØ Ñ��ÒØ�Ò�ÒØ �ÒÓÒ�Ö ÙÒ� ��ÙÜ��Ñ� �ÔÔÐ��Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� � ÕÙ� ÔÓÖØ� ×ÙÖ Ð�

×Ô�ØÖ� �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� ÒÓÒ �ÙØÓ¹���Ó�ÒØ×º

Ì��ÓÖ�Ñ� �º ËÓ�Ø Tpǫ
k
ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� ��Ô�Ò��ÒØ

�� Ñ�Ò��Ö� C∞ �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �Ø ×Ó�Ø E0 ∈ R Ø�Ð× ÕÙ� Ð�× �ÝÔÓØ��×�× ´��µ � ´��µ

×Ó��ÒØ ×�Ø�×���Ø�× ´ÚÓ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º�µº �Ò Ô�ÖØ�ÙÐ��Ö Ð³ÓÔ�Ö�Ø�ÙÖ Tpǫ
k
�×Ø �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

Tpǫ
k
= Tfǫ

k
+ iǫTqǫ

k
,

Ó� Tfǫ
k
�Ø Tqǫ

k
×ÓÒØ ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C �ÙØÓ¹���Ó�ÒØ×º ÁÐ

�Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C; |ℜ(z) − E0| <
1

C
, |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tpǫ
k
:= (Tk)k≥1 ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0

½½½



�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

×ÓÒØ ×�ÑÔÐ�× �Ø �ÓÒÒ��× ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0¸ ÔÓÙÖ � ×Ù�×�ÑÑ�ÒØ Ô�Ø�Ø �Ø ÔÓÙÖ k ≥ 1¸ Ô�Ö �

σ(Tk) ∩RC,ǫ0 = {gǫk
�

k−1j
�

+ O
�

k−∞� , j ∈ Z} ∩RC,ǫ0 ,

Ó� gǫk �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� 1/k �Ø ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫk �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ �

RC,ǫ0 ∋ E �−→ 1

2π

�

γ̂E

wdz,

Ó� γ̂E �×Ø ÙÒ Ð��Ø ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� �

Λ̂ǫ
E = {(z, w) ∈ VoisTub(C); pǫ(z, w) = E}.

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� Ð� ×ÝÑ�ÓÐ� pǫk ×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´��µ � ´��µ¸ �ÐÓÖ× ×� ÓÒ

�ÔÔÐ�ÕÙ� Ð�× ÔÖÓÔÓ×�Ø�ÓÒ× ¿º¾º� �Ø ¿º¾º�¸ Ð� ×ÝÑ�ÓÐ� aǫ
�
���Ò� ×ÙÖ Ð³�Ò×�Ñ�Ð� ΛΦ Ô�Ö �

aǫ�(z) = exp

�

1

4k

1

(∂2z,zΦ)
∂z∂z

�

(pǫk(z)),

×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�³µ � ´�³µº Ë� ÓÒ �ÔÔÐ�ÕÙ� Ñ��ÒØ�Ò�ÒØ Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º�¸ Ð�

×ÝÑ�ÓÐ� pǫ
�
= aǫ

�
◦ κφ ×�Ø�×���Ø Ð�× �ÝÔÓØ��×�× ´�µ � ´�µº È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �×Ø ��Ò× Ð�

��Ö� �³�ÔÔÐ��Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� �¸ ��Ò×� ×� ÓÒ ÒÓØ� Opw(pǫ
�
) Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù

×ÝÑ�ÓÐ� pǫ
�
¸ ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ0 Ø�Ð ÕÙ� ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0¸ Ð� ×Ô�ØÖ�

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ
�
) ��Ò× Ð� Ö�Ø�Ò�Ð� RC,ǫ0 �×Ø �ÓÒÒ� Ô�Ö �

σ(Opw(pǫ�)) ∩RC,ǫ0 = {gǫ�(�j) + O(�∞), j ∈ Z} ∩RC,ǫ0 ,

Ó� gǫ
�
�×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫ �Ø ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�¹

Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º �Ò×Ù�Ø�¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¾º¾º¾�¸ ÓÒ ×��Ø ÕÙ� �

σ(Opw(pǫ�)) = σ(OpwΦ(a
ǫ
�)),

�Ø �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º�¸ ÓÒ ×��Ø ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1¸ ÓÒ � �

Tk = OpwΦ(a
ǫ
�) ×ÙÖ Hk(C,Φ),

�ÓÒ ÓÒ �Ò ���Ù�Ø ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1¸

σ(Tk) = σ(OpwΦ(a
ǫ
�)),

½½¾



¿º¾º ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÈÄ�Æ �ÇÅÈÄ���

�ÙØÖ�Ñ�ÒØ ��Ø ÔÓÙÖ ØÓÙØ k ≥ 1 �Ø ÔÓÙÖ ØÓÙØ 0 ≤ ǫ ≤ ǫ0¸ ÓÒ � �

σ(Tk) ∩RC,ǫ0 = {gǫk
�

k−1j
�

+ O
�

k−∞� , j ∈ Z} ∩RC,ǫ0 ,

Ó� ÓÒ � Ö�ÑÔÐ�� Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � Ô�Ö 1/kº ÁÐ Ö�×Ø� Ñ��ÒØ�Ò�ÒØ � ��Ø�ÖÑ�Ò�Ö

Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫkº �³�ÔÖ�× Ð� Ø��ÓÖ�Ñ�

�¸ ÓÒ ×��Ø ÕÙ� � ÔÖ�Ñ��Ö Ø�ÖÑ� �×Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ �

E �−→ 1

2π

�

γE

ξdx,

Ó� γE �×Ø ÙÒ Ð��Ø ��Ò× Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ù ÓÑÔÐ�Ü� �

Λǫ
E = {(x, ξ) ∈ VoisTub(R2); pǫ(x, ξ) = E}.

�ÓÑÑ� κφ �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ�¸ �ÐÓÖ× ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ� �

1

2π

�

γE

ξdx =
1

2π

�

γ̃E

ηdy,

Ó� (y, η) ×ÓÒØ ��× ÓÓÖ�ÓÒÒ��× ×ÙÖ VoisTub(ΛΦ) �Ø Ó� γ̃E = κ∗φγE �×Ø ÙÒ Ð��Ø ��Ò× Ð³�Ò×�Ñ¹

�Ð� �� Ò�Ú��Ù �

Λ̃ǫ
E = {(y, η) ∈ VoisTub(ΛΦ), a

ǫ(y, η) = E}.

È�Ö ���ÒØ���Ø�ÓÒ �� ΛΦ �Ú� C �Ø �³�ÔÖ�× Ð³�ÕÙ�Ø�ÓÒ ´�¿º½µ ÕÙ� Ö�Ð�� Ð� ×ÝÑ�ÓÐ� aǫ
�
�Ø Ð�

×ÝÑ�ÓÐ� pǫk¸ �Ø �Ò×�Ñ�Ð� �� Ò�Ú��Ù ×� Ö��Ö�Ø �

Λ̃ǫ
E = {(z, w) ∈ VoisTub(C); pǫ(z, w) = E} = Λ̂ǫ

E ,

�Ø Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ Ú�Ö��� �

1

2π

�

γE

ξdx =
1

2π

�

γ̃E

ηdy =
1

2π

�

γ̂E

wdz,

Ó� γ̂E = γ̃E º �³Ó� Ð� ���Ø ÕÙ� Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�×¹

×�Ò�× �� 1/k �� Ð� �ÓÒØ�ÓÒ gǫk ×Ó�Ø Ð� Ö��ÔÖÓÕÙ� �� Ð³�ÒØ��Ö�Ð� �³�Ø�ÓÒ �

E �−→
�

γ̂E

wdz.
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�À�ÈÁÌÊ� ¿º �ÈÈÄÁ��ÌÁÇÆË

½½�



���Ô�ØÖ� �

Ë�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÐÐÙ×ØÖÓÒ× � Ð³���� �� ×�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× Ð�× Ö�×ÙÐØ�Ø× ��×

Ø��ÓÖ�Ñ�× � �Ø �³º ÆÓÙ× �ÐÐÓÒ× �ÓÒ Ó�×�ÖÚ�Ö ÕÙ� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹

���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ×¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×� Ö�Ô�ÖØ�××�ÒØ

Ð� ÐÓÒ� �³ÙÒ� ÓÙÖ��º

�º½ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ L2(S1)

ËÓ�Ø 0 ≤ � < 1 Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ�º ËÓ�Ø ǫ > 0 ÙÒ Ô�Ø�Ø Ô�Ö�Ñ�ØÖ�º ËÓ�Ø α ∈ R
∗º

ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(pǫ) ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(S1) �Ø ���Ò�

Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

Opw(pǫ)(θ, �Dθ) = α�Dθ + iǫOpw(q)(θ, �Dθ),

Ó� Ð� ×ÝÑ�ÓÐ� q(θ, I) �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(q) �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� ×ÙÖ S1 × R ÕÙ� Ò�

��Ô�Ò� Ô�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ÆÓÙ× ��Ö�ÚÓÒ× �¹��××ÓÙ× Ð� Ñ�Ø�Ó�� �³�ÑÔÐ�¹

Ñ�ÒØ�Ø�ÓÒ ÕÙ� ÒÓÙ× �ÚÓÒ× ÙØ�Ð�×�� ÔÓÙÖ ���Ò�Ö Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(pǫ) �Ú�

Ð� ÐÓ����Ð �� �ÐÙÐ ×��ÒØ��ÕÙ� Ë�Ð�� �

½º ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� ��Ñ�ÐÐ� (el)l∈Z = (eilθ)l∈Z �×Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Ð³�×Ô��

L2(S1)¸ �ÓÒ ÓÒ ���Ò�Ø Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) Ô�Ö ×ÓÒ �Ø�ÓÒ ×ÙÖ Ð�× �Ð�Ñ�ÒØ× �� Ð�

��×� � ÓÒ Ó�Ø��ÒØ �ÐÓÖ× ÙÒ� Ñ�ØÖ�� �Ò�Ò�� Pǫ �

¾º ÓÒ �Ó�×�Ø ÙÒ �ÒØ��Ö N ≥ 1 �Ø ÓÒ ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� Pǫ �Ò ÙÒ� Ñ�ØÖ�� Pǫ
2N+1 ��

Ø��ÐÐ� (2N+1)×(2N+1) �Ò �Ó�×�××�ÒØ �� ÓÒ×���Ö�Ö Ð³�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ)

ÙÒ�ÕÙ�Ñ�ÒØ ×ÙÖ Ð�× Ú�Ø�ÙÖ× (el)−N≤l≤N �

¿º ÓÒ ��Ø�ÖÑ�Ò� Ð� ×Ô�ØÖ� �� Ð� Ñ�ØÖ�� Pǫ
2N+1 � Ð³���� �� Ð� �ÓÒØ�ÓÒ ×Ô�º

�Ò×Ù�Ø�¸ ÔÓÙÖ ÓÑÔ�Ö�Ö Ð� ×Ô�ØÖ� Ó�Ø�ÒÙ Ô�Ö Ë�Ð�� �Ú� �ÐÙ� Ó�Ø�ÒÙ ��Ò× Ð� Ø��ÓÖ�Ñ�

�³¸ ÓÒ ��Ø�ÖÑ�Ò� ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ gǫ ´ÕÙ� �ÓÒÒ� Ð� ×Ô�ØÖ� �Ü�Øµ �Ò

ÓÒ×���Ö�ÒØ Ð� ÑÓÝ�ÒÒ� Ô�Ö Ö�ÔÔÓÖØ � Ð� Ú�Ö���Ð� θ ∈ S
1 �Ù ×ÝÑ�ÓÐ� pǫ(θ, I) = αI+iǫq(θ, I)

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) ÔÓÙÖ (θ, I) ∈ S
1 ×Rº ÇÒ Ó�Ø��ÒØ Ð�× �Ö�Ô��ÕÙ�× �¹��××ÓÙ× �Ú� Ð�×

Ô�Ö�Ñ�ØÖ�× ×Ù�Ú�ÒØ �

½½�



�À�ÈÁÌÊ� �º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

½º N = 66 �

¾º � = 10−2 �

¿º α = 1 �

�º ǫ = 10−1º

Ê�Ñ�ÖÕÙ� �º½º½º

� ��Ò× Ð�× ��ÙÖ�×¸ Ð�× ÔÓ�ÒØ× �Ð�Ù× ��×��Ò�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð� Ñ�ØÖ�� ØÖÓÒÕÙ��

Pǫ
2N+1 �ÐÙÐ��× �Ú� Ð� �ÓÒØ�ÓÒ ×Ô� �� Ë�Ð�� �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��× ��×��Ò�ÒØ ÙÒ�

�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×Ô�ØÖ� �ÐÙÐ�� �Ö�� �Ù Ö�×ÙÐØ�Ø �Ù Ø��ÓÖ�Ñ� �³º

� Ä� �Ó�Ü �Ù Ô�Ø�Ø Ô�Ö�Ñ�ØÖ� ǫ �ÜÔÐ�ÕÙ� Ð³��ÖØ �ÒØÖ� Ð�× ÔÓ�ÒØ× �Ð�Ù× �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��×º

ÈÐÙ× ÓÒ �Ó�×�Ø Ð� Ô�Ö�Ñ�ØÖ� ǫ Ô�Ø�Ø �Ø ÔÐÙ× �Ø ��ÖØ ��Ñ�ÒÙ�º

� ��Ò× Ð�× ��ÙÖ�× �º½ �Ø �º¿¸ ÓÒ Ó�×�ÖÚ� ÙÒ� �ÜÔÐÓ×�ÓÒ ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �ÙÜ �ÓÖ�×¸

� Ô��ÒÓÑ�Ò� �×Ø �Ù �Ù ���Ø ÕÙ³ÓÒ � ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� �Ò�Ò�� Pǫº

� Ä�× ��ÙÖ�× �º¾ �Ø �º� ×ÓÒØ ��× ÞÓÓÑ× ��× ��ÙÖ�× �º½ �Ø �º¿ Ö�×Ô�Ø�Ú�Ñ�ÒØº

������ �º½ � pǫ(θ, I) = αI + iǫ(cos θ + I2)º

½½�



�º½º ÇÈ�Ê�Ì�ÍÊË ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË ��ÁËË�ÆÌ ËÍÊ L2(S1)

������ �º¾ � pǫ(θ, I) = αI + iǫ(cos θ + I2)º

������ �º¿ � pǫ(θ, I) = αI + iǫ(cos θ + I3)º

½½�



�À�ÈÁÌÊ� �º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

������ �º� � pǫ(θ, I) = αI + iǫ(cos θ + I3)º

�º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ L2(R)

��Ò× � Ô�Ö��Ö�Ô��¸ ÓÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð Opw(pǫ) ���××�ÒØ ×ÙÖ

Ð³�×Ô�� L2(R) �Ø ���Ò� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

Opw(pǫ)(x, �Dx) = Opw(p0)(x, �Dx) + iǫOpw(q)(x, �Dx),

Ó� Opw(p0)(x, �Dx) = x2 + (�Dx)
2 �×Ø Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �Ø Ó� Ð� ×ÝÑ�ÓÐ� q(x, ξ)

�� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(q) �×Ø ÙÒ� �ÓÒØ�ÓÒ ÔÓÐÝÒÓÑ��Ð� �Ò x �Ø �Ò ξ ÕÙ� Ò� ��Ô�Ò� Ô�× �Ù

Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ÈÓÙÖ �ÑÔÐ�Ñ�ÒØ�Ö � ØÝÔ� �³ÓÔ�Ö�Ø�ÙÖ× ��Ò× Ë�Ð��¸ ÒÓÙ×

�ÒØÖÓ�Ù�×ÓÒ× ÙÒ ÒÓÙÚ�Ð �×Ô�� ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �ÊË��℄µº

���Ò�Ø�ÓÒ �º¾º½ ´�×Ô�� �� �Ó�µº Ä³�×Ô�� �� �Ó�¸ ÒÓØ� F ¸ �×Ø Ð³�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ×
�ÓÐÓÑÓÖÔ��× f(z) ×ÙÖ C ×�Ø�×���×�ÒØ Ð� ÓÒ��Ø�ÓÒ �³�ÒØ��Ö���Ð�Ø� ×Ù�Ú�ÒØ� �

1

π

�

C

|f(z)|2e−|z|2/�L(dz) < +∞.

ÍÒ� ÔÖ�Ñ��Ö� ÔÖÓÔÖ��Ø� �ÒØ�Ö�××�ÒØ� �� �Ø �×Ô�� �×Ø ÕÙ³�Ð ��Ñ�Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖ¹

Ñ��¸ ÔÓÙÖ Ð³�ÒØÖÓ�Ù�Ö�¸ ÒÓÙ× �ÚÓÒ× �ÙÔ�Ö�Ú�ÒØ ��×Ó�Ò �� Ð� ÒÓØ�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÆÓØ�Ø�ÓÒ� �·, ·� ��×��Ò� Ð� ÔÖÓ�Ù�Ø ×�Ð��Ö� ×ÙÖ Ð³�×Ô�� �� �Ó� F ���Ò� ÔÓÙÖ u, v ∈ F
Ô�Ö �

�u, v� = 1

π

�

C

u(z)v(z)e−|z|2/�L(dz).

½½�



�º¾º ÇÈ�Ê�Ì�ÍÊË ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË ��ÁËË�ÆÌ ËÍÊ L2(R)

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾ ´��×� ÓÖØ�ÓÒÓÖÑ�� �� Fµº ËÓ�Ø α ∈ Nº ËÓ�Ø ÔÓÙÖ ØÓÙØ z ∈ C �

ζα(z) =
zα√

�α+1α!
.

�ÐÓÖ× Ð� ��Ñ�ÐÐ� (ζα)α∈N �×Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� F º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× Ö�ÔÔ�ÐÓÒ× �� ÙÒ� �×ÕÙ�××� �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒº

ËÓ��ÒØ α, β ∈ Nº ÇÒ � �

�zα, zβ� = 1

π

�

C

zαzβe−|z|2/�dz,

=
1

π

� +∞

0

� 2π

0
(reiθ)

α
�

reiθ
�β
e−r

2/�rdrdθ �Ò ÔÓ×�ÒØ z = reiθ,

=
1

π

� +∞

0
rα+β+1e−r

2/�dr

� 2π

0
ei(β−α)θdθ.

��Ò×� ×� α �= β¸ �ÐÓÖ× ÓÒ � �

�zα, zβ� = 0,

�ÙØÖ�Ñ�ÒØ ��Ø Ð� ��Ñ�ÐÐ� (ζα)α∈N �×Ø ÙÒ� ��Ñ�ÐÐ� ÓÖØ�Ó�ÓÒ�Ð� �� F º Å��ÒØ�Ò�ÒØ¸ ×� ÓÒ

×ÙÔÔÓ×� ÕÙ� α = β¸ �ÐÓÖ× �

�zα, zα� = 1

π

� +∞

0
r2α+1e−r

2/�dr

� 2π

0
dθ,

= 2

� +∞

0
r2α+1e−r

2/�dr,

=

� +∞

0
rαe−r/�dr,

= α!�α+1 Ô�Ö �ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��×.

ÇÒ �Ò ���Ù�Ø ÕÙ� �

�zα�F =
√
α!

√
�α+1.

�ÙØÖ�Ñ�ÒØ ��Ø¸ Ð� ��Ñ�ÐÐ� (ζα)α∈N �×Ø ÙÒ� ��Ñ�ÐÐ� ÓÖØ�ÓÒÓÖÑ�� �� F º

��Ò �� ���Ö� Ð� Ð��Ò �ÒØÖ� Ð³�×Ô�� �� �Ó� F �Ø Ð³�×Ô�� L2(R)¸ ÒÓÙ× �ÐÐÓÒ× ���Ð�Ñ�ÒØ

Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ¸ �ØÙ���� Ô�Ö Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒ

��Ò× ���Ö��℄ ��Ò× ÙÒ ��Ö� ÒÓÒ ×�Ñ�¹Ð�××�ÕÙ�º

���Ò�Ø�ÓÒ �º¾º¿ ´ÌÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ ×�Ñ�¹Ð�××�ÕÙ�µº ËÓ�Ø u ∈ L2(R)¸ ÓÒ ���Ò�Ø

Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ ×�Ñ�¹Ð�××�ÕÙ� �� Ð� �ÓÒØ�ÓÒ u¸ ÔÓÙÖ ØÓÙØ z ∈ C¸ Ô�Ö �

(Tu)(z) =

�

R

e−(z2−2
√
2xz+x2)/(2�)u(x)dx.

��ØØ� ØÖ�Ò×�ÓÖÑ�� �ÒÚÓ�� Ð³�×Ô�� L2(R) ×ÙÖ Ð³�×Ô�� �� �Ó� F º
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�À�ÈÁÌÊ� �º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

Å��ÒØ�Ò�ÒØ ÕÙ³ÓÒ � �ÒØÖÓ�Ù�Ø ÙÒ ÒÓÙÚ�Ð �×Ô�� ��Ñ�ØØ�ÒØ ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �Ø

ÙÒ� ØÖ�Ò×�ÓÖÑ�� Ô�ÖÑ�ØØ�ÒØ �� Ô�××�Ö �� Ð³�×Ô�� L2(R) � Ð³�×Ô�� �� �Ó�¸ ÒÓÙ× �ÐÐÓÒ×

Ñ��ÒØ�Ò�ÒØ �ÜÔÐ�ÕÙ�Ö ÔÓÙÖÕÙÓ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) ÕÙ� ÒÓÙ× ÓÒ×���ÖÓÒ× ×³�ÜÔÖ�Ñ� ��

Ñ�Ò��Ö� ÔÐÙ× ×�ÑÔÐ� ��Ò× � ÒÓÙÚ�Ð �×Ô��º ÈÓÙÖ � ���Ö�¸ ÓÒ �ÒØÖÓ�Ù�Ø Ð�× ÓÔ�Ö�Ø�ÙÖ× ��

Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒº

���Ò�Ø�ÓÒ �º¾º� ´ÇÔ�Ö�Ø�ÙÖ× �� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒ ×ÙÖ L2(R)µº ÇÒ ÔÓ×� �















A+ =
1√
2�

�

x− �
d

dx

�

,

A− =
1√
2�

�

x+ �
d

dx

�

.

Ä³ÓÔ�Ö�Ø�ÙÖ A+ �×Ø �ÔÔ�Ð� ÓÔ�Ö�Ø�ÙÖ �� Ö��Ø�ÓÒ �Ø Ð³ÓÔ�Ö�Ø�ÙÖ A− ÓÔ�Ö�Ø�ÙÖ �³�ÒÒ���Ð�Ø�ÓÒº

��× ÓÔ�Ö�Ø�ÙÖ× ���××�ÒØ ØÓÙ× Ð�× ��ÙÜ ×ÙÖ Ð³�×Ô�� L2(R)º

Ä³�ÒØ�Ö�Ø ��× ÓÔ�Ö�Ø�ÙÖ× �� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒ Ö�×���¸ �ÒØÖ� �ÙØÖ�×¸ ��Ò× Ð� ���Ø

ÕÙ³�Ð× ×³�ÜÔÖ�Ñ�ÒØ �� Ñ�Ò��Ö� ×�ÑÔÐ� ��Ò× Ð³�×Ô�� �� �Ó�º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´ÇÔ�Ö�Ø�ÙÖ× �� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒ ×ÙÖ Fµº ËÓ��ÒØ A+ �Ø A− Ð�×

ÓÔ�Ö�Ø�ÙÖ× �� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒº �ÐÓÖ× �











TA+T
−1 =

1

�
z,

TA−T
−1 =

d

dz
.

�ÙØÖ�Ñ�ÒØ ��Ø¸ Ð³ÓÔ�Ö�Ø�ÙÖ �� Ö��Ø�ÓÒ ��Ò× Ð³�×Ô�� �� �Ó� ÓÖÖ�×ÔÓÒ� � Ð³ÓÔ�Ö�Ø�ÙÖ ��

ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ
1

�
z �Ø Ð³ÓÔ�Ö�Ø�ÙÖ �³�ÒÒ���Ð�Ø�ÓÒ ÓÖÖ�×ÔÓÒ� � Ð³ÓÔ�Ö�Ø�ÙÖ ��

��Ö�Ú�Ø�ÓÒ Ô�Ö Ö�ÔÔÓÖØ � Ð� Ú�Ö���Ð� zº

��ÑÓÒ×ØÖ�Ø�ÓÒº ��ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ×� ��ÑÓÒØÖ� Ô�Ö ÙÒ �ÐÙÐ �ÜÔÐ��Ø�º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÔÓÙÚÓ�Ö �ÜÔÐ��Ø�Ö Ð³�Ø�ÓÒ �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ×ÙÖ Ð³�×¹

Ô�� �� �Ó�º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ��Ò× Ð³�×Ô�� �� �Ó� Fµº ËÓ�Ø Opw(p0) = x2+(�Dx)
2

Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� ���××�ÒØ ×ÙÖ Ð³�×Ô�� L2(R)º �ÐÓÖ×¸ ÓÒ � �

TOpw(p0)T
−1 = 2�z

d

dz
+ � : F −→ F .

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÖ��Ø� �×Ø �Ð�Ñ�ÒØ��Ö�¸ ÓÒ Ð� �ÓÒÒ� �¹��××ÓÙ×º

ÇÒ �ÜÔÖ�Ñ� �³��ÓÖ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(p0) �Ò �ÓÒØ�ÓÒ ��× ÓÔ�Ö�Ø�ÙÖ× A+ �Ø A−º ËÓ�Ø

½¾¼



�º¾º ÇÈ�Ê�Ì�ÍÊË ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË ��ÁËË�ÆÌ ËÍÊ L2(R)

u ∈ L2(R)¸ �ÐÓÖ× ÓÒ � �

(A+A−)(u(x)) =
1√
2�

�

x− �
d

dx

�

1√
2�

�

x+ �
d

dx

�

(u(x)),

=
1

2�2

�

x2u(x) + �x
du

dx
(x) − �

d

dx
(xu(x)) − �

2d
2u

dx2
(x)

�

,

=
1

2�2

�

x2 − �− �
2 d

2

dx2

�

(u(x)).

��Ò×� �

2�2(A+A−) + � = x2 − �
2 d

2

dx2
= Opw(p0)(x, �Dx).

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �Ò ���Ù�Ø ÕÙ� �

TOpw(p0)T
−1 = T

�

2�2(A+A−) + �
�

T−1,

= 2�2TA+T
−1TA−T

−1 + �,

= 2�z
d

dz
+ �.

Ê�Ñ�ÖÕÙ� �º¾º�º ÇÒ Ô�ÙØ Ö�ØÖÓÙÚ�Ö ���Ð�Ñ�ÒØ Ð� ×Ô�ØÖ� �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �

Ô�ÖØ�Ö �� ×ÓÒ �ÜÔÖ�××�ÓÒ ��Ò× Ð³�×Ô�� �� �Ó� �ÓÒÒ�� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º�º �Ò ���Ø¸

ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð� ×Ô�ØÖ� �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �×Ø �

σ(Opw(p0)) = {�(2k + 1), k ∈ N}.

ÆÓÙ× �ÜÔÐ�ÕÙÓÒ× Ñ��ÒØ�Ò�ÒØ Ð� Ñ�Ø�Ó�� �³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÕÙ� ÒÓÙ× �ÚÓÒ× ÙØ�Ð�×�� ÔÓÙÖ

���Ò�Ö Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ) �� Ñ�Ò��Ö� ÒÙÑ�Ö�ÕÙ� �

½º ÓÒ �ÐÙÐ� TOpw(pǫ)T−1 = TOpw(p0)T
−1+iǫTOpw(q)T−1 �Ò ÙØ�Ð�×�ÒØ Ð�× ÓÔ�Ö�Ø�ÙÖ×

�� Ö��Ø�ÓÒ �Ø �³�ÒÒ���Ð�Ø�ÓÒ �Ø ÓÒ ���Ò�Ø Ð³ÓÔ�Ö�Ø�ÙÖ TOpw(pǫ)T−1 Ô�Ö ×ÓÒ �Ø�ÓÒ

×ÙÖ Ð� ��×� (ζα)α∈N¸ ÓÒ Ó�Ø��ÒØ �ÐÓÖ× ÙÒ� Ñ�ØÖ�� �Ò�Ò�� Pǫ �

¾º ÓÒ �Ó�×�Ø ÙÒ �ÒØ��Ö N ≥ 1 �Ø ÓÒ ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� Pǫ �Ò ÙÒ� Ñ�ØÖ�� Pǫ
N+1 �� Ø��ÐÐ�

(N + 1)× (N + 1) �Ò �Ó�×�××�ÒØ �� ÓÒ×���Ö�Ö Ð³�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ TOpw(pǫ)T−1

ÙÒ�ÕÙ�Ñ�ÒØ ×ÙÖ Ð�× �ÓÒØ�ÓÒ× (ζα)0≤α≤N �

¿º ÓÒ ��Ø�ÖÑ�Ò� Ð� ×Ô�ØÖ� �� Ð� Ñ�ØÖ�� Pǫ
N+1 �Ú� Ð� �ÓÒØ�ÓÒ ×Ô� �� Ë�Ð��º

�Ò×Ù�Ø�¸ ÔÓÙÖ ÓÑÔ�Ö�Ö Ð� ×Ô�ØÖ� Ó�Ø�ÒÙ �Ò ��Ø�ÖÑ�Ò�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð� Ñ�ØÖ��

Pǫ
N+1 � Ð³���� �� Ð� �ÓÒØ�ÓÒ ×Ô� �� Ë�Ð�� �Ø �ÐÙ� Ó�Ø�ÒÙ ��Ò× Ð� Ø��ÓÖ�Ñ� �¸ ÓÒ

��Ø�ÖÑ�Ò� ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ gǫ �Ò �ÜÔÐ��Ø�ÒØ ��× ÓÓÖ�ÓÒÒ��× �Ø�ÓÒ¹�Ò�Ð�

ÔÓÙÖ Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �Ø �Ò �ÐÙÐ�ÒØ �Ò×Ù�Ø� ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ � Ð³ÓÖ�Ö� ǫ �� Ð�

�ÓÒØ�ÓÒ gǫ ´�Ò ÑÓÝ�ÒÒ�ÒØ qµº ÇÒ Ó�Ø��ÒØ Ð�× �Ö�Ô��ÕÙ�× �¹��××ÓÙ× �Ú� Ð�× Ô�Ö�Ñ�ØÖ�×

×Ù�Ú�ÒØ× �

½º N = 66 �

½¾½



�À�ÈÁÌÊ� �º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

¾º � = 10−2 �

¿º ǫ = 10−1º

Ê�Ñ�ÖÕÙ� �º¾º�º

� Ä�× ��ÙÖ�× �º� �Ø �º� ÔÓÖØ�ÒØ ×ÙÖ Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫx2 ÕÙ� �×Ø

ÙÒ �× Ô�ÖØ�ÙÐ��Ö ÔÓÙÖ Ð�ÕÙ�Ð ÓÒ ×��Ø ��Ø�ÖÑ�Ò�Ö Ð� ×Ô�ØÖ� �� Ñ�Ò��Ö� �Ü�Ø�º

� Ä� ��ÙÖ� �º� �×Ø ÙÒ� ÓÑÔ�Ö��×ÓÒ �ÒØÖ� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫx2 �Ø

Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫ(x2 + x3)¸ ��Ò �� Ñ�ØØÖ� �Ò �Ü�Ö�Ù� ÕÙ³ÙÒ�

Ô�ÖØÙÖ��Ø�ÓÒ �Ò x �� ÔÙ�××�Ò� �ÑÔ��Ö� Ò³���Ø� Ô�× Ð� ×Ô�ØÖ�º ��Ò× � �Ö�Ô��ÕÙ�¸ ÓÒ

Ó�×�ÖÚ� ÙÒ� �ÜÔÐÓ×�ÓÒ ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �ÙÜ �ÓÖ�× �� Ð� ��ÙÖ� � �� �×Ø �Ù �Ù ���Ø

ÕÙ³ÓÒ � ØÖÓÒÕÙ� Ð� Ñ�ØÖ�� Pǫº

� Ä�× ��ÙÖ�× �º� �Ø �º� ÔÓÖØ�ÒØ ×ÙÖ Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫx4º ��Ò×

�× �Ö�Ô��ÕÙ�×¸ Ð�× ÔÓ�ÒØ× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð� Ñ�ØÖ�� ØÖÓÒÕÙ��

Pǫ
N+1 �ÐÙÐ��× �Ú� Ð� �ÓÒØ�ÓÒ ×Ô�¸ ³�×Ø ÔÓÙÖÕÙÓ� ÓÒ Ó�×�ÖÚ� ÙÒ� �ÜÔÐÓ×�ÓÒ ��×

Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �ÙÜ �ÓÖ�× �� Ð� ��ÙÖ�º

� ��Ò× Ð�× ����Ö�ÒØ× �Ö�Ô��ÕÙ�×¸ Ð�× ÔÓ�ÒØ× ÖÓ×�× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ��

Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��× ´×�Ù� ÔÓÙÖ Ð� ��ÙÖ� �º�µ Ö�ÔÖ�×�ÒØ�ÒØ

ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×Ô�ØÖ� �ÐÙÐ�� � Ô�ÖØ�Ö �Ù Ö�×ÙÐØ�Ø �Ù Ø��ÓÖ�Ñ� �º

� Ä�× ��ÙÖ�× �º� �Ø �º� ×ÓÒØ ��× ÞÓÓÑ× ��× ��ÙÖ�× �º� �Ø �º� Ö�×Ô�Ø�Ú�Ñ�ÒØ ��Ò× Ð�

ÞÓÒ� Ó� Ð�× ÔÓ�ÒØ× �Ù ×Ô�ØÖ� ×�Ñ�Ð�ÒØ ÓÒ�ÓÒ�Ù×º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ÜÔÐ��Ø�Ö Ð�× �ÐÙÐ× �ÓÒØ ÒÓÙ× �ÚÓÒ× �Ù ��×Ó�Ò ÔÓÙÖ Ð³�ÑÔÐ�¹

Ñ�ÒØ�Ø�ÓÒ ��Ò× Ë�Ð�� ×ÙÖ Ð³�Ü�ÑÔÐ� �� Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫx2º

�Ü�ÑÔÐ� �º¾º½ ´Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� Ô�ÖØÙÖ�� Ô�Ö iǫx2µº ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ

Opw(pǫ) �ÓÒÒ� Ô�Ö �

Opw(pǫ) = x2 − �
2 d

2

dx2
+ iǫx2.

Ä� ÔÖ�Ñ��Ö� �Ø�Ô� �� Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� ÓÒ×�×Ø� � �ÐÙÐ�Ö TOpw(pǫ)T−1º �ÓÑÑ�

ÒÓÙ× �ÚÓÒ× ���� ��Ø�ÖÑ�Ò� Ð³ÓÔ�Ö�Ø�ÙÖ TOpw(p0)T
−1¸ �Ð Ò� Ö�×Ø� ÔÐÙ× ÕÙ³� ��Ø�ÖÑ�Ò�Ö

Ð³ÓÔ�Ö�Ø�ÙÖ TOpw(x2)T−1º È�Ö ÙÒ �ÐÙÐ¸ ÓÒ ØÖÓÙÚ� ÕÙ� �

TOpw(x2)T−1 =

�

1√
2

�

z + �
d

dz

��2

.

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÕÙ� �

TOpw(pǫ)T−1 = 2�z
d

dz
+ �+

�

1√
2

�

z + �
d

dz

��2

.

ÇÒ Ô�ÙØ �ÐÓÖ× �Ò ���Ù�Ö� Ð� Ñ�ØÖ�� ØÖÓÒÕÙ�� � Ð³ÓÖ�Ö� N +1 �� �Ø ÓÔ�Ö�Ø�ÙÖ ��Ò× Ð� ��×�
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�º¾º ÇÈ�Ê�Ì�ÍÊË ÈË�Í�Ç¹�Á���Ê�ÆÌÁ�ÄË ��ÁËË�ÆÌ ËÍÊ L2(R)

(ζα)α∈N �

Pǫ
N+1 =







































�+
iǫ�

2
0

iǫ�

2

√
2 0 . . . . . . 0

0 3�+
iǫ3�

2
0

iǫ�

2

√
6

º º º
ººº

iǫ�

2

√
2 0 5�+

iǫ5�

2
0

º º º º º º
ººº

0
iǫ�

2

√
6

º º º º º º º º º º º º 0

ººº
º º º º º º º º º º º º 0

iǫ�

2

�

N(N − 1)

ººº
º º º º º º 0

º º º 0

0 . . . . . . 0
iǫ�

2

�

N(N − 1) 0 (2N + 1)�+
iǫ(2N + 1)�

2







































��ØØ� Ñ�ØÖ�� ×� ��Ø�ÖÑ�Ò� �Ò �ÐÙÐ�ÒØ TOpw(pǫ)T−1(ζα) ÔÓÙÖ 0 ≤ α ≤ N + 1 ´ÔÓÙÖ Ð�×

×�ÑÙÐ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�× �¹��××Ù×¸ ÒÓÙ× Ò³�ÚÓÒ× Ô�× ÙØ�Ð�×� Ð� ×Ô�ØÖ� �� �ØØ� Ñ�ØÖ��¸ �Ø�ÒØ

�ÓÒÒ� ÕÙ� ��Ò× � �× Ô�ÖØ�ÙÐ��Ö¸ ÓÒ ÓÒÒ��Ø Ð� ×Ô�ØÖ� �� Ñ�Ò��Ö� �Ü�Ø�µº

ÁÐ Ö�×Ø� Ñ��ÒØ�Ò�ÒØ � ��Ø�ÖÑ�Ò�Ö ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ gǫº ÇÒ Ö�Ñ�ÖÕÙ� � �ØØ�

�Ò ÕÙ� ×� ÓÒ ÔÓ×� �
�

x = −
√
2I cos θ,

ξ =
√
2I sin θ.

�ÐÓÖ× (θ, I) ×ÓÒØ Ð�× ÓÓÖ�ÓÒÒ��× �Ø�ÓÒ¹�Ò�Ð� ÔÓÙÖ Ð³Ó×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ� �Ø ÓÒ Ú�Ö���

ÕÙ� Ð³�ÔÔÐ��Ø�ÓÒ κ0 : (x, ξ) �−→ (θ, I) �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ�º ��Ò× �× ÒÓÙÚ�ÐÐ�×

ÓÓÖ�ÓÒÒ��×¸ Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ ×� Ö��Ö�Ø ÔÓÙÖ (θ, I) ∈ S
1 × R ÓÑÑ� ×Ù�Ø �

pǫ ◦ κ−1
0 (θ, I) = (−

√
2I cos θ)2 + (

√
2I sin θ)2 + iǫq(−

√
2I cos θ,

√
2I sin θ),

= 2I + iǫ2I cos2 θ.

��Ò×� �ØØ� ÔÖ�Ñ��Ö� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κ0 ÒÓÙ× Ô�ÖÑ�Ø �³�Ö�Ö� Ð� Ô�ÖØ�� Ö��ÐÐ� �Ù

×ÝÑ�ÓÐ� ÓÑÑ� ÙÒ� �ÓÒØ�ÓÒ �� Iº ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ �Ö�Ö� Ð� Ø�ÖÑ� �³ÓÖ�Ö� ǫ ÓÑÑ�

ÙÒ� �ÓÒØ�ÓÒ �� Ð� Ú�Ö���Ð� I¸ ÔÓÙÖ � ���Ö�¸ ÓÒ ÓÒ×���Ö� ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ κ1 �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

κ1 = exp(iǫχG) = id+ iǫχG + O(ǫ2),

Ó� G �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ò�ÐÝØ�ÕÙ� �Ø χG ��×��Ò� Ð� ��ÑÔ �� Ú�Ø�ÙÖ× �××Ó�� � Gº ��Ò×� �

exp(iǫχG)(p0) = (id+ iǫχG + O(ǫ2))(p0),

= p0 + iǫχG(p0) + O(ǫ2),

= p0 − iǫχp0(G) + O(ǫ2).

ÈÓÙÖ ÕÙ� Ð� Ø�ÖÑ� �³ÓÖ�Ö� ǫ Ò� ��Ô�Ò�� ÕÙ� �� I¸ ÓÒ �Ó�×�Ø Ð� �ÓÒØ�ÓÒ G ×�Ø�×���×�ÒØ Ð�

½¾¿



�À�ÈÁÌÊ� �º ËÁÅÍÄ�ÌÁÇÆË ÆÍÅ�ÊÁÉÍ�Ë

Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

χp0(G) = q − �q� = q − 1

2π

� 2π

0
q(θ, I)dθ.

��Ò×� �

exp(iǫχG)(p
ǫ) = p0 + iǫ�q� + O(ǫ2).

�ÙØÖ�Ñ�ÒØ ��Ø �

pǫ ◦ κ−1
0 ◦ κ−1

1 (θ, I) = 2I + iǫ
1

2π

� 2π

0
2I cos2 θdθ + O(ǫ2),

= 2I + iǫI + O(ǫ2).

�³�×Ø �Ú� �ØØ� �ÜÔÖ�××�ÓÒ ÕÙ³ÓÒ ��Ø�ÖÑ�Ò� ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ gǫ ��Ò× Ð�×

�ÐÐÙ×ØÖ�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×º

������ �º� � pǫ(x, ξ) = x2 + ξ2 + iǫx2º

½¾�
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������ �º� � pǫ(x, ξ) = x2 + ξ2 + iǫx2º

������ �º� � pǫ(x, ξ) = x2 + ξ2 + iǫ(x2 + x3)º

½¾�
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������ �º� � pǫ(x, ξ) = x2 + ξ2 + iǫx4º

������ �º� � pǫ(x, ξ) = x2 + ξ2 + iǫx4º

½¾�



��ÙÜ��Ñ� Ô�ÖØ��

ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø

ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù ØÓÖ� T2

½¾�





���Ô�ØÖ� �

ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ØÓÖ�

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÐÐÓÒ× Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2º ÈÓÙÖ � ���Ö�¸ ÒÓÙ× �ÐÐÓÒ× ���ÒØ���Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×

�Ù ��Ö� �Ò �ÖÓ�Ø�× ÓÑÔÐ�Ü�× ØÖ�Ú��Ð ×ÙÖ Ð� ØÓÖ� T2 �Ú� ÙÒ �×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��×

ÕÙ� ÒÓÙ× ÔÓÙÖÖÓÒ× ÔÐÙ× ���Ð�Ñ�ÒØ Ñ�Ò�ÔÙÐ�Öº ÈÓÙÖ ÓÒ×ØÖÙ�Ö� �Ø �×Ô�� �� �ÓÒØ�ÓÒ×

�ÓÐÓÑÓÖÔ��×¸ ÓÒ ×³�Ò×Ô�Ö� �� Ð³�ÖØ�Ð� �� Ä�ÙÖ�ÒØ ���ÖÐ�× �Ø �� ÂÙÐ��Ò Å�Ö�� ��Å½�℄º Ä�

����Ö�Ò� �ÒØÖ� Ð� ��Ö� �� Ð�ÙÖ �ÖØ�Ð� �Ø � ÕÙ� ÒÓÙ× ÔÖ�×�ÒØÓÒ× �� Ö�×��� ��Ò× Ð� �Ó�Ü

��× ØÖ�Ò×Ð�Ø�ÓÒ× �ÒÚ�Ö��ÒØ�× ÕÙ� ÒÓÙ× �ÐÐÓÒ× ÓÒ×���Ö�Ö ÔÓÙÖ ���Ò�Ö Ð� ØÓÖ�º

�º½ ���Ö� ÔÖ�ÕÙ�ÒØ���ÒØ

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ÒØ�Ö�××�Ö �Ù C¹��Ö� ØÖ�Ú��Ð ×ÙÖ ÙÒ �×Ô��

Ú�ØÓÖ��Ð ×ÝÑÔÐ�Ø�ÕÙ� E ÕÙ�ÐÓÒÕÙ� �Ú�ÒØ �� Ô�××�Ö �Ù �× Ô�ÖØ�ÙÐ��Ö ÕÙ� ÒÓÙ× �ÒØ�Ö�××�¸

³�×Ø¹�¹��Ö� Ð� ØÓÖ�º ÈÓÙÖ � ���Ö� ÒÓÙ× ���×ÓÒ× ÕÙ�ÐÕÙ�× Ö�ÔÔ�Ð× �� ��ÓÑ�ØÖ�� ×ÝÑÔÐ�Ø�ÕÙ�º

���Ò�Ø�ÓÒ �º½º½ ´�ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ×ÙÖ ÙÒ �×Ô�� Ú�ØÓÖ��Ðµº ËÓ�Ø E ÙÒ �×Ô�� Ú�ØÓÖ��Ðº

ÍÒ� �ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ×ÙÖ � �×Ø ÙÒ� �ÓÖÑ� ��Ð�Ò���Ö� ω : E × E −→ R Ø�ÐÐ� ÕÙ� �

½º ω �×Ø �ÒØ�¹×ÝÑ�ØÖ�ÕÙ�¸ �º�º ÔÓÙÖ ØÓÙ× x, y ∈ E¸ ω(x, y) = −ω(y, x) ´�Ø �ÓÒ �ÐØ�ÖÒ��µ �

¾º ω �×Ø ÒÓÒ¹����Ò�Ö��¸ �º�º ÔÓÙÖ x ∈ E¸ ×� ω(x, y) = 0 ÔÓÙÖ ØÓÙØ y ∈ E¸ �ÐÓÖ× x = 0º

���Ò�Ø�ÓÒ �º½º¾ ´�ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ×ÙÖ ÙÒ� Ú�Ö��Ø�µº ËÙÖ ÙÒ� Ú�Ö��Ø� ����Ö�ÒØ��ÐÐ� C∞¸

ÙÒ� �ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ω �×Ø ÙÒ� 2¹�ÓÖÑ� ����Ö�ÒØ��ÐÐ� ÒÓÒ¹����Ò�Ö�� �Ø ��ÖÑ��¸ �º�º �

½º �Ò ØÓÙØ ÔÓ�ÒØ x¸ Ð� �ÓÖÑ� ��Ð�Ò���Ö� �ÒØ�¹×ÝÑ�ØÖ�ÕÙ� ωx �×Ø ÒÓÒ¹����Ò�Ö�� �

¾º Ð� ����Ö�ÒØ��ÐÐ� �ÜØ�Ö��ÙÖ dω �×Ø ÒÙÐÐ�º

���Ò�Ø�ÓÒ �º½º¿ ´Î�Ö��Ø� ×ÝÑÔÐ�Ø�ÕÙ�µº ÍÒ� Ú�Ö��Ø� ×ÝÑÔÐ�Ø�ÕÙ� �×Ø ÙÒ� Ú�Ö��Ø� ���¹

��Ö�ÒØ��ÐÐ� ÑÙÒ�� �³ÙÒ� �ÓÖÑ� ����Ö�ÒØ��ÐÐ� �� ���Ö� ¾ ��ÖÑ�� �Ø ÒÓÒ ����Ò�Ö��¸ �ÔÔ�Ð��

�ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ�º

½¾�



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

ËÓ�Ø (E,ω) ÙÒ �×Ô�� Ú�ØÓÖ��Ð ×ÝÑÔÐ�Ø�ÕÙ� �� ��Ñ�Ò×�ÓÒ ��ÙÜ Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ x ∈ E¸

ωx = ω �×Ø ÓÒ×Ø�ÒØ�¸ ��Ò×� Ð� �ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ω �×Ø �ÒÚ�Ö��ÒØ� Ô�Ö ØÖ�Ò×Ð�Ø�ÓÒº ËÓ�Ø

LE = E×C Ð� ��Ö� �Ò �ÖÓ�Ø�× ÓÑÔÐ�Ü�× ØÖ�Ú��Ð �� ��×� E ÑÙÒ� �³ÙÒ� Ñ�ØÖ�ÕÙ� ÓÒ×Ø�ÒØ�

m �Ø �� Ð� ÓÒÒ�Ü�ÓÒ ∇ = d+
1

i
α Ó� α ∈ Ω1(E,R) �×Ø ÙÒ� 1¹�ÓÖÑ� Ö��ÐÐ� ×ÙÖ E ÔÖ�Ñ�Ø�Ú�

�� ω �ÓÒÒ�� Ô�Ö¸ ÔÓÙÖ x, y ∈ E �

αx(y) =
1

2
ω(x, y).

ÇÒ Ô�ÙØ �ÓÒÒ�Ö ÙÒ ÔÖ�Ñ��Ö �Ü�ÑÔÐ� �� � ØÝÔ� �³�×Ô�� ÕÙ� ÒÓÙ× Ö�Ú�ÖÖÓÒ× Ô�Ö Ð� ×Ù�Ø�º

�Ü�ÑÔÐ� �º½º½º R2 �×Ø ÙÒ �×Ô�� Ú�ØÓÖ��Ð ×ÝÑÔÐ�Ø�ÕÙ� ÑÙÒ� �� Ð� Ñ�ØÖ�ÕÙ� �ÙÐ����ÒÒ�

�Ø �� Ð� ¾¹�ÓÖÑ� ω = dp ∧ dq Ó� (p, q) ∈ R
2 ×ÓÒØ ��× ÓÓÖ�ÓÒÒ��× ×ÙÖ R

2 �Ø Ð� ½¹�ÓÖÑ�

���Ò�××�ÒØ Ð� ÓÒÒ�Ü�ÓÒ �×Ø �ÓÒÒ�� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

α =
1

2
(pdq − qdp).

ÇÒ �ÒØÖÓ�Ù�Ø Ñ��ÒØ�Ò�ÒØ ��ÙÜ ÒÓØ�Ø�ÓÒ× ÕÙ� ÚÓÒØ ÒÓÙ× �ØÖ� ÙØ�Ð�×º

ÆÓØ�Ø�ÓÒ×�

� C∞(E,LE) �×Ø Ð³�×Ô�� ��× ×�Ø�ÓÒ× C∞ �Ù ��Ö� LE �

� Ω1(E,LE) �×Ø Ð³�×Ô�� ��× 1¹�ÓÖÑ�× � Ú�Ð�ÙÖ× ��Ò× Ð� ��Ö� LE º

ÇÒ ×ÓÙ���Ø� Ö�Ð�Ú�Ö ��× ØÖ�Ò×Ð�Ø�ÓÒ× �Ù ��Ö� LEº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÔÓÙÖ x ∈ E¸ ÓÒ

Ú�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ� �ÔÔÐ��Ø�ÓÒ ψx : LE −→ LE ÕÙ� Ö�Ð�Ú� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ x �Ø

ÕÙ� ×Ó�Ø ÙÒ �ÙØÓÑÓÖÔ��×Ñ� �� (LE ,∇,m)º Ä� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Ø Ö�ÔÓÒ� � �ØØ� ÕÙ�×Ø�ÓÒº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º� ´Ê�Ð�Ú� �³ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ �Ù ��Ö� �Ú� ÓÒÒ�Ü�ÓÒµº ËÓ�Ø u ∈ U(1)

´Ð³�Ò×�Ñ�Ð� ��× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× �� ÑÓ�ÙÐ� 1µº �ÐÓÖ× Ð³�ÙØÓÑÓÖÔ��×Ñ� �

ψx : LE = E ×C −→ LE = E × C

(z, w) �−→
�

z + x, uwe(i/2)ω(x,z)
�

,

Ö�Ð�Ú� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ xº

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ Ö�ÔÔ�ÐÐ� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ³ÓÒ Ô�ÙØ ÒÓØ�ÑÑ�ÒØ

ØÖÓÙÚ�Ö ��Ò× Ð³�ÖØ�Ð� ��Å½�℄º

ÇÒ Ú�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ �ÙØÓÑÓÖÔ��×Ñ� ψx ×ÙÖ Ð� ��Ö� LE = E×C �Ø ÕÙ� Ö�Ð�Ú� Ð� ØÖ�Ò×Ð�Ø�ÓÒ

�� Ú�Ø�ÙÖ xº È�Ö ÓÒ×�ÕÙ�ÒØ ψx �×Ø �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ (z, w) ∈ LE �

ψx(z, w) = (z + x, a(z)w),

�Ú� a(z) ∈ C
∗¸ �Ö ψx �Ó�Ø �ØÖ� Ð�Ò���Ö� Ô�Ö Ö�ÔÔÓÖØ � wº �ÓÑÑ� ψx �Ó�Ø ÔÖ�×�ÖÚ�Ö Ð�

Ñ�ØÖ�ÕÙ�¸ �ÐÓÖ× ÔÓÙÖ ØÓÙØ z ∈ E¸ |a(z)| = 1º �Ò×Ù�Ø�¸ ψx �Ó�Ø �Ù××� ÔÖ�×�ÖÚ�Ö Ð� ÓÒÒ�Ü�ÓÒ

½¿¼



�º½º �Á�Ê� ÈÊ�ÉÍ�ÆÌÁ�Á�ÆÌ

∇¸ � ÕÙ� ×��Ò��� ÕÙ� Ð� ����Ö�ÑÑ� ×Ù�Ú�ÒØ �Ó�Ø ÓÑÑÙØ�Ö �

C∞(E,LE)
∇

��

ψ∗

x

��

Ω1(E,LE)

ψ∗

x

��

C∞(E,LE) ∇
�� Ω1(E,LE)

�ÓÑÑ� LE = E ×C¸ �ÐÓÖ× ÓÒ Ô�ÙØ ���ÒØ���Ö Ð³�×Ô�� �� ×�Ø�ÓÒ× C∞(E,LE) �Ú� Ð³�×Ô��

�� �ÓÒØ�ÓÒ× C∞(E,C) �Ø �� Ñ�Ñ� ÓÒ ���ÒØ��� Ð³�×Ô�� �� 1¹�ÓÖÑ�× Ω1(E,LE) �Ú� Ð³�×Ô��

Ω1(E,C)º ËÓ�Ø f ∈ C∞(E,C)¸ ÓÒ � �

(ψ∗
xf)(z) =

1

a(z)
f(z + x) =

1

a(z)
t∗xf(z),

Ó� t∗x �×Ø Ð� Ø�Ö� �Ò �ÖÖ��Ö� �� Ð� ØÖ�Ò×Ð�Ø�ÓÒ Ô�Ö xº ËÓ�Ø β ∈ Ω1(E,C)¸ �ÐÓÖ× �� Ñ�Ñ�¸ ÓÒ � �

(ψ∗
xβ) =

1

a
t∗xβ.

�Ò×Ù�Ø�¸ ÓÑÑ� |a(z)| = 1 �ÐÓÖ× �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ φ ∈ C∞(E,R) Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ

z ∈ E �

a(z) = eiφ(z).

��Ò×� ÔÓÙÖ ÕÙ� Ð� ����Ö�ÑÑ� ÓÑÑÙØ�¸ �Ð ��ÙØ ÕÙ� ÔÓÙÖ f ∈ C∞(E,C)¸ ÓÒ ��Ø �

e−iφt∗x

�

df +
1

i
αf

�

=

�

d+
1

i
α

�

(e−iφt∗xf). ´��º½µ

Ä� ��ÙÜ��Ñ� Ø�ÖÑ� �� �ØØ� ���Ð�Ø� ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ f ∈ C∞(E,C) �

�

d+
1

i
α

�

�

e−iφt∗xf
�

= d
�

e−iφt∗xf
�

+
1

i
αe−iφt∗xf,

= e−iφ
�

1

i
dφ(t∗xf) + d(t∗xf) +

1

i
αt∗xf

�

.

�Ø¸ ÔÓÙÖ ØÓÙØ f ∈ C∞(E,C)¸ ÓÒ � ���Ð�Ñ�ÒØ �

e−iφt∗x

�

df +
1

i
αf

�

= e−iφ
�

d(t∗xf) +
1

i
(t∗xα)(t

∗
xf)

�

.

��Ò×� Ð³�ÕÙ�Ø�ÓÒ ´��º½µ¸ ÒÓÙ× �ÓÒÒ�¸ ÔÓÙÖ ØÓÙØ f ∈ C∞(E,C) �

(t∗xα− dφ− α)(t∗xf) = 0.

�ÓÒ Ð³�ÕÙ�Ø�ÓÒ ´��º½µ �×Ø ×�Ø�×���Ø� ×� �Ø ×�ÙÐ�Ñ�ÒØ ×� Ð� �ÓÒØ�ÓÒ φ ×�Ø�×���Ø Ð� Ö�Ð�Ø�ÓÒ

×Ù�Ú�ÒØ� �

dφ = t∗xα− α.

½¿½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

ÇÖ Ô�Ö ���Ò�Ø�ÓÒ¸ ÓÒ ×��Ø ÕÙ� ÔÓÙÖ ØÓÙ× y, z ∈ E¸ ÓÒ � �

αy(z) =
1

2
ω(y, z).

�ÓÒ ÔÓÙÖ ØÓÙ× y, z ∈ E¸ ÓÒ � �

(t∗xα)y(z) = αy+x(z) =
1

2
ω(x+ y, z).

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÓÙÖ ØÓÙØ z ∈ E¸ ÓÒ � �

dyφ(z) =
1

2
ω(x+ y, z) − 1

2
ω(y, z) =

1

2
ω(x, z).

��Ò×� φ(z) =
1

2
ω(x, z)+c¸ Ó� c �×Ø ÙÒ� ÓÒ×Ø�ÒØ�¸ �Ö Ð� ����Ö�ÒØ��ÐÐ� �ÜØ�Ö��ÙÖ� �³ÙÒ� �ÓÖÑ�

Ð�Ò���Ö� �×Ø Ð� �ÓÖÑ� �ÐÐ�¹Ñ�Ñ�º �Ò�Ò¸ ×� ÓÒ ÔÓ×� u = eic ∈ U(1)¸ ÓÒ Ó�Ø��ÒØ Ð� Ö�×ÙÐØ�Ø

ÚÓÙÐÙº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ÜÔÐ��Ø�Ö ÙÒ� �Ø�ÓÒ �� �ÖÓÙÔ� ×ÙÖ Ð� ��Ö� LE º ÈÓÙÖ � ���Ö�¸

ÓÒ �ÒØÖÓ�Ù�Ø ÙÒ� ÒÓÙÚ�ÐÐ� ÒÓØ�Ø�ÓÒº

ÆÓØ�Ø�ÓÒ� ÓÒ ÒÓØ� ” · ” Ð³ÓÔ�Ö�Ø�ÓÒ ×ÙÖ E ×U(1) ���Ò��¸ ÔÓÙÖ (x, u) �Ø (z, w) ∈ E ×U(1)¸

Ô�Ö �

(x, u) · (z, w) =
�

z + x, uwe(i/2)ω(x,z)
�

.

Ê�Ñ�ÖÕÙ� �º½º�º Ä³ÓÔ�Ö�Ø�ÓÒ ” ·” ���Ò�Ø ÙÒ� ÐÓ� �� �ÖÓÙÔ� ×ÙÖ Ð³�×Ô�� ÔÖÓ�Ù�Ø E×U(1)º

��Ø �×Ô�� E × U(1) ×³�ÔÔ�ÐÐ� Ð� �ÖÓÙÔ� �� À��×�Ò��Ö�º

ÈÙ�×ÕÙ� LE = E × C¸ ÓÒ Ó�Ø��ÒØ Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º� ´�Ø�ÓÒ �Ù �ÖÓÙÔ� �� À��×�Ò��Ö� ×ÙÖ Ð� ��Ö� LEµº Ä� �ÖÓÙÔ� E×U(1)

���Ø ×ÙÖ Ð� ��Ö� LE Ú�� Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

(x, u) · (z, w) =
�

z + x, uwe(i/2)ω(x,z)
�

,

ÔÓÙÖ (x, u) ∈ E × U(1) �Ø (z, w) ∈ LEº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÔÖ��×�Ö ÕÙ�ÐÐ�× ØÖ�Ò×Ð�Ø�ÓÒ× ÒÓÙ× �ÒØ�Ö�××�ÒØº ËÓ�Ø x ∈ E ÒÓÒ

ÒÙÐº Zx ���Ø ×ÝÑÔÐ�Ø�ÕÙ�Ñ�ÒØ ×ÙÖ E Ô�Ö ØÖ�Ò×Ð�Ø�ÓÒ Ú�� � n.z = z + nxº ÇÒ Ô�ÙØ �ÓÒ

ÑÙÒ�Ö E/Zx �� Ð� ×ØÖÙØÙÖ� ×ÝÑÔÐ�Ø�ÕÙ� ÕÙÓØ��ÒØ �Ø ÔÓÙÖ ØÓÙØ �Ó�Ü �� u ∈ U(1)¸ ÓÒ

���Ò�Ø ÙÒ ��Ö� ÔÖ�ÕÙ�ÒØ���ÒØ ×ÙÖ E/Zx ÓÑÑ� ÕÙÓØ��ÒØ �� LE Ô�Ö Z Ó� 1 ���Ø Ú�� �

1.(z, w) = (x, u) · (z, w).

ÇÒ �ÔÔ�ÐÐ� Ð� ÒÓÑ�Ö� ÓÑÔÐ�Ü� u ÙÒ �Ò��� �� �ÐÓÕÙ�Øº

½¿¾



�º¾º Ë��ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë

�� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ ÓÒ Ô�ÙØ ÓÒ×���Ö�Ö ÙÒ� �Ø�ÓÒ �� Z
2 ×ÙÖ Eº ËÓ��ÒØ x, y ∈ E Ø�Ð×

ÕÙ� Ð� ÓÙÔÐ� (x, y) �ÓÖÑ� ÙÒ� ��×� �� Eº Ä� �ÖÓÙÔ� Zx ⊕ Zy ���Ø Ô�Ö ØÖ�Ò×Ð�Ø�ÓÒ ×ÙÖ E

´Ó� (x, 0) �×Ø Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ x �Ø (0, y) �ÐÐ� �� Ú�Ø�ÙÖ yµº ÇÒ Ú�ÙØ Ö�Ð�Ú�Ö �×

ØÖ�Ò×Ð�Ø�ÓÒ× �Ù ��Ö� LE �Ø ÓÑÑ� �× ØÖ�Ò×Ð�Ø�ÓÒ× ÓÑÑÙØ�ÒØ ×ÙÖ Ð� ��×� E¸ ÓÒ ��Ö��

Ð�× ÓÙÔÐ�× (x, u), (y, v) ∈ E × U(1) Ø�Ð× ÕÙ� Ð�× ØÖ�Ò×Ð�Ø�ÓÒ× ÓÑÑÙØ�ÒØ �Ù ×�Ò× ×Ù�Ú�ÒØ �

(x, u) · (y, v) = (y, v) · (x, u),

�º�º �
�

y + x, uve(i/2)ω(x,y)
�

=
�

x+ y, vue(i/2)ω(y,x)
�

,

�º�º eiω(x,y) = 1¸ �ÙØÖ�Ñ�ÒØ ��Ø �Ð� �ÑÔÓ×� ÙÒ� ÓÒ��Ø�ÓÒ ×ÙÖ Ð�× ØÖ�Ò×Ð�Ø�ÓÒ× x �Ø y �

ω(x, y) ∈ 2πZ.

Ä�× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× u �Ø v ×ÓÒØ �Ù××� �ÔÔ�Ð�× �Ò���× �� �ÐÓÕÙ�Øº ÆÓÙ× Ö�Ú�ÖÖÓÒ× �ØØ�

ÓÒ��Ø�ÓÒ ÐÓÖ×ÕÙ� ÒÓÙ× �ØÙ���ÖÓÒ× Ð� ØÓÖ� T2 ÔÙ�×ÕÙ� ÒÓÙ× ��ÚÖÓÒ× �Ó�×�Ö ��ÙÜ ØÖ�Ò×Ð�Ø�ÓÒ×º

�º¾ Ë�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×

��Ò× �ØØ� Ô�ÖØ��¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× �Ù �× Ô�ÖØ�ÙÐ��Ö �Ù ØÓÖ� �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ

� ×�× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× ÔÙ�×ÕÙ� Ð� ���Ò�Ø�ÓÒ ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ ���Ø

�ÒØ�ÖÚ�Ò�Ö �Ø �×Ô��º

ÆÓØ�Ø�ÓÒ×�

� ×� z ∈ C¸ ÓÒ ÒÓØ� �Ò����Ö�ÑÑ�ÒØ z = (p, q) ÓÙ z = p + iq Ú�� Ð³���ÒØ���Ø�ÓÒ �� C

�Ú� R
2 �

� L2(E,LE) = {f ∈ C∞(LE);
�

E |f |2ω < +∞} ��×��Ò� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �� �ÖÖ�

�ÒØ��Ö��Ð� �Ù ��Ö� LE �

� H(E,LE) ��×��Ò� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ��Ö� LE º

��×ÓÖÑ��× E = R
2¸ �Ø �×Ô�� �×Ø ÑÙÒ� �� Ð� Ñ�ØÖ�ÕÙ� �ÙÐ����ÒÒ�¸ �� ×� ×ØÖÙØÙÖ�

ÓÑÔÐ�Ü� ����ØÙ�ÐÐ� �Ø �� Ð� �ÓÖÑ� ×ÝÑÔÐ�Ø�ÕÙ� ω = dp ∧ dqº ËÓ�Ø LE = R
2 × C Ð� ��Ö�

ØÖ�Ú��Ð ÑÙÒ� �� Ð� ÓÒÒ�Ü�ÓÒ ∇ = d +
1

i
α = d +

1

2i
(pdq − qdp)º ÇÒ ��Ö�� � ��Ö�Ö� ��

Ñ�Ò��Ö� ×�ÑÔÐ� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E,LE) �Ù ��Ö� LE¸ ³�×Ø¹�¹��Ö� Ð�×

×�Ø�ÓÒ× f ×�Ø�×���×�ÒØ Ð� ÓÒ��Ø�ÓÒ � ∇zf = 0º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½ ´��Ö�Ø�Ö�×�Ø�ÓÒ ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ��Ö� LEµº

ËÓ�Ø f ∈ H(E,LE)º �ÐÓÖ× f ×�Ø�×���Ø Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

∂

∂z
f +

1

4
zf = 0.
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�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ ���ÒØ��� Ð³�×Ô�� �� ×�Ø�ÓÒ× C∞(E,LE) �Ú� Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× ��

Ð�××� C∞(E,C) � ��Ò×� Ô�Ö ���Ò�Ø�ÓÒ ÙÒ� ×�Ø�ÓÒ f �×Ø �ÓÐÓÑÓÖÔ�� ×� ∇∂zf = 0¸ �º�º ×� �

∂

∂z
f +

1

i
α

�

∂

∂z

�

f = 0.

�ÓÑÑ� ÓÒ � Ð�× Ö�Ð�Ø�ÓÒ× ×Ù�Ú�ÒØ�× �















dp

�

∂

∂p

�

= 1 �Ø dp

�

∂

∂q

�

= 0,

dq

�

∂

∂p

�

= 0 �Ø dq

�

∂

∂q

�

= 1,

�ÐÓÖ×¸ ÓÒ � �

α

�

∂

∂z

�

=

�

1

2
(pdq − qdp)

��

1

2

�

∂

∂p
+ i

∂

∂q

��

=
i

4
z.

�³Ó� Ð� Ö�Ð�Ø�ÓÒ ÚÓÙÐÙ�º

�Ü�ÑÔÐ� �º¾º½ ´Ë�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �Ù ��Ö� LEµº Ä� �ÓÒØ�ÓÒ f ∈ C∞(E,C) ���Ò�� ÔÓÙÖ

z ∈ C Ô�Ö f(z) = e−(1/4)|z|2 ÓÖÖ�×ÔÓÒ� � ÙÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ��º ÇÒ ÒÓØ� s ∈ C∞(E,LE)

�ØØ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ��º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾ ´�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E,LE)µº Ä� ×ÓÙ×¹�×Ô�� ��× ×�¹

Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(E,LE) ÓÒ×Ø�ØÙ� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×¸ ÒÓØ� H(E,LE)¸

×³���ÒØ��� �Ú� Ð³�×Ô�� �� ��Ö�Ñ�ÒÒ �ÓÒÒ� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

B =

�

g : C −→ C �ÓÐÓÑÓÖÔ��;
�

C

|g(z)|2e−(1/2)|z|2dzdz < +∞
�

.

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� ÓÒ � ��Ø�ÖÑ�Ò� ÙÒ� ×�Ø�ÓÒ s ∈ H(E,LE) ��Ò× Ð³�Ü�ÑÔÐ� �º¾º½

�Ø ÓÑÑ� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �×Ø �� ��Ñ�Ò×�ÓÒ ÙÒ¸ �ÐÓÖ× ØÓÙØ�× Ð�× ×�Ø�ÓÒ×

×ÓÒØ �� Ð� �ÓÖÑ� gs Ó� g : C −→ C �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ��º �� ÔÐÙ×¸ ÓÒ Ö�Ñ�ÖÕÙ�

ÕÙ� �

|gs| = |g|e−(1/4)|z|2 .

�³Ó� Ð� Ö�×ÙÐØ�Ø ÔÙ�×ÕÙ³ÓÒ ×³�ÒØ�Ö�××� ÙÒ�ÕÙ�Ñ�ÒØ �ÙÜ ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð�º

ÇÒ ×³�ÒØ�Ö�××� Ñ��ÒØ�Ò�ÒØ � Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ��Ö� LE/Zº ÈÓÙÖ

��Ø�ÖÑ�Ò�Ö ÙÒ Ø�Ð �×Ô��¸ ÒÓÙ× �ÐÐÓÒ× �³��ÓÖ� �ÓÒÒ�Ö ÙÒ �ÙØÖ� �Ü�ÑÔÐ� �� ×�Ø�ÓÒ× �ÓÐÓ¹

ÑÓÖÔ��× �Ù ��Ö� LE º

�Ü�ÑÔÐ� �º¾º¾ ´Ë�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �Ù ��Ö� LEµº Ä� �ÓÒØ�ÓÒ f ∈ C∞(E,C) ���Ò�� ÔÓÙÖ

z = (p, q) ∈ R
2 Ô�Ö �

f(z) = exp

�

izq

2

�

= exp

�

iz

2

1

2i
(z − z)

�

= exp

�

1

4
(z2 − zz)

�

,
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�º¾º Ë��ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë

�×Ø �Ù××� ÙÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �Ö �ÐÐ� ×�Ø�×���Ø Ð³�ÕÙ�Ø�ÓÒ �

∂

∂z
f +

1

4
zf = 0.

ÇÒ ÒÓØ� r ∈ C∞(E,LE) Ð� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �××Ó��� � f º ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� �

|f(z)| =
�

�

�
e(i/2)zq

�

�

�
= eℜ((i/2)zq) = e(1/2)ℜ((ip−q)q) = e−q

2/2 = e−(ℑz)2/2.

ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ Ð� ÔÖ�Ñ��Ö� ØÖ�Ò×Ð�Ø�ÓÒ ÕÙ� ÒÓÙ× �ÐÐÓÒ× ÓÒ×���Ö�Öº ËÓ�Ø

x = 2π
∂

∂p
¸ �ÙØÖ�Ñ�ÒØ ��Ø ×� ÓÒ ÒÓØ� tx Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ x¸ �ÐÐ� �×Ø ���Ò�� Ô�Ö �

tx : R2 −→ R
2

(p, q) −→ (p + 2π, q)

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¿ ´�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×H(E/Z, LE/Z)µº ÈÓÙÖ ØÓÙØ u ∈ U(1)¸

Ð� ×ÓÙ×¹�×Ô�� ��× ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(E/Z, LE/Z) ÓÒ×Ø�ØÙ� ��× ×�Ø�ÓÒ× �ÓÐÓ¹

ÑÓÖÔ��×¸ ÒÓØ� H(E/Z, LE/Z)¸ ×³���ÒØ��� �Ú� Ð³�×Ô�� �ÓÒÒ� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

�

g : C −→ C �ÓÐÓÑÓÖÔ��; g(p + 2π, q) = ug(p, q) �Ø
� 2π

0

�

R

|g(p, q)|2e−q2dpdq < +∞
�

.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ��Ø�ÖÑ�Ò�Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E/Z, LE/Z) �Ù �¹

�Ö� LE/Z¸ ÓÒ ×³�ÒØ�Ö�××� �Ù Ö�Ð�Ú� �� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ x �Ù ��Ö� LEº �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º½º�¸ ÓÒ Ô�ÙØ �Ó�×�Ö u ∈ U(1) �Ø Ö�Ð�Ú�Ö Ð� ØÖ�Ò×Ð�Ø�ÓÒ tx �Ù ��Ö� LE Ú��

Ð³�ÔÔÐ��Ø�ÓÒ �

ψx : LE −→ LE

(z, w) �−→ (x, u) · (z, w) =
�

z + x, uwe(i/2)ω(x,z)
�

.

ÇÖ ÙÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �� Ð� �ÓÖÑ� gr ´Ó� g : C −→ C �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ø r ∈ C∞(E,LE)

�×Ø Ð� ×�Ø�ÓÒ ���Ò�� ��Ò× Ð³�Ü�ÑÔÐ� �º¾º¾µ ��×�Ò� �Ò ÙÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �Ù ��Ö� LE/Z
�� Ð³�×Ô�� E/Z ×� �ÐÐ� Ú�Ö��� Ð�× ��ÙÜ ÓÒ��Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

½º Ð� �ÓÒØ�ÓÒ g �×Ø �ÓÐÓÑÓÖÔ�� ´�º�º ∂zg(z) = 0µ �

¾º ψ∗
x(gr) = grº

�ÜÔÐ��ØÓÒ× Ñ��ÒØ�Ò�ÒØ � ÕÙ� ×��Ò��� Ð� ��ÙÜ��Ñ� ÓÒ��Ø�ÓÒº ËÓ�Ø z = p + iq ∈ C¸ ×Ó�Ø

f ∈ C∞(E,C) Ð� ×�Ø�ÓÒ ���Ò�� ��Ò× Ð³�Ü�ÑÔÐ� �º¾º¾¸ �ÐÓÖ× ÓÒ � �

(ψ∗
xf)(z) = u−1e−(i/2)ω(x,z)f(z + x).

ÇÖ¸ ÔÓÙÖ ØÓÙØ z = p+ iq ∈ C¸ ÓÒ � �

f(z + x) = e(i/2)(p+2π+iq)q .

½¿�
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�Ò×Ù�Ø�¸ ÔÓÙÖ ØÓÙØ z = p+ iq ∈ C¸ ÓÒ � ���Ð�Ñ�ÒØ �

ω(x, z) = (dp ∧ dq)
�

2π
∂

∂p
, p

∂

∂p
+ q

∂

∂q
,

�

= 2πq.

�ÓÒ ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ � �

(ψ∗
xf)(z) = u−1e−(i/2)ω(x,z)f(z + x),

= u−1e−(i/2)2πqe(i/2)(p+2π+iq)q ,

= u−1f(z).

��Ò×�¸ Ð� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� r ∈ C∞(E,LE) �××Ó��� � f ∈ C∞(E,C) �Ø �� ÒÓÖÑ�

|r| = e−(1/2)(ℑz)2 �³�ÔÖ�× Ð³�Ü�ÑÔÐ� �º¾º¾ ×�Ø�×���Ø Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� � ψ∗
xr = u−1rº È�Ö

ÓÒ×�ÕÙ�ÒØ¸ Ð� Ö�Ð�Ø�ÓÒ ψ∗
x(gr) = gr ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ C �

g(z + x)u−1r(z) = g(z)r(z),

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2¸ Ð� �ÓÒØ�ÓÒ g �Ó�Ø ×�Ø�×���Ö� Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

g(p + 2π, q) = ug(p, q).

�� ÔÐÙ×¸ ÓÑÑ� ÓÒ ×³�ÒØ�Ö�××� �Ù ×ÓÙ×¹�×Ô�� ��× ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð�¸ ÓÒ Ö�Ñ�ÖÕÙ�

ÕÙ� ÔÓÙÖ ØÓÙØ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ�� g �

�

E/Z
|gr|2ω =

� 2π

0

�

R

|g(p, q)|2e−q2dpdq < +∞.

�³Ó� Ð� ���Ø ÕÙ³ÓÒ ÔÙ�××� ���ÒØ���Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(LE/Z, E/Z) �Ú�

Ð³�×Ô�� �

�

g : C −→ C �ÓÐÓÑÓÖÔ��; g(p + 2π, q) = ug(p, q),

� 2π

0

�

R

|g(p, q)|2e−q2dpdq < +∞
�

.

ÈÓÙÖ �Ò�Ö¸ ÓÒ ×³�ÒØ�Ö�××� �ÙÜ ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ØÓÖ� E/Z2º ÇÒ � ���� �Ó�×� ÙÒ

Ú�Ø�ÙÖ x = 2π
∂

∂p
ÔÓÙÖ ���Ò�Ö Ð� ØÖ�Ò×Ð�Ø�ÓÒ tx¸ ÓÒ �Ó�×�Ø ÙÒ ��ÙÜ��Ñ� Ú�Ø�ÙÖ y =

∂

∂q
ÕÙ� ÓÖÖ�×ÔÓÒ� � Ð� ØÖ�Ò×Ð�Ø�ÓÒ ty �ÓÒÒ�� Ô�Ö �

ty : R2 −→ R
2,

(p, q) �−→ (p, q + 1).

Ê�Ñ�ÖÕÙ� �º¾º�º Ä� ÓÒ��Ø�ÓÒ ω(x, y) ∈ 2πZ �×Ø ×�Ø�×���Ø�º

ÆÓÙ× �ÚÓÒ× ��Ø�ÖÑ�Ò� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E/Z, LE/Z) �Ù ��Ö� LE/Z¸

½¿�



�º¾º Ë��ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë

�� Ñ�Ñ� ÒÓÙ× ÔÓÙÚÓÒ× ��Ø�ÖÑ�Ò�Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E/Z2, LE/Z2) �Ù

��Ö� LE/Z2 º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×H(E/Z2, LE/Z2)µº ÈÓÙÖ ØÓÙ× u, v ∈ U(1)¸

Ð� ×ÓÙ×¹�×Ô�� ��× ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(E/Z2, LE/Z2) ÓÒ×Ø�ØÙ� ��× ×�Ø�ÓÒ× �ÓÐÓ¹

ÑÓÖÔ��×¸ ÒÓØ� H(E/Z2, LE/Z2)¸ ×³���ÒØ��� �Ú� Ð³�×Ô�� �ÓÒÒ� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ug(p, q)

g(p, q + 1) = ve−i(p+iq)+1/2g(p, q)







.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ���ÒØ���Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E/Z2, LE/Z2) �Ù ��Ö�

LE/Z2 ¸ ÓÒ ×³�ÒØ�Ö�××� �Ù Ö�Ð�Ú� �� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ y �Ù ��Ö� LE º �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º½º�¸ ÓÒ Ô�ÙØ �Ó�×�Ö v ∈ U(1) �Ø Ö�Ð�Ú�Ö Ð� ØÖ�Ò×Ð�Ø�ÓÒ ty �Ù ��Ö� LE Ú��

Ð³�ÔÔÐ��Ø�ÓÒ �

ψy : LE −→ LE ,

(z, w) �−→ (y, v) · (z, w) =
�

z + y, vwe(i/2)ω(y,z)
�

.

ÍÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �� Ð� �ÓÖÑ� gr ´Ó� g : C −→ C �×Ø ÙÒ� �ÓÒØ�ÓÒ �Ø r ∈ C∞(E,LE)

�×Ø Ð� ×�Ø�ÓÒ ���Ò�� ��Ò× Ð³�Ü�ÑÔÐ� �º¾º¾µ ��×�Ò� �Ò ÙÒ� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� �Ù ��Ö�

LE/Z2 �� Ð³�×Ô�� E/Z2 ×� �Ø ×�ÙÐ�Ñ�ÒØ ×� �ÐÐ� Ú�Ö��� Ð�× ÓÒ��Ø�ÓÒ× ×Ù�Ú�ÒØ�× �

½º Ð� �ÓÒØ�ÓÒ g �×Ø �ÓÐÓÑÓÖÔ�� ´�º�º ∂zg(z) = 0µ �

¾º ψ∗
x(gr) = gr �Ø ψ∗

y(gr) = grº

ÁÐ ��ÙØ �ÓÒ ÕÙ³ÓÒ �ÜÔÐ��Ø� Ð� Ö�Ð�Ø�ÓÒ ψ∗
y(gr) = grº ÈÓÙÖ z = p + iq ∈ C �Ø ÔÓÙÖ f Ð�

×�Ø�ÓÒ �� Ð³�Ü�ÑÔÐ� �º¾º¾¸ ÓÒ � �

(ψ∗
yf)(z) = v−1e−(i/2)ω(y,z)f(z + y).

ÇÖ¸ ÔÓÙÖ z = p+ iq ∈ C¸ ÓÒ � �

ω(y, z) = (dp ∧ dq)
�

∂

∂q
, p

∂

∂p
+ q

∂

∂q

�

= −p.

�Ø ÓÒ �¸ ÔÓÙÖ f Ð� ×�Ø�ÓÒ �� Ð³�Ü�ÑÔÐ� �º¾º¾ �Ø ÔÓÙÖ z = p+ iq ∈ C �

f(z + y) = e(i/2)(p+i(q+1))(q+1) = e(i/2)pe−(1/2)(2q+1)f(z).

�ÓÒ¸ ÔÓÙÖ z = p+ iq ∈ C¸ ÓÒ � �

(ψ∗
yf)(z) = v−1e−(i/2)ω(y,z)f(z + y),

= v−1e(i/2)pe(i/2)pe−(1/2)(2q+1)f(z),

= v−1eiz−1/2f(z).
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��Ò×�¸ Ð� ×�Ø�ÓÒ �ÓÐÓÑÓÖÔ�� r ∈ C∞(E,LE) �××Ó��� � f ∈ C∞(E,C) �Ø �� ÒÓÖÑ�

|r| = e−(1/2)(ℑz)2 �³�ÔÖ�× Ð³�Ü�ÑÔÐ� �º¾º¾ ×�Ø�×���Ø Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� � ψ∗
yr = v−1eiz−1/2rº

È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð� Ö�Ð�Ø�ÓÒ ψ∗
y(gr) = gr ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ C �

ψ∗
y(gr)(z) = g(z + y)(ψ∗

yr)(z) = g(z + y)v−1eiz−1/2r(z) = g(z)r(z),

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2¸ Ð� �ÓÒØ�ÓÒ g �Ó�Ø Ú�Ö���Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

g(p, q + 1) = ve−i(p+iq)+1/2g(p, q).

�� ÔÐÙ×¸ ÓÑÑ� ÓÒ ×³�ÒØ�Ö�××� �ÙÜ ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð�¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� ÔÓÙÖ ØÓÙØ�

�ÓÒØ�ÓÒ g �ÓÐÓÑÓÖÔ��¸ ÓÒ � �

�

E/Z2

|gr|2ω =

� 2π

0

� 1

0
|g(p, q)|2e−q2dpdq < +∞.

�³Ó� Ð� ���Ø ÕÙ³ÓÒ ÔÙ�××� ���ÒØ���Ö Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(LE/Z2 , E/Z2) �Ú�

Ð³�×Ô�� �







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ug(p, q)

g(p, q + 1) = ve−i(p+iq)+1/2g(p, q)







.

Ê�Ñ�ÖÕÙ� �º¾º�º ÇÒ � ÓÒ×ØÖÙ�Ø Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ��Ö� LE/Z2 º Ë� ÓÒ

ÓÒ×���Ö� Ð� ��Ö� Ø�Ò×ÓÖ��Ð L⊗k
E/Z2 ÔÓÙÖ k ≥ 1 ÑÙÒ� �� Ð� Ñ�×ÙÖ� ÔÖÓ�Ù�Ø¸ ÓÒ Ô�ÙØ ���ÒØ���Ö

Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(E/Z2, L⊗k
E/Z2) �Ú� Ð³�×Ô�� ÕÙ� ×Ù�Ø¸ ÒÓØ� Hk �

Hk :=







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ukg(p, q),

g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)







.

�º¿ �×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk

ËÓ�Ø k ≥ 1º ��Ò× �ØØ� Ô�ÖØ��¸ ÒÓÙ× �ÐÐÓÒ× �ØÙ���Ö ÔÐÙ× ÔÖ��×�Ñ�ÒØ Ð³�×Ô�� Hk ÕÙ�

×³���ÒØ��� �Ú� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ù ��Ö� L⊗k
E/Z2 �Ø �×Ø ���Ò� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ

×Ù�Ú�ÒØ� �

Hk =







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ukg(p, q),

g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)







.

ÈÓÙÖ � ���Ö�¸ ÓÒ Ô�ÙØ ���� Ö��Ö�Ö� Ð�× �Ð�Ñ�ÒØ× �� �Ø �×Ô�� �Ö�� � Ð� ÔÖÓÔÓ×�Ø�ÓÒ �¹

��××ÓÙ×º

½¿�



�º¿º �ËÈ��� �� �ÇÆ�ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë HK

ÈÖÓÔÓ×�Ø�ÓÒ �º¿º½ ´��Ö�Ø�Ö�×�Ø�ÓÒ ��× �Ð�Ñ�ÒØ× �� Hkµº ËÓ�Ø g ∈ Hkº

�ÐÓÖ× g ∈ L2([0, 2π] × [0, 1]; e−kq
2
dpdq) �Ø ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ C �

g(z) = ukz/(2π)
�

l∈Z
gle

ilz �Ú� ∀l ∈ Z¸ gl+k = v−ke−l−k/2uik/(2π)gl.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ��ÑÓÒØÖ�Ö �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ ÔÖÓ��� Ô�Ö �Ò�ÐÝ×�¹×ÝÒØ��×�º ËÓ�Ø

g ∈ Hkº ÇÒ ×��Ø ÕÙ� ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2¸ ÓÒ � � g(p+ 2π, q) = ukg(p, q)¸ Ô�Ö ÓÒ×�ÕÙ�ÒØ¸

ÓÒ Ô�ÙØ �Ö�Ö� Ð� �ÓÒØ�ÓÒ g ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2 �

g(p, q) = ukp/(2π)
�

l∈Z
gl(q)e

ilp,

�Ö Ð� �ÓÒØ�ÓÒ g̃(p, q) := u−kp/(2π)g(p, q) �×Ø 2π¹Ô�Ö�Ó��ÕÙ� �Ò p �Ø Ð� ��Ñ�ÐÐ� (eilp)p∈Z �×Ø

ÙÒ� ��×� ��Ð��ÖØ��ÒÒ� �� Ð³�×Ô�� L2(S1)º �Ò×Ù�Ø�¸ ÓÑÑ� g ∈ Hk¸ �ÐÓÖ× Ð� �ÓÒØ�ÓÒ g �×Ø

�ÓÐÓÑÓÖÔ��¸ �º�º ∂zg(z) = 0¸ �ÙØÖ�Ñ�ÒØ ��Ø ÔÓÙÖ (p, q) ∈ R
2¸ ÓÒ � �

1

2

�

∂

∂p
+ i

∂

∂q

�

g(p, q) = 0.

ÇÖ¸ �Ò ÔÓ×�ÒØ u = eic �Ú� c ∈ R ´�Ö u ∈ U(1)µ¸ ÓÒ Ó�Ø��ÒØ �



























∂

∂p
g(p, q) =

∂

∂p

�

ukp/(2π)
�

l∈Z
gl(q)e

ilp

�

= ukp/(2π)
�

l∈Z
gl(q)

�

ikc

2π
+ il

�

eilp,

∂

∂q
g(p, q) =

∂

∂q

�

ukp/(2π)
�

l∈Z
gl(q)e

ilp

�

= ukp/(2π)
�

l∈Z
g′l(q)e

ilp,

�ÓÒ Ð³�ÓÐÓÑÓÖÔ��� �� Ð� �ÓÒØ�ÓÒ g ×� Ö��Ö�Ø¸ ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2¸ �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

ukp/(2π)
�

l∈Z
gl(q)

�

ikc

2π
+ il

�

eilp + iukp/(2π)
�

l∈Z
g′l(q)e

ilp = 0.

��Ò×� Ð� �ÓÒØ�ÓÒ gl Ú�Ö��� Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� ×Ù�Ú�ÒØ� �

g′l(q) +

�

kc

2π
+ l

�

gl(q) = 0.

�Ø �ÓÒ¸ ÔÓÙÖ ØÓÙØ q ∈ R¸ ÓÒ � �

gl(q) = gle
−(l+kc/(2π))q.

��Ò×� Ô�Ö ÙÒ �ÐÙÐ¸ ÓÒ ØÖÓÙÚ� ÕÙ� Ð� �ÓÒØ�ÓÒ g ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ

z ∈ C �

g(z) = ukz/(2π)
�

l∈Z
gle

ilz.

½¿�



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

�Ò�Ò Ð� �ÓÒØ�ÓÒ g Ú�Ö��� �Ù××� Ð� ÓÒ��Ø�ÓÒ �� Ô�Ö�Ó���Ø� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ C �

g(z + i) = vke−izk+k/2g(z)º ÇÖ ÔÓÙÖ ØÓÙØ z ∈ C ÓÒ � �

g(z + i) = uk(z+i)/(2π)
�

l∈Z
gle

il(z+i),

= ukz/(2π)
�

l∈Z
glu

ik/(2π)e−leilz.

Ì�Ò��× ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ � �

vke−izk+k/2g(z) = ukz/(2π)
�

l∈Z
glv

ke−izk+k/2eilz,

= ukz/(2π)
�

l∈Z
glv

kek/2ei(l−k)z ,

= ukz/(2π)
�

l∈Z
gl+kv

kek/2eilz Ô�Ö ��Ò��Ñ�ÒØ �³�Ò��� l �−→ l + k.

��Ò×� ÔÓÙÖ ØÓÙØ l ∈ Z¸ Ð� ÓÒ��Ø�ÓÒ �� Ô�Ö�Ó���Ø� �Ò q �×Ø �ÕÙ�Ú�Ð�ÒØ� � �

gle
−luik/(2π) = vkek/2gl+k �º�º gl+k = v−ke−l−k/2uik/(2π)gl.

�³Ó� Ð� �Ö�Ø�Ö�×�Ø�ÓÒ ��× �Ð�Ñ�ÒØ× �� Ð³�Ò×�Ñ�Ð� Hk¸ ÔÙ�×ÕÙ� Ö��ÔÖÓÕÙ�Ñ�ÒØ ×� ÓÒ ÓÒ¹

×���Ö� ÙÒ� �ÓÒØ�ÓÒ g ÕÙ� ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ C �

g(z) = ukz/(2π)
�

l∈Z
gle

ilz �Ú� ∀l ∈ Z¸ gl+k = v−ke−l−k/2uik/(2π)gl,

�ÐÓÖ× �ØØ� �ÓÒØ�ÓÒ �ÔÔ�ÖØ��ÒØ � Ð³�×Ô�� Hkº

�Ü�ÑÔÐ� �º¿º½º ÇÒ ÓÒ×���Ö� Ð� ×Ù�Ø� (gl)l∈Z ���Ò��¸ ÔÓÙÖ ØÓÙØ l ∈ Z¸ Ô�Ö �

gl = v−le−l
2/(2k)uil/(2π),

�ÐÓÖ× �ØØ� ×Ù�Ø� Ú�Ö��� Ð� ÓÒ��Ø�ÓÒ gl+k = v−ke−l−k/2uik/(2π)gl¸ �Ö �Ò ���Ø �

gl+k = v−(l+k)e−(l+k)2/(2k)ui(l+k)/(2π),

= v−kv−le−(l2+k2+2lk)/(2k)uil/(2π)uik/(2π),

= v−ke−k
2/(2k)e−2lk/(2k)uik/(2π)v−le−l

2/(2k)uil/(2π),

= v−ke−k/2e−luik/(2π)gl.

��Ò×� Ð� �ÓÒØ�ÓÒ ���Ò�� ÔÓÙÖ z ∈ C Ô�Ö Ð� ×�Ö�� ��×ÓÐÙÑ�ÒØ ÓÒÚ�Ö��ÒØ� �

g(z) = ukz/(2π)
�

l∈Z
v−le−l

2/(2k)uil/(2π)eilz,

�ÔÔ�ÖØ��ÒØ � Ð³�×Ô�� Hkº

½�¼



�º¿º �ËÈ��� �� �ÇÆ�ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë HK

�Ö�� � Ð� �Ö�Ø�Ö�×�Ø�ÓÒ ��× �Ð�Ñ�ÒØ× �� Ð³�×Ô�� Hk¸ ÓÒ Ú� ÔÓÙÚÓ�Ö ��Ø�ÖÑ�Ò�Ö ÙÒ�

��×� ÓÖØ�Ó�ÓÒ�Ð� �� �Ø �×Ô��º ÍÒ ÔÖ�Ñ��Ö Ô�× ��Ò× �ØØ� ��Ö�Ø�ÓÒ Ö�×��� ��Ò× Ð� ÔÖÓÔÓ¹

×�Ø�ÓÒ �¹��××ÓÙ× Ñ�ØØ�ÒØ �Ò �Ú���Ò� ÙÒ� ��Ñ�ÐÐ� ��Ò�Ö�ØÖ�� �� �Ø �×Ô��º

ÈÖÓÔÓ×�Ø�ÓÒ �º¿º¾ ´��Ñ�ÐÐ� ��Ò�Ö�ØÖ�� �� Hkµº ËÓ�Ø l ∈ {0, . . . , k − 1}º ÇÒ ÓÒ×���Ö� Ð�
�ÓÒØ�ÓÒ el ���Ò�� ÔÓÙÖ ØÓÙØ z ∈ C¸ Ô�Ö �

el(z) = ukz/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)z.

�ÐÓÖ× Ð� ��Ñ�ÐÐ� (el)l∈Z/kZ �×Ø ÙÒ� ��Ñ�ÐÐ� ��Ò�Ö�ØÖ�� �� Ð³�×Ô�� Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � ÔÓÙÖ ØÓÙØ l ∈ {0, . . . , k − 1}¸ el ∈ Hkº ËÓ�Ø l ∈ {0, . . . , k − 1}º ÇÒ Ö�Ñ�ÖÕÙ�

ØÓÙØ �³��ÓÖ� ÕÙ� Ð� �ÓÒØ�ÓÒ el(z) �×Ø �ÓÐÓÑÓÖÔ�� �Ò z¸ �Ö ³�×Ø ÙÒ� ×�Ö�� �� �ÓÒØ�ÓÒ×

�ÓÐÓÑÓÖÔ��× ÕÙ� ÓÒÚ�Ö�� ÙÒ��ÓÖÑ�Ñ�ÒØ ×ÙÖ ØÓÙØ ÓÑÔ�Øº �Ò×Ù�Ø� ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ

� �

el(z + 2π) = uk(z+2π)/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)(z+2π),

= ukukz/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)zei(l+jk)2π,

= ukel(z).

�Ø ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ � ���Ð�Ñ�ÒØ �

el(z + i) = uk(z+i)/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)(z+i),

= uik/(2π)ukz/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)ze−(l+jk),

= uik/(2π)e−lukz/(2π)
�

j∈Z

�

v−ke−l−k−kj/2uik/(2π)
�j
ei(l+jk)z,

= uik/(2π)e−lukz/(2π)
�

j∈Z

�

v−ke−l−k/2−kj/2uik/(2π)
�j−1

ei(l+jk)ze−ikz Ú�� j �−→ j − 1,

= e−ikzuik/(2π)e−lukz/(2π)
�

j∈Z

�

v−ke−l−k/2−kj/2uik/(2π)
�j

�

v−ke−l−k/2−kj/2uik/(2π)
� ei(l+jk)z,

= vke−ikz+k/2ukz/(2π)
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)z,

= vke−ikz+k/2el(z).

�Ø�Ô� ¾ � Ð� ��Ñ�ÐÐ� (el)l∈Z/kZ �×Ø ��Ò�Ö�ØÖ��º ËÓ�Ø g ∈ Hk¸ �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

½�½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

�º¿º½¸ �Ð �Ü�×Ø� ÙÒ� ×Ù�Ø� (gl)l∈Z Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

g(z) = ukz/(2π)
�

l∈Z
gle

ilz.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ � �

g(z) = ukz/(2π)
�

l∈Z
gle

ilz,

= ukz/(2π)

�

k−1
�

l=0

gle
ilz +

2k−1
�

l=k

gle
ilz + . . . +

−1
�

l=−k
gle

ilz + . . .

�

,

= ukz/(2π)

�

k−1
�

l=0

gle
ilz +

k−1
�

l=0

gl+ke
i(l+k)z + . . . +

k−1
�

l=0

gl−ke
i(l−k)z + . . .

�

,

= ukz/(2π)
k−1
�

l=0

�

j∈Z
gl+jke

i(l+jk)z.

�ÜÔÖ�ÑÓÒ× Ð�× Ó����ÒØ× gl+jk �Ò �ÓÒØ�ÓÒ �� glº �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¿º½¸ ÓÒ ×��Ø ÕÙ�

Ð� ×Ù�Ø� (gl)l∈Z Ú�Ö��� ÔÓÙÖ ØÓÙØ l ∈ Z Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

gl+k = v−ke−l−k/2uik/(2π)gl.

ÈÓÙÖ ØÓÙØ j ∈ Z+ �Ø ÔÓÙÖ ØÓÙØ l ∈ Z¸ ÓÒ � �

gl+jk = gl+(j−1)k+k,

= v−ke−l−k/2uik/(2π)e−(j−1)kgl+(j−1)k,

= v−ke−l−k/2uik/(2π)e−(j−1)kv−ke−l−k/2uik/(2π)e−(j−2)kgl+(j−2)k,

ººº

=
�

v−ke−l−k/2uik/(2π)
�j
e−j

2k
j
�

n=1

enkgl,

=
�

v−ke−l−kj/2uik/(2π)
�j
gl.

�� Ñ�Ñ�¸ Ô�Ö ÙÒ �ÐÙÐ¸ ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ ØÓÙØ j ∈ Z+ �Ø ÔÓÙÖ ØÓÙØ l ∈ Z¸ ÓÒ � �

gl−jk =
�

v−ke−l+kj/2uik/(2π)
�−j

gl.

�ÙØÖ�Ñ�ÒØ ��Ø ÔÓÙÖ ØÓÙØ j ∈ Z �Ø ÔÓÙÖ ØÓÙØ l ∈ Z¸ ÓÒ � �

gl+jk =
�

v−ke−l−kj/2uik/(2π)
�j
gl.

ÇÒ �Ò ���Ù�Ø ÕÙ� ÔÓÙÖ l �Ø k �Ü�×¸ Ð� ×�Ö��
�

j gl+jke
i(l+jk)z �×Ø ��×ÓÐÙÑ�ÒØ ÓÒÚ�Ö��ÒØ�º

½�¾



�º¿º �ËÈ��� �� �ÇÆ�ÌÁÇÆË ÀÇÄÇÅÇÊÈÀ�Ë HK

��Ò×� ÙÒ� �ÓÒØ�ÓÒ g �� Ð³�×Ô�� Hk ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ C �

g(z) = ukz/(2π)
k−1
�

l=0

�

j∈Z
gl+jke

i(l+jk)z,

= ukz/(2π)
k−1
�

l=0

�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
gle

i(l+jk)z,

=

k−1
�

l=0

glu
kz/(2π)

�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j
ei(l+jk)z,

=

k−1
�

l=0

glel(z).

È�Ö ÓÒ×�ÕÙ�ÒØ Ð� ��Ñ�ÐÐ� (el)l∈Z �×Ø ÙÒ� ��Ñ�ÐÐ� ��Ò�Ö�ØÖ�� �� Ð³�×Ô�� Hkº

Ê�Ñ�ÖÕÙ� �º¿º¿º �³�ÔÖ�× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÔÖ����ÒØ�¸ ÓÒ ×��Ø ÕÙ³ÙÒ�

�ÓÒØ�ÓÒ g �ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� Hk Ô�ÙØ ×³�Ö�Ö� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� ×ÓÑÑ� �� ×�Ö��

ÓÒÚ�Ö��ÒØ�¸ ÓÒ �Ò ���Ù�Ø �ÓÒ ÕÙ� Ð� ×�Ö�� ���Ò�××�ÒØ Ð� �ÓÒØ�ÓÒ g ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

�º¿º½ �×Ø ���Ð�Ñ�ÒØ ÓÒÚ�Ö��ÒØ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º¿º� ´��×� ÓÖØ�Ó�ÓÒ�Ð� �� Hkµº Ä� ��Ñ�ÐÐ� (el)l∈Z/kZ �×Ø ÙÒ� ��×� ÓÖØ�Ó�Ó¹

Ò�Ð� �� Ð³�×Ô�� Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¿º¾¸ ÓÒ ×��Ø ÕÙ� Ð� ��Ñ�ÐÐ� (el)l∈Z/kZ �×Ø ��Ò�Ö�¹

ØÖ��¸ ÑÓÒØÖÓÒ× ÕÙ³�ÐÐ� �×Ø ÓÖØ�Ó�ÓÒ�Ð� ÔÓÙÖ Ð� ÔÖÓ�Ù�Ø ×�Ð��Ö� ×ÙÖ Ð³�×Ô�� Hkº ËÓ��ÒØ

m, l ∈ {0, . . . , k − 1} Ø�Ð× ÕÙ� l �= m¸ �ÐÓÖ× ÓÒ � �

�el, em�

=
�

j∈Z

�

v−ke−l−kj/2uik/(2π)
�j�

j′∈Z

�

v−ke−m−kj′/2uik/(2π)
�j′ �

ukz/(2π)ei(l+jk)z, ukz/(2π)ei(m+j′k)z
�

.

ÁÐ ×Ù�Ø �ÓÒ �� �ÐÙÐ�Ö Ð� ÔÖÓ�Ù�Ø ×�Ð��Ö� ×Ù�Ú�ÒØ �

�

ukz/(2π)ei(l+jk)z, ukz/(2π)ei(m+j′k)z
�

.

È�Ö ���Ò�Ø�ÓÒ¸ ÓÒ �¸ �Ú� Ð� ÒÓØ�Ø�ÓÒ z = p+ iq ∈ C �Ø �Ò ÔÓ×�ÒØ u = eic �Ú� c ∈ R �

�

ukz/(2π)ei(l+jk)z, ukz/(2π)ei(m+j′k)z
�

=

� 2π

0

� 1

0
ukz/(2π)ei(l+jk)zukz/(2π)ei(m+j′k)ze−kq

2
dpdq,

=

� 2π

0

� 1

0
ukz/(2π)e−i(l+jk)zukz/(2π)ei(m+j′k)ze−kq

2
dpdq,

=

� 2π

0

� 1

0
e−ckq/πe−i(l+jk)pe−(l+jk)qei(m+j′k)pe−(m+j′k)qe−kq

2
dpdq.

½�¿



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

ÁÐ ��ÙØ �ÓÒ �ÐÙÐ�Ö Ð³�ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� �

� 2π

0
e−i(l+jk)pei(m+j′k)pdp =

� 2π

0
eip(m−l+k(j′−j))dp.

ÇÖ �ØØ� �ÒØ��Ö�Ð� �×Ø ÒÓÒ ÒÙÐÐ� ×� �Ø ×�ÙÐ�Ñ�ÒØ ×� m− l + k(j′ − j) = 0¸ �ÙØÖ�Ñ�ÒØ ��Ø ×�

l − m = k(j′ − j)¸ �ÓÒ k �Ó�Ø ��Ú�×�Ö l − mº ÇÖ l,m ∈ {0, . . . , k − 1}¸ �ÓÒ ÔÓÙÖ ÕÙ� k

��Ú�×� l−m¸ �Ð ��ÙØ ÕÙ� l−m = 0 � ÕÙ� ÓÒØÖ���Ø Ð³�ÝÔÓØ��×� l �= mº ��Ò×� �ØØ� �ÒØ��Ö�Ð�

�×Ø ØÓÙ�ÓÙÖ× ÒÙÐÐ�º �ÓÒ ÔÓÙÖ ØÓÙ× l,m ∈ {0, . . . , k − 1} �Ø l �= m �

�el, em� = 0.

��Ò×� (el)l∈Z �×Ø ÙÒ� ��Ñ�ÐÐ� ÓÖØ�Ó�ÓÒ�Ð� �� Ð³�×Ô�� Hk �Ø ÓÒ ���Ù�Ø �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¿º¾

ÕÙ� ³�×Ø ÙÒ� ��×� ÓÖØ�Ó�ÓÒ�Ð� �� �Ø �×Ô��º

Ê�Ñ�ÖÕÙ� �º¿º�º ÇÒ ���Ù�Ø �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÔÖ����ÒØ� ÕÙ� Ð� ��Ñ�Ò×�ÓÒ �� Ð³�×Ô�� Hk

�×Ø kº

�º� ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ØÓÖ�¸ ÔÙ�× ÒÓÙ× Ú�ÖÖÓÒ× ÓÑÑ�ÒØ Ö�Ð��Ö �ØØ� ���Ò�Ø�ÓÒ � Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Hk ÕÙ�

ÒÓÙ× Ú�ÒÓÒ× �³�ØÙ���Öº ÈÓÙÖ � ���Ö�¸ ÓÒ �ÒØÖÓ�Ù�Ø ÕÙ�ÐÕÙ�× ÒÓØ�Ø�ÓÒ×º

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø k ≥ 1 �ÒØ��Ö¸

� Πk �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L2(T2, L⊗k
T2 )

×ÙÖ Ð³�×Ô�� ��ÖÑ� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(T2, L⊗k
T2 ) �

� Mf : L2(T2, L⊗k
T2 ) −→ L2(T2, L⊗k

T2 ) �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ ÔÓÙÖ ÙÒ� �ÓÒ¹

Ø�ÓÒ f ∈ C∞(T2) �

� Gk �×Ø Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×ÙÖ C �ÒÚ�Ö��ÒØ�× Ô�Ö Ð³�Ø�ÓÒ �� À��×�Ò��Ö� �Ù Ö�×��Ù

Z
2 �Ø �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ [0, 2π] × [0, 1]¸ �º�º �

Gk =

�

g : C −→ C; g ∈ L2([0, 2π] × [0, 1], e−kq
2
dpdq);

g(p + 2π, q) = ukg(p, q), g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)

�

.

� Π̃k �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� Gk ´ÑÙÒ�
�Ù ÔÖÓ�Ù�Ø ×�Ð��Ö� L2 � ÔÓ��× ×ÙÖ [0, 2π]×[0, 1]µ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��×

Hkº

���Ò�Ø�ÓÒ �º�º½ ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�µº ËÓ�Ø fk ∈ C∞(T2) ÙÒ�

�ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k ÔÓÙÖ Ð� ØÓÔÓÐÓ���

C∞º ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð� �ÓÒØ�ÓÒ fk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�¹

½��



�º�º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

Ø�ÙÖ× Tfk := (Tk)k≥1 Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò� Ô�Ö �

Tk = ΠkMfkΠk.

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ fk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÙØ�Ð�×�Ö Ð³���ÒØ���Ø�ÓÒ �� Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��×

H(T2, L⊗k
T2 ) �Ú� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Hk ��Ò �� ÔÓÙÚÓ�Ö �ÓÒÒ�Ö ÙÒ� ×�ÓÒ�� ���Ò�Ø�ÓÒ

�� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�¸ ÕÙ� ×³�Ú�Ö�Ö� ÔÐÙ× ×�ÑÔÐ� � ÙØ�Ð�×�Ö Ô�Ö Ð�

×Ù�Ø�º

ÈÖÓÔÓ×�Ø�ÓÒ �º�º¾ ´ÈÖÓÔÖ��Ø� �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�µº ËÓ�Ø

fk ∈ C∞(T2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× ��

1/kº ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ× �Ð �Ü�×Ø� ÙÒ�

�ÓÒØ�ÓÒ f̃k ∈ C∞(R2) Ø�ÐÐ� ÕÙ� �

½º ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

f̃k(x+ 2π, y) = f̃k(x, y) = f̃k(x, y + 1),

¾º Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× (T̃k)k≥1 ���Ò�× ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ô�Ö �

T̃k = Π̃kMf̃k
Π̃k + O(k−∞),

´Ó� Mf̃k
= Gk −→ Gk �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ f̃kµ ×³���ÒØ���

�Ú� Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× Tfk = (Tk)k≥1º

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ�Ò�ÓÒ× Ô�Ö ���ÒØ���Ö Ð�× �×Ô��× �� ×�Ø�ÓÒ×º ËÓ�Ø ψ ∈ L2(T2, L⊗k
T2 )

ÙÒ� ×�Ø�ÓÒ �� �ÖÖ� �ÒØ��Ö��Ð�¸ �ÐÓÖ× ÓÒ Ô�ÙØ ÐÙ� �××Ó��Ö ÙÒ� �ÓÒØ�ÓÒ g ∈ Gk �ÒÚ�Ö��ÒØ�

Ô�Ö Ð³�Ø�ÓÒ �� À��×�Ò��Ö� �Ù Ö�×��Ù Z
2 Ú�� Ð³�ÔÔÐ��Ø�ÓÒ �

L2(T2, L⊗k
T2 ) −→ Gk,
ψ �−→ g(x̃),

Ó� x̃ ∈ R
2 �Ø x̃ = x0 + (n1, n2) �Ú� x0 ∈ [0, 2π] × [0, 1] �Ø (n1, n2) ∈ Z

2 �Ø Ó� �

(x̃, g(x̃)) = ((n1, n2), 1) · (x0, ψ(x0)).

ËÓ�Ø fk ∈ C∞(T2)º È�Ö ���Ò�Ø�ÓÒ Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk = (Tk)k≥1 ×³�Ö�Ø ÔÓÙÖ

ØÓÙØ k ≥ 1 �Ø ÔÓÙÖ ØÓÙØ ψ ∈ H(T2, L⊗k
T2 ) ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Tkψ = Πk(fkψ) + O(k−∞),

Ó� Ð� ÑÙÐØ�ÔÐ��Ø�ÓÒ fkψ ∈ L2(T2, L⊗k
T2 ) �×Ø ���Ò ���Ò��º ÇÒ � ��×Ó�Ò �� �ÓÒÒ�Ö ÙÒ ×�Ò×

� Ð� ÑÙÐØ�ÔÐ��Ø�ÓÒ �� Ð� �ÓÒØ�ÓÒ fk Ô�Ö ÙÒ� �ÓÒØ�ÓÒ g ∈ Hkº ��Ø�ÖÑ�ÒÓÒ× �ÐÓÖ× Ð³�Ñ���

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

�� fkψ ´Ó� fk ∈ C∞(T2) �Ø ψ ∈ H(T2, L⊗k
T2 )µ Ô�Ö Ð³�×ÓÑÓÖÔ��×Ñ� ÕÙ� Ô�ÖÑ�Ø �³���ÒØ���Ö

Ð³�×Ô�� �� ×�Ø�ÓÒ× L2(T2, L⊗k
T2 ) �Ú� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gkº Ë� ÓÒ ÒÓØ� w(x̃) Ð³�Ñ��� Ô�Ö

Ð³�×ÓÑÓÖÔ��×Ñ�¸ �ÐÓÖ× ÓÒ � �

(x̃, w(x̃)) = ((n1, n2), 1) · (x0, fk(x0)ψ(x0)),
= (x̃, fk(x0)g(x̃)).

��Ò×�¸ Ð³�Ñ��� �� fkψ Ô�Ö Ð³�×ÓÑÓÖÔ��×Ñ� �¹��××Ù× �×Ø w(x̃) = fk(x0)g(x̃) = f̃k(x̃)g(x̃)

Ó� f̃k ∈ C∞(R2) �×Ø ÙÒ� �ÓÒØ�ÓÒ 2π¹Ô�Ö�Ó��ÕÙ� Ô�Ö Ö�ÔÔÓÖØ � ×� ÔÖ�Ñ��Ö� Ú�Ö���Ð�¸ 1¹

Ô�Ö�Ó��ÕÙ� Ô�Ö Ö�ÔÔÓÖØ � ×� ��ÙÜ��Ñ� �Ø ÕÙ� ×³���ÒØ��� �Ú� Ð� �ÓÒØ�ÓÒ fkº �ÙØÖ�Ñ�ÒØ ��Ø¸ ÓÒ

Ô�ÙØ ���ÒØ���Ö Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk = (Tk)k≥1 �Ú� ÙÒ� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ×¸

ÒÓØ�� (T̃k)k≥1¸ ���Ò�� ÔÓÙÖ k ≥ 1 �Ø g ∈ Hk¸ Ô�Ö �

T̃kg = Π̃k(f̃kg) + O(k−∞),

Ó� Π̃k ��×��Ò� Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ×
�ÓÐÓÑÓÖÔ��× Hk ÕÙ� ×³���ÒØ��� �Ú� Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð Πk �� Ð³�×Ô�� ��× ×�Ø�ÓÒ× ��

�ÖÖ� �ÒØ��Ö��Ð� L2(T2, L⊗k
T2 ) ×ÙÖ Ð³�×Ô�� ��× ×�Ø�ÓÒ× �ÓÐÓÑÓÖÔ��× H(T2, L⊗k

T2 )º

�Ö�� � �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ ���Ò�Ö �³ÙÒ� �ÙØÖ� ���ÓÒ Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �Ø ³�×Ø �ØØ� ���Ò�Ø�ÓÒ ÕÙ³ÓÒ ÙØ�Ð�×�Ö� ��Ò× ØÓÙØ� Ð� ×Ù�Ø� ´ÓÒ ���Ò�ÓÒÒ�

��×ÓÖÑ��× Ð� ÒÓØ�Ø�ÓÒ �Ø�Ð���µº

���Ò�Ø�ÓÒ �º�º¿ ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�µº ËÓ�Ø fk ∈ C∞(R2) ÙÒ�

�ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k ÔÓÙÖ Ð� ØÓÔÓÐÓ���

C∞ �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

fk(x+ 2π, y) = fk(x, y) = fk(x, y + 1).

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð� �ÓÒØ�ÓÒ fk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ×

Tfk := (Tk)k≥1 Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò� Ô�Ö �

Tk = ΠkMfkΠk,

Ó� Mfk : Gk −→ Gk �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ fkº ÇÒ �ÔÔ�ÐÐ� Ð�

�ÓÒØ�ÓÒ fk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk º

�º� �Ü�ÑÔÐ�×

��Ò× �ØØ� Ô�ÖØ��¸ ÒÓÙ× �ÐÐÓÒ× �ÓÒÒ�Ö ÕÙ�ÐÕÙ�× �Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2 � Ð³���� �³ÙÒ Ö�×ÙÐØ�Ø �� Ð³�ÖØ�Ð� �� Ä�ÙÖ�ÒØ ���ÖÐ�× �Ø �� ÂÙÐ��Ò

Å�Ö�� ��Å½�℄ ÕÙ� Ú� ÒÓÙ× ����Ö � ÓÒ×ØÖÙ�Ö� �� Ø�Ð× ÓÔ�Ö�Ø�ÙÖ×º ÈÓÙÖ � ���Ö�¸ ÓÒ �ÒØÖÓ¹

�Ù�Ø Ð� ÒÓØ�Ø�ÓÒ ÕÙ� ×Ù�Øº

½��



�º�º ���ÅÈÄ�Ë

ÆÓØ�Ø�ÓÒ� ×Ó�Ø x ∈ Eº ËÓ�Ø u ∈ U(1) ÙÒ ÒÓÑ�Ö� ÓÑÔÐ�Ü� �� ÑÓ�ÙÐ� 1º ÇÒ ÒÓØ� ψkx
Ð³�ÙØÓÑÓÖÔ��×Ñ� �Ù ��Ö� Ø�Ò×ÓÖ��Ð L⊗k

T2 �ÓÒÒ� Ô�Ö �

ψkx : L⊗k
T2 −→ L⊗k

T2 ,

(z, w) �−→ (x, u) · (z, w) =
�

z + x, ukwe(ik/2)ω(x,z)
�

.

�Ø ÓÒ ÒÓØ�
�

ψkx
�∗

Ð� Ø�Ö� �Ò �ÖÖ��Ö� Ô�Ö Ð� �ÓÒØ�ÓÒ ψkxº ��ØØ� �ÔÔÐ��Ø�ÓÒ Ö�ÔÖ�×�ÒØ� Ð³�Ø�ÓÒ

�Ù �ÖÓÙÔ� �� À��×�Ò��Ö� ×ÙÖ Ð� ��Ö� Ø�Ò×ÓÖ��Ð L⊗k
T2 º

ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ ��ÙÜ �Ü�ÑÔÐ�× ×�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ØÓÖ� � Ô�ÖØ�Ö ��×ÕÙ�Ð× ÓÒ Ú� ÔÓÙÚÓ�Ö �Ò ÓÒ×ØÖÙ�Ö� �³�ÙØÖ�×º ��× �Ü�ÑÔÐ�× ÓÒØ ÒÓØ�ÑÑ�ÒØ

�Ø� �ØÙ���× ��Ò× Ð� Ø��×� �� �Ó��ÒÒ Ä� �ÐÓ� �Ä�½��℄º ��Ò× �ØØ� Ô�ÖØ��¸ ÒÓÙ× ×ÙÔÔÓ×ÓÒ×

��×ÓÖÑ��× ÕÙ� Ð�× �Ò���× �� �ÐÓÕÙ�Ø u �Ø v �ÔÔ�Ö��××�ÒØ ��Ò× Ð� ���Ò�Ø�ÓÒ �� Ð³�×Ô�� ��

�ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk Ú�Ð�ÒØ 1º ��Ò×� Ð� ��×� ÓÖØ�Ó�ÓÒ�Ð� �� �Ø �×Ô�� �×Ø Ñ��ÒØ�Ò�ÒØ

�ÓÒÒ�� ÔÓÙÖ ØÓÙØ l ∈ Z/kZ �Ø ÔÓÙÖ ØÓÙØ z ∈ C¸ Ô�Ö �

el(z) =
�

j∈Z

�

e−l−kj/2
�j
ei(l+jk)z.

��Ò× � ��Ö�¸ ÓÒ Ô�ÙØ ���Ð�Ñ�ÒØ �ÐÙÐ�Ö Ð� ÒÓÖÑ� ��× �ÓÒØ�ÓÒ× el �

�el�Gk
= (2)1/2(π)3/4k−1/4el

2/(2k).

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk¸ �ÓÒÒ��

ÔÓÙÖ ØÓÙØ l ∈ Z/kZ �Ø ÔÓÙÖ ØÓÙØ z ∈ C¸ Ô�Ö �

ẽl(z) =
el(z)

�el�Gk

.

��ØØ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Ð³�×Ô�� Hk Ú� ÒÓÙ× Ô�ÖÑ�ØØÖ� �� ×�ÑÔÐ���Ö Ð³�Ö�ØÙÖ� Ñ�ØÖ���ÐÐ�

��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞº �Ú�ÒØ �� �ÓÒÒ�Ö ��× �Ü�ÑÔÐ�×¸ ÓÒ Ö�ÔÔ�ÐÐ� Ð� Ö�×ÙÐØ�Ø

×Ù�Ú�ÒØ ÓÒ�ÖÒ�ÒØ Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞº

ÈÖÓÔÓ×�Ø�ÓÒ �º�º½ ´�Ü�ÑÔÐ� �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞµº ËÓ�Ø ν ÙÒ �Ð�Ñ�ÒØ �Ù

Ö�×��Ù Z
2º ËÓ�Ø¸ ÔÓÙÖ ØÓÙØ k ≥ 1 �

Tk =
�

ψkν/k

�∗
.

�ÐÓÖ× Ð� ×Ù�Ø� (Tk)k≥1 �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð

f0 ∈ C∞(R2) �ÓÒÒ� ÔÓÙÖ ØÓÙØ (p, q) ∈ R
2 Ô�Ö �

f0(p, q) = exp

�

iω

�

p
∂

∂p
+ q

∂

∂q
, ν

��

,

½��
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�Ø �� ×ÝÑ�ÓÐ� ×ÓÙ×¹ÔÖ�Ò�Ô�Ð ÒÙÐº

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ×� ØÖÓÙÚ� ��Ò× Ð³�ÖØ�Ð� ��Å½�℄º

�Ö�� � �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ ÓÒ×ØÖÙ�Ö� ÙÒ� ��Ñ�ÐÐ� �³�Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º

�Ü�ÑÔÐ� �º�º½º ËÓ�Ø k ≥ 1º ËÓ�Ø x = 2π
∂

∂p
º ËÓ�Ø Mk =

�

ψkx/k

�∗
º �ÐÓÖ× Ð� ×Ù�Ø� �³ÓÔ�Ö�¹

Ø�ÙÖ× (Mk)k≥1 �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð m0 �ÓÒÒ� ÔÓÙÖ

(p, q) ∈ R
2 Ô�Ö �

m0(p, q) = e−2iπq.

�� ÔÐÙ× ÔÓÙÖ ØÓÙØ l ∈ Z/kZ¸ ÓÒ � �

Mkẽl = e2iπl/kẽl.

��Ò×� Ð� Ñ�ØÖ�� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Mk ��Ò× Ð� ��×� ÓÖØ�ÓÒÓÖÑ�� (ẽl)l∈Z/kZ¸

ÒÓØ�� Mk¸ �×Ø ÙÒ� Ñ�ØÖ�� ����ÓÒ�Ð� �� Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Mk =





















1 0 . . . . . . 0

0 e2iπ/k
º º º

ººº
ººº

º º º º º º º º º
ººº

ººº
º º º e2iπ(k−2)/k 0

0 . . . . . . 0 e2iπ(k−1)/k





















.

�Ü�ÑÔÐ� �º�º¾º ËÓ�Ø k ≥ 1º ËÓ�Ø y =
∂

∂q
º ËÓ�Ø Lk =

�

ψky/k

�∗
º �ÐÓÖ× Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ×

(Lk)k≥1 �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð l0 �ÓÒÒ� ÔÓÙÖ (p, q) ∈ R
2

Ô�Ö �

l0(p, q) = eip.

�� ÔÐÙ× ÔÓÙÖ ØÓÙØ l ∈ Z/kZ¸ ÓÒ � �

Lkẽl = ẽl+1,

´ÔÓÙÖ Ó�Ø�Ò�Ö �ØØ� Ö�Ð�Ø�ÓÒ¸ ÓÒ ÑÓÒØÖ� ÕÙ� Lkel = e−1/(2k)e−l/kel+1µº ��Ò×� Ð� Ñ�ØÖ��

�� �Ø ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ¸ ÒÓØ�� Lk¸ ��Ò× Ð� ��×� ÓÖØ�ÓÒÓÖÑ�� (ẽl)l∈Z/kZ �×Ø Ð�

×Ù�Ú�ÒØ� �

Lk =





















0 0 . . . 0 1

1 0
º º º 0

0
º º º º º º º º º

ººº
ººº
º º º º º º 0 0

0 . . . 0 1 0





















.

½��



�º�º ���ÅÈÄ�Ë

ü Ô�ÖØ�Ö �� �× ��ÙÜ ÔÖ�Ñ��Ö× �Ü�ÑÔÐ�×¸ ÓÒ Ô�ÙØ ÓÒ×ØÖÙ�Ö� ��× �Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ×

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�º

�Ü�ÑÔÐ� �º�º¿º ËÓ�Ø k ≥ 1¸ ×Ó�Ø Ak =Mk +M∗
k º �ÐÓÖ× Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× (Ak)k≥1 �×Ø

ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� a0¸ �ÓÒÒ�

ÔÓÙÖ (p, q) ∈ R
2¸ Ô�Ö �

a0(p, q) = 2 cos(2πq).

�� ÔÐÙ×¸ ÔÓÙÖ ØÓÙØ l ∈ Z/kZ¸ ÓÒ � �

Akẽl = 2cos

�

2πl

k

�

ẽl.

�Ü�ÑÔÐ� �º�º�º ËÓ�Ø k ≥ 1¸ ×Ó�Ø Bk =
1

2i
(Mk −M∗

k )º �ÐÓÖ× Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× (Bk)k≥1

�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� b0¸

�ÓÒÒ� ÔÓÙÖ (p, q) ∈ R
2¸ Ô�Ö �

b0(p, q) = − sin(2πq).

�� ÔÐÙ× ÔÓÙÖ ØÓÙØ l ∈ Z/kZ¸ ÓÒ � �

Bkẽl = sin

�

2πl

k

�

ẽl.

�Ü�ÑÔÐ� �º�º�º ËÓ�Ø k ≥ 1¸ ×Ó�Ø Ck = Lk + L∗
kº �ÐÓÖ× Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× (Ck)k≥1 �×Ø

ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð¸ ÒÓØ� c0¸ �ÓÒÒ�

ÔÓÙÖ (p, q) ∈ R
2¸ Ô�Ö �

c0(p, q) = 2 cos(p).

�� ÔÐÙ×¸ ÔÓÙÖ ØÓÙØ l ∈ Z/kZ¸ ÓÒ � �

Ckẽl = ẽl+1 + ẽl−1.

ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ ��ÙÜ �Ü�ÑÔÐ�× Ô�Ý×�ÕÙ�× ÙÒ Ô�Ù ÔÐÙ× ÓÑÔÐ�Ü�× �³ÓÔ�Ö�¹

Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ×º

�Ü�ÑÔÐ� �º�º� ´À�Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Öµº Ä³��Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Ö ´ÒÓØ�ÑÑ�ÒØ �ØÙ��� Ô�Ö

��ÖÒ�Ö� À�Ð��Ö �Ø ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� ��Ò× Ð³�ÖØ�Ð� �ÀË�¼℄µ �×Ø ���Ò� ÔÓÙÖ (p, q) ∈ R
2

Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

h0(p, q) = 2 (cos(p) + cos(2πq)) .

�³�ÔÖ�× Ð�× �Ü�ÑÔÐ�× �º�º¿ �Ø �º�º�¸ Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� (Hk)k≥1 �ÓÒÒ�

ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

Hk = Ak +Ck =Mk +M∗
k + Lk + L∗

k,

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�

�×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð h0º Ä� Ñ�ØÖ�� �� �Ø ÓÔ�Ö�Ø�ÙÖ¸ ÒÓØ�� Hk¸ ��Ò× Ð�

��×� ÓÖØ�ÓÒÓÖÑ�� (ẽl)l∈Z �×Ø Ð� ×Ù�Ú�ÒØ� �

Hk =

































2 1 0 . . . 0 1

1 2 cos

�

2π

k

�

1
º º º 0

0
º º º

º º º
º º º

º º º
ººº

ººº
º º º º º º º º º º º º 0

0
º º º 1 2 cos

�

2π(k − 2)

k

�

1

1 0 . . . 0 1 2 cos

�

2π(k − 1)

k

�

































.

ÍÒ� �ØÙ�� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� �Ø ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ �Ò Ö�Ð�Ø�ÓÒ

�Ú� Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� Ö��ÐÐ�× ×� ØÖÓÙÚ� ��Ò× Ð�× �ÖØ�Ð�×

�Ä�½��℄ �Ø �Ä�½�℄ �� �Ó��ÒÒ Ä� �ÐÓ� �Ø ��Ò× ×� Ø��×� �Ä�½��¸ ���Ô�ØÖ� �℄º

�Ü�ÑÔÐ� �º�º� ´�ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�µº ÇÒ ÓÒ×���Ö� Ð� ØÓÖ� T
2 Ó�Ø�ÒÙ ��Ò× R3 Ô�Ö

ÖÓØ�Ø�ÓÒ �³ÙÒ �ÖÐ� �� Ö�ÝÓÒ r �ÙØÓÙÖ �³ÙÒ �ÖÐ� �� Ö�ÝÓÒ R ÓÒØ�ÒÙ ��Ò× Ð� ÔÐ�Ò (y, z)

Ó� R > r ´ÚÓ�Ö Ð� ��ÙÖ� �º½µº ��Ò× Ð� Ö�Ô�Ö� ÓÖØ�ÓÒÓÖÑ� (x, y, z)¸ Ð�× ÓÓÖ�ÓÒÒ��× �Ù ØÓÖ�

×ÓÒØ �














x = r sin(p);

y = (R+ r cos(p)) cos(2πq);

z = (R+ r cos(p)) sin(2πq).

ÇÒ ×³�ÒØ�Ö�××� � Ð� �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�¸ �ÙØÖ�Ñ�ÒØ ��Ø �Ù ��Ñ�ÐØÓÒ��Ò ×Ù�Ú�ÒØ¸ ÔÓÙÖ

(p, q) ∈ R
2 �

d0(p, q) = (R+ r cos(p)) sin(2πq).

�
Rr

y

z

x
�

������ �º½ � �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�º

½�¼



�º�º ���ÅÈÄ�Ë

�³�ÔÖ�× Ð³�Ü�ÑÔÐ� �º�º�¸ ÓÒ ×��Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Ek �ÓÒÒ� ÔÓÙÖ ØÓÙØ

k ≥ 1¸ Ô�Ö �

Ek = RΠk +
r

2
Ck,

��Ñ�Ø ÔÓÙÖ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð ÔÓÙÖ (p, q) ∈ R
2 �

e0(p, q) = R+ r cos(p);

´ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Πk �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk ×ÙÖ
Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkµº �Ø �³�ÔÖ�× Ð³�Ü�ÑÔÐ� �º�º�¸ ÓÒ ×��Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� Fk �ÓÒÒ� ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

Fk = −Bk

��Ñ�Ø ÔÓÙÖ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð ÔÓÙÖ (p, q) ∈ R
2 �

f0(p, q) = sin(2πq).

��Ò×� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ Dk �ÓÒÒ� ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

Dk =
1

2
(EkFk + FkEk),

��Ñ�Ø ÔÓÙÖ ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð Ð� �ÓÒØ�ÓÒ d0 Ô�Ö Ð� �ÐÙÐ ×ÝÑ�ÓÐ�ÕÙ� ÔÓÙÖ Ð�× ÓÔ�Ö�Ø�ÙÖ×

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� ����¼�℄µº ÍÒ� �ØÙ�� �Ù ×Ô�ØÖ� �� �Ø ÓÔ�Ö�Ø�ÙÖ ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ �Ù ØÓÖ� �Ò Ö�Ð�Ø�ÓÒ �Ú� Ð�× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ ��

�Ó�Ö¹ËÓÑÑ�Ö��Ð� Ö��ÐÐ�× ×� ØÖÓÙÚ� ��Ò× Ð³�ÖØ�Ð� �Ä�½�℄ �Ø ��Ò× Ð� Ø��×� �Ä�½��¸ ���Ô�ØÖ�

�℄ �� �Ó��ÒÒ Ä� �ÐÓ�º

��× ÔÖ�Ñ��Ö× �Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2 ÚÓÒØ ÒÓÙ× �ØÖ�

ÙØ�Ð�× ��Ò× Ð� ×Ù�Ø� �Ø ÒÓØ�ÑÑ�ÒØ ��Ò× Ð� ��Ô�ØÖ� � Ó� ÒÓÙ× �ÐÐÓÒ× ��ÓÙØ�Ö � �× ÓÔ�Ö�¹

Ø�ÙÖ× ��× Ô�ÖØÙÖ��Ø�ÓÒ× ´��Ò× Ð³�×ÔÖ�Ø �� � ÕÙ� � �Ø� ���Ø ��Ò× Ð� ��Ô�ØÖ� ¾µ �Ø �ØÙ���Ö Ð�

ÓÑÔÓÖØ�Ñ�ÒØ �� Ð�ÙÖ× ×Ô�ØÖ�× �� Ñ�Ò��Ö� ÒÙÑ�Ö�ÕÙ�º

½�½
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½�¾



���Ô�ØÖ� �

ÉÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù ØÓÖ�

��Ò× � ��Ô�ØÖ�¸ ÓÒ ×³�ÒØ�Ö�××� � Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ� T
2¸ ÕÙ�

� ÒÓØ�ÑÑ�ÒØ �Ø� �ØÙ���� Ô�Ö ÅÓÒ�ÕÙ� �ÓÑ��×ÙÖ� �Ø �����Ö ÊÓ��ÖØ ��Ò× Ð� Ð�ÚÖ� ��Ê½¾¸

���Ô�ØÖ� �℄¸ �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ � � ÕÙ³�ÐÐ� ��Ú��ÒØ ×� ÓÒ Ð� ÓÒ�Ù�Ù� Ô�Ö Ð� ØÖ�Ò×�ÓÖÑ��

�� ��Ö�Ñ�ÒÒº �³�×Ø �Ø ÓÙØ�Ð ÕÙ³ÓÒ �ÔÔ�ÐÐ�Ö� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�

Ô�Ö �Ò�ÐÓ��� �Ú� Ð� �× �Ù ÔÐ�Ò R
2 ÚÙ ��Ò× Ð�× ��Ô�ØÖ�× ¾ ´ÚÓ�Ö ���Ò�Ø�ÓÒ ¾º¾º½�µ �Ø ¿

´ÚÓ�Ö ���Ò�Ø�ÓÒ ¿º¾º¿µº

�º½ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ�

�º½º½ �×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× �ÐÐÓÒ× �ÒØÖÓ�Ù�Ö� ÙÒ ×ÓÙ×¹�×Ô�� �� Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ×

×ÙÖ R¸ ÕÙ� ÒÓÙ× ÒÓØ�ÖÓÒ× Lk¸ �Ø ÕÙ� ×�Ö� Ð³�×Ô�� Ò�ØÙÖ�Ð ×ÙÖ Ð�ÕÙ�Ð ÚÓÒØ ���Ö Ð�× ÓÔ�Ö�Ø�ÙÖ×

Ô×�Ù�Ó¹����Ö�ÒØ��Ð× � ×ÝÑ�ÓÐ�× ×ÙÖ Ð� ØÓÖ� T
2º ÈÓÙÖ �ÒØÖÓ�Ù�Ö� �Ø �×Ô�� ÒÓÙ× Ö�ÔÔ�ÐÓÒ×

ÕÙ�ÐÕÙ�× ���Ò�Ø�ÓÒ× �ÓÒØ ÒÓÙ× �ÐÐÓÒ× �ÚÓ�Ö ��×Ó�Ò ´ÓÒ Ô�ÙØ Ð�× ØÖÓÙÚ�Ö Ô�Ö �Ü�ÑÔÐ� ��Ò×

Ð� Ð�ÚÖ� �� Å��� �ÛÓÖ×�� ��ÛÓ½¾¸ ��Ô�ØÖ� ¿℄µº

���Ò�Ø�ÓÒ �º½º½ ´�×Ô�� �� Ë�Û�ÖØÞµº Ä³�×Ô�� �� Ë�Û�ÖØÞ S(R) �×Ø ÙÒ �×Ô�� ��
�ÓÒØ�ÓÒ× Ö��ÙÐ��Ö�× ÕÙ� �×Ø ���Ò� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

S(R) =
�

φ ∈ C∞(R); �φ�α,β := sup
x∈R

|xα∂βφ(x)| < +∞,∀α, β ∈ N

�

.

���Ò�Ø�ÓÒ �º½º¾ ´ÌÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö ×�Ñ�¹Ð�××�ÕÙ� ×ÙÖ S(R)µº ËÓ�Ø φ ∈ S(R)º ÇÒ
���Ò�Ø Ð� ØÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö ×�Ñ�¹Ð�××�ÕÙ� �� φ¸ ÒÓØ�� F�φ¸ ÔÓÙÖ ξ ∈ R¸ Ô�Ö �

F�φ(ξ) =

�

R

e−(i/�)xξφ(x)dx.

�³�×Ø ÙÒ �×ÓÑÓÖÔ��×Ñ� �� S(R) ��Ò× ÐÙ�¹Ñ�Ñ� �Ø Ð³�ÒÚ�Ö×� �� Ð� ØÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö

½�¿



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

×�Ñ�¹Ð�××�ÕÙ� �×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ x ∈ R �

F−1
�
φ(x) =

1

2π�

�

R

e(i/�)xξφ(ξ)dξ.

���Ò�Ø�ÓÒ �º½º¿ ´��×ØÖ��ÙØ�ÓÒ× Ø�ÑÔ�Ö��×µº Ä³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× Ø�ÑÔ�Ö��× S ′(R)

�×Ø Ð� �Ù�Ð �� Ð³�×Ô�� �� Ë�Û�ÖØÞ S(R)¸ �º�º ³�×Ø Ð³�×Ô�� ��× �ÓÖÑ�× Ð�Ò���Ö�× ÓÒØ�ÒÙ�×
×ÙÖ S(R)º

ÆÓØ�Ø�ÓÒ� �·, ·�S′,S ��×��Ò� Ð� ÖÓ��Ø �� �Ù�Ð�Ø� �ÒØÖ� Ð�× �×Ô��× S ′(R) �Ø S(R)º

���Ò�Ø�ÓÒ �º½º� ´ÌÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö ×�Ñ�¹Ð�××�ÕÙ� ×ÙÖ S ′(R)µº ËÓ�Ø ψ ∈ S ′(R)º ÇÒ

���Ò�Ø Ð� ØÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö ×�Ñ�¹Ð�××�ÕÙ� �� ψ¸ ÒÓØ�� F�ψ¸ ÔÓÙÖ ØÓÙØ φ ∈ S(R)¸ Ô�Ö
Ð� Ö�Ð�Ø�ÓÒ ÕÙ� ×Ù�Ø �

�F�ψ, φ�S′,S = �ψ,F�φ�S′,S .

ÇÒ ×³�ÒØ�Ö�××� � Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �³ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Ð� ØÓÖ�¸ ³�×Ø �ÓÒ ÙÒ ×ÝÑ¹

�ÓÐ� Ô�Ö�Ó��ÕÙ� � ÕÙ� Ú� �Ò�Ù�Ö� ��× ÓÒ��Ø�ÓÒ× �� Ô�Ö�Ó���Ø�× ×ÙÖ Ð³�×Ô�� ×ÙÖ Ð�ÕÙ�Ð Ú�

���Ö Ð³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ðº È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÒÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ��×Ó�Ò �³�ÒØÖÓ¹

�Ù�Ö� Ð� ÒÓØ�ÓÒ �� Ô�Ö�Ó���Ø� ÔÓÙÖ Ð�× ��×ØÖ��ÙØ�ÓÒ×º

ÆÓØ�Ø�ÓÒ� ×Ó�Ø a ∈ R¸ ÓÒ ÒÓØ� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ a ��Ò× R �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

τa : R −→ R,

x �−→ x+ a.

ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� Ð� ØÖ�Ò×Ð�Ø�ÓÒ �� Ú�Ø�ÙÖ a �³ÙÒ� ��×ØÖ��ÙØ�ÓÒ ψ ∈ S ′(R) �×Ø ���Ò�� �� Ð�

���ÓÒ ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ φ ∈ S(R) �

�τaψ, φ�S′,S = �ψ, τ−aφ�S′,S .

���Ò�Ø�ÓÒ �º½º� ´��×ØÖ��ÙØ�ÓÒ× Ô�Ö�Ó��ÕÙ�×µº ËÓ�Ø ψ ∈ S ′(R)º ËÓ�Ø a ∈ Rº Ä� ��×ØÖ��ÙØ�ÓÒ

ψ �×Ø ��Ø� a¹Ô�Ö�Ó��ÕÙ� ×� τaψ = ψº

Ê�Ñ�ÖÕÙ� �º½º�º ÌÓÙØ� ��×ØÖ��ÙØ�ÓÒ Ô�Ö�Ó��ÕÙ� �×Ø Ø�ÑÔ�Ö�� ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� ��ÓÒ½½℄µº

Ä�× ��×ØÖ��ÙØ�ÓÒ× Ô�Ö�Ó��ÕÙ�× ÓÒØ Ð� Ô�ÖØ�ÙÐ�Ö�Ø� �� ×³�Ö�Ö� ×ÓÙ× �ÓÖÑ� �� ×ÓÑÑ�×º

ÈÖÓÔÓ×�Ø�ÓÒ �º½º� ´ÈÖÓÔÖ��Ø� ��× ��×ØÖ��ÙØ�ÓÒ× Ô�Ö�Ó��ÕÙ�×µº ËÓ�Ø a ∈ Rº ËÓ�Ø ψ ÙÒ�

��×ØÖ��ÙØ�ÓÒ a¹Ô�Ö�Ó��ÕÙ�º �ÐÓÖ× ψ ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� ×�Ö�� �� �ÓÙÖ��Ö ÓÒÚ�Ö��ÒØ�

��Ò× D′(R) �

ψ =
�

l∈Z
ψle

ilt2π/a,

Ó� Ð� ×Ù�Ø� (ψl)l∈Z �×Ø � ÖÓ�××�Ò� Ð�ÒØ�¸ �º�º ÔÓÙÖ ØÓÙØ l ∈ Z¸ �Ð �Ü�×Ø� ÙÒ �ÒØ��Ö N ≥ 0 Ø�Ð

ÕÙ� �

|ψl| ≤ C(1 + |l|)N .

½��



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ×� ØÖÓÙÚ� Ô�Ö �Ü�ÑÔÐ� ��Ò× Ð� Ð�ÚÖ�

�� Â��Ò¹Å���Ð �ÓÒÝ ��ÓÒ½½℄º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÒÓÙ× �ÒØ�Ö�××�Ö � ÙÒ ×ÓÙ×¹�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× Ø�ÑÔ�Ö��×º

��Ø �×Ô�� � ÒÓØ�ÑÑ�ÒØ �Ø� �ÒØÖÓ�Ù�Ø Ô�Ö ÅÓÒ�ÕÙ� �ÓÑ��×ÙÖ� �Ø �����Ö ÊÓ��ÖØ ��Ò× Ð�

Ð�ÚÖ� ��Ê½¾¸ ���Ô�ØÖ� �℄º ËÓ�Ø k ≥ 1º ËÓ��ÒØ u, v ∈ U(1) ��× ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× �� ÑÓ�ÙÐ�

1º ÇÒ ÓÒ×���Ö� Ð³�×Ô�� ×Ù�Ú�ÒØ �

Lk =
�

ψ ∈ S ′(R); τ2πψ = ukψ, τ1F�(ψ) = v−kF�(ψ)
�

.

Ê�Ñ�ÖÕÙ� �º½º�º Ä� ���Ò�Ø�ÓÒ �� �Ø �×Ô�� ���Ø �ÔÔ�Ö��ØÖ� ��ÙÜ ÒÓÑ�Ö�× ÓÑÔÐ�Ü�× u

�Ø v¸ ÓÒ � �Ó�×� �� Ð�× ÒÓØ�Ö ��Ò×� ÔÙ�×ÕÙ� ÐÓÖ×ÕÙ� ÒÓÙ× ��ÖÓÒ× Ð� Ð��Ò �ÒØÖ� Ð�× ����Ö�ÒØ�×

ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ�¸ ÒÓÙ× Ú�ÖÖÓÒ× ÕÙ� �× ÒÓÑ�Ö�× ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ �Ò���× �� �ÐÓÕÙ�Ø

ÕÙ� ÓÒØ �Ø� �ÒØÖÓ�Ù�Ø× ��Ò× Ð� ���Ò�Ø�ÓÒ �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk ´ÚÓ�Ö Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¼µº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ØÙ���Ö ÙÒ Ô�Ù ÔÐÙ× �Ò ��Ø��Ð× Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk ��Ò×

Ð� �ÙØ �³�Ò ��Ø�ÖÑ�Ò�Ö ÙÒ� ��×�º

ÈÖÓÔÓ×�Ø�ÓÒ �º½º� ´��Ö�Ø�Ö�×�Ø�ÓÒ ��× �Ð�Ñ�ÒØ× �� Ð³�×Ô�� Lkµº ËÓ�Ø ψ ∈ Lkº �ÐÓÖ×

ψ ∈ S ′(R) �Ø ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

ψ = ukt/(2π)
�

l∈Z
ψle

ilt �Ú� ∀l ∈ Z¸ ψl+k = v−kψl,

Ó� Ð� ×ÓÑÑ� ÓÒÚ�Ö�� ��Ò× D′(R)º

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� ψ ∈ Lk¸ �ÐÓÖ× ψ Ú�Ö��� Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

τ2πψ = ukψ.

��Ò×�¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º�¸ ÓÒ Ô�ÙØ �Ö�Ö� �ØØ� ��×ØÖ��ÙØ�ÓÒ ψ ∈ Lk ×ÓÙ× Ð� �ÓÖÑ� �

ψ = ukt/(2π)
�

l∈Z
ψle

ilt.

�ÓÑÑ� ψ ∈ Lk¸ �ÐÓÖ× ÓÒ � ���Ð�Ñ�ÒØ Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

τ1F�(ψ) = v−kF�(ψ).

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

ÇÖ¸ �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ×¸ ÓÒ � �

F�(ψ) = F�

�

ukt/(2π)
�

l∈Z
ψle

ilt

�

,

=
�

l∈Z
ψlF�

�

ukt/(2π)eilt
�

�Ö F� �×Ø ÓÒØ�ÒÙ� ×ÙÖ S ′(R),

= 2π�
�

l∈Z
ψlδ�ck/(2π)+�l Ó� ÓÒ � ÔÓ×� u = eic.

��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ØÓÙØ φ ∈ S(R) �

�τ1F�ψ, φ� = �F�ψ, τ−1φ�,

=

�

2π�
�

l∈Z
ψlδ�ck/(2π)+�l, τ−1φ

�

,

= 2π�
�

l∈Z
ψl�δ�ck/(2π)+�l, τ−1φ�,

= 2π�
�

l∈Z
ψl�τ1δ�ck/(2π)+�l, φ�,

= 2π�
�

l∈Z
ψl�δ�ck/(2π)+�l−1, φ�.

�Ø ÔÓÙÖ ØÓÙØ φ ∈ S(R)¸ ÓÒ � ���Ð�Ñ�ÒØ �

�v−kF�ψ, φ� = v−k�F�ψ, φ�,

= v−k
�

2π�
�

l∈Z
ψlδ�ck/(2π)+�l, φ

�

,

= 2π�
�

l∈Z
v−kψl�δ�ck/(2π)+�l, φ�.

�ÓÒ �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ×¸ ÓÒ � �

2π�
�

l∈Z
ψlδ�ck/(2π)+�l−1 = 2π�

�

l∈Z
v−kψlδ�ck/(2π)+�l.

��Ò×�¸ ÔÓÙÖ ÕÙ� Ð³�×Ô�� Lk ×Ó�Ø ÒÓÒ Ú���¸ �Ð �Ó�Ø �Ü�×Ø�Ö ��× �ÒØ��Ö× l, l′ ∈ Z Ø�Ð× ÕÙ� �

�l − 1 = �l′¸ �ÙØÖ�Ñ�ÒØ ��Ø l − l′ =
1

�
º È�Ö ÓÒ×�ÕÙ�ÒØ¸ �Ð �Ó�Ø �Ü�×Ø�Ö ÙÒ �ÒØ��Ö k′ ∈ Z Ø�Ð

ÕÙ� k′ =
1

�
º ��Ø �ÒØ��Ö k′ ÓÖÖ�×ÔÓÒ� ��Ò× Ð� ÒÓØ�Ø�ÓÒ �� Ð³�×Ô�� Lk � Ð³�Ò��� k¸ �ÓÒ

ÓÒ ÒÓØ� ��×ÓÖÑ��× k � Ð� ÔÐ�� �� k′º ÇÒ �Ò ���Ù�Ø ���Ð�Ñ�ÒØ ÕÙ� Ð� ×Ù�Ø� �� Ó����ÒØ×

(ψl)l∈Z �Ó�Ø Ú�Ö���Ö Ð� ÓÒ��Ø�ÓÒ ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ l ∈ Z �

ψl+k = v−kψl.

½��



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

��Ò× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ ÔÖ����ÒØ�¸ ÒÓÙ× �ÚÓÒ× ÚÙ ÕÙ� Ð� ÒÓÑ�Ö� k ≥ 1 �Ó�Ø �ØÖ� Ð³�ÒÚ�Ö×�

�Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÒÓÙ× �ÓÒ�Ð�ÖÓÒ× �ÒØÖ� �× ��ÙÜ ÒÓØ�Ø�ÓÒ×

��Ò× Ð� ×Ù�Ø�º

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½¼ ´��×� �� Ð³�×Ô�� Lkµº ËÓ�Ø l ∈ {0, . . . , k − 1}º ËÓ�Ø �

ǫl = ukt/(2π)
�

j∈Z

�

v−k
�j
ei(l+jk)t ∈ S ′(R).

�ÐÓÖ× Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ �×Ø ÙÒ� ��×� �� Ð³�×Ô�� Lkº

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � ÔÓÙÖ ØÓÙØ l ∈ {0, . . . , k − 1}¸ ǫl ∈ Lkº ËÓ�Ø l ∈ {0, . . . , k}¸ �ÐÓÖ× ǫl �×Ø ���Ò ÙÒ�

��×ØÖ��ÙØ�ÓÒ Ø�ÑÔ�Ö�� ´�Ö
�

�v−k
�

�

j
= 1µ �Ø �ÐÐ� Ú�Ö��� ÔÓÙÖ ØÓÙØ φ ∈ S(R) �

�τ2πǫl, φ� = �ǫl, τ−2πφ�,

=

�

R

ukt/(2π)
�

j∈Z

�

v−k
�j
ei(l+jk)tφ(t− 2π)dt,

=

�

R

uk(t+2π)/(2π)
�

j∈Z

�

v−k
�j
ei(l+jk)(t+2π)φ(t)dt,

= �ukǫl, φ�.

ÇÒ � ���Ð�Ñ�ÒØ �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ× �

F�(ǫl) =
�

j∈Z

�

v−k
�j

F�

�

ukt/(2π)ei(l+jk)t
�

,

=
2π

k

�

j∈Z

�

v−k
�j
δc/(2π)+l/k+j �Ö � =

1

k
�Ø Ó� ÓÒ � ÔÓ×� u = eic.

��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ØÓÙØ φ ∈ S(R) �

�τ1F�(ǫl), φ� = �F�(ǫl), τ−1φ�,

=
2π

k

�

j∈Z

�

v−k
�j

�δc/(2π)+l/k+j , τ−1φ�,

=
2π

k

�

j∈Z

�

v−k
�j

�δc/(2π)+l/k+j−1, φ�,

= v−k
2π

k

�

j∈Z

�

v−k
�j

�δc/(2π)+l/k+j , φ� Ô�Ö ��Ò��Ñ�ÒØ �³�Ò��� j �−→ j + 1,

= �v−kF�(ǫl), φ�.

��Ò×� ÔÓÙÖ ØÓÙØ l ∈ {0, . . . , k − 1}¸ ÓÒ � � ǫl ∈ Lkº

�Ø�Ô� ¾ � Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ �×Ø ��Ò�Ö�ØÖ��º ËÓ�Ø ψ ∈ Lk¸ �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�º½º�¸ ÓÒ �¸ �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ× �

ψ = ukt/(2π)
�

l∈Z
ψle

ilt,

= ukt/(2π)

�

k−1
�

l=0

ψle
ilt +

2k−1
�

l=k

ψle
ilt + . . .+

−1
�

l=−k
ψle

ilt + . . .

�

,

= ukt/(2π)

�

k−1
�

l=0

ψle
ilt +

k−1
�

l=0

v−kψle
i(l+k)t + . . .+

k−1
�

l=0

vkψle
i(l−k)t + . . .

�

,

= ukt/(2π)
k−1
�

l=0

ψl
�

j∈Z

�

v−k
�j
ei(l+jk)t,

=
k−1
�

l=0

ψlǫl.

��Ò×� Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ �Ò��Ò�Ö� Ð³�×Ô�� Lkº

�Ø�Ô� ¿ � Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ �×Ø ÙÒ� ��×�º �ÓÑÑ� Ð�× ��×ØÖ��ÙØ�ÓÒ× eilt ×ÓÒØ Ð�Ò���Ö�Ñ�ÒØ

�Ò��Ô�Ò��ÒØ�× ��Ò× S ′(R)¸ �ÐÓÖ× Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ �×Ø ���Ò ÙÒ� ��×� �� Ð³�×Ô�� Lkº ÇÒ

�Ò ���Ù�Ø ���Ð�Ñ�ÒØ ÕÙ� Ð³�×Ô�� Lk �×Ø �� ��Ñ�Ò×�ÓÒ kº

�ÓÑÑ� Lk �×Ø ÙÒ �×Ô�� Ð�Ò���Ö� ÓÑÔÐ�Ü� �� ��Ñ�Ò×�ÓÒ �Ò�� k ��Ñ�ØØ�ÒØ ÔÓÙÖ ��×� Ð�

��Ñ�ÐÐ� (ǫl)l∈Z/kZ¸ �ÐÓÖ× ÓÒ Ô�ÙØ ÓÒ×���Ö�Ö ×ÙÖ �Ø �×Ô��¸ Ð� ×ØÖÙØÙÖ� �³�×Ô�� �� À�Ð��ÖØ

Ø�ÐÐ� ÕÙ� Ð� ��Ñ�ÐÐ� (ǫl)l∈Z/kZ ×Ó�Ø ÙÒ� ��×� ÓÖØ�ÓÒÓÖÑ�� �� Lkº

�º½º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� Lk

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö �� ��ÙÜ Ñ�Ò��Ö�× ����Ö�ÒØ�× Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

�Ù ØÓÖ� T
2º ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ �ÒØ��Ö�Ð� �� �ØØ� ÕÙ�ÒØ���Ø�ÓÒº ÆÓÙ×

Ö�ÔÔ�ÐÓÒ× ÕÙ� Ð� ÒÓØ�Ø�ÓÒ S(R2) �ÒØÖÓ�Ù�Ø� ��Ò× Ð� ���Ò�Ø�ÓÒ ¿º½º½ ��×��Ò� Ð³�Ò×�Ñ�Ð�

×Ù�Ú�ÒØ �

S(R2) =
�

a� ∈ C∞(R2);∀α ∈ N
2, �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� Cα > 0 Ø�ÐÐ� ÕÙ� � |∂αa�| ≤ Cα

�

.

Ê�Ñ�ÖÕÙ� �º½º½½º ËÓ�Ø a� ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔ¹

ØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ

� �

a�(x+ 2π, y) = a�(x, y) = a�(x, y + 1).

�ÐÓÖ× Ð� �ÓÒØ�ÓÒ a� �ÔÔ�ÖØ��ÒØ � Ð� Ð�××� �� ×ÝÑ�ÓÐ�× S(R2)º

���Ò�Ø�ÓÒ �º½º½¾ ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ�µº ËÓ�Ø a� ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ�

ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2 �

a�(x+ 2π, y) = a�(x, y) = a�(x, y + 1).

½��



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� a�¸ ÒÓØ�� Opw(a�)(x, �Dx)¸ Ô�Ö Ð� �ÓÖÑÙÐ�

�ÒØ��Ö�Ð� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ S(R) �

Opw(a�)(x, �Dx)u(x) =
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
, ξ

�

u(y)dydξ.

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ a� Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(a�)(x, �Dx)º

ÆÓÙ× Ö�ÔÔ�ÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���Ø ×ÙÖ Ð³�×Ô�� ��

Ë�Û�ÖØÞ �Ø ×ÙÖ Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× Ø�ÑÔ�Ö��×º

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½¿ ´�Ø�ÓÒ �³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ×ÙÖ S(R) �Ø ×ÙÖ S ′(R)µº

ËÓ�Ø a� ∈ S(R2) ÙÒ ×ÝÑ�ÓÐ�º �ÐÓÖ× �

½º Opw(a�)(x, �Dx) : S(R) −→ S(R) �

¾º Opw(a�)(x, �Dx) : S ′(R) −→ S ′(R) �

×ÓÒØ ��× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× Ð�Ò���Ö�× ÓÒØ�ÒÙ�×º �� ÔÐÙ×¸ Ð³ÓÔ�Ö�Ø�ÙÖ Opw(a�) ���Ø ×ÙÖ Ð³�×Ô��

��× ��×ØÖ��ÙØ�ÓÒ× �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ψ ∈ S ′(R) �Ø φ ∈ S(R) �

�Opw(a�)ψ, φ�S′,S = �ψ,Opw(ã�)φ�S′,S ,

Ó� ÔÓÙÖ (x, y) ∈ R
2¸ ã�(x, y) = a�(x,−y) ∈ S(R2)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ÙÒ� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ ÔÓÙÖÖ� ÓÒ×ÙÐØ�Ö Ð� Ð�ÚÖ�

�� Å���� �ÛÓÖ×�� ��ÛÓ½¾¸ ���Ô�ØÖ� ¿℄º

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ ÑÓÒØÖ�Ö ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð � ×ÝÑ�ÓÐ� ×ÙÖ

Ð� ØÓÖ� ���Ø ×ÙÖ Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk ÕÙ� ÒÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø ÔÖ����ÑÑ�ÒØº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� Lkµº ËÓ�Ø a� ∈ C∞(R2)

ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

a�(x+ 2π, y) = a�(x, y) = a�(x, y + 1).

�ÐÓÖ× ×� � =
1

k
ÔÓÙÖ k ≥ 1 �ÒØ��Ö¸ ÓÒ � �

Opw(a�)(x, �Dx) : Lk −→ Lk,

Ó� ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� Lk =
�

ψ ∈ S ′(R); τ2πψ = ukψ, τ1F�(ψ) = v−kF�(ψ)
�

º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ �ÓÒÒ� �¹��××ÓÙ× Ð�× ÔÖ�Ò�Ô�Ð�× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � Opw(a�) : S ′(R) −→ S ′(R)º �³�ÔÖ�× Ð� Ö�Ñ�ÖÕÙ� �º½º½½ �Ø Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½¿¸

ÓÒ ×��Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(a�) ���Ø ×ÙÖ Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× S ′(R)º

�Ø�Ô� ¾ � τ2πOpw(a�)ψ = ukOpw(a�)ψ ÔÓÙÖ ψ ∈ Lkº ËÓ��ÒØ ψ ∈ Lk �Ø φ ∈ S(R)¸ �ÐÓÖ×

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

ÓÒ � �

�τ2πOpw(a�)ψ, φ�S′,S = �Opw(a�)ψ, τ−2πφ�S′,S ,

= �ψ,Opw(ã�)τ−2πφ�S′,S .

ÇÖ¸ ÔÓÙÖ φ ∈ S(R)¸ ÓÒ � �

Opw(ã�)(x, �Dx)(τ−2πφ(x)) =
1

2π�

�

R

�

R

ei(x−y)ξ/�ã�

�

x+ y

2
, ξ

�

τ−2πφ(y)dydξ,

=
1

2π�

�

R

�

R

ei(x−y−2π)ξ/�a�

�

x+ y + 2π

2
,−ξ
�

φ(y)dydξ,

�Ò ���ØÙ�ÒØ Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� y �−→ y+2πº ��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ Lk �Ø φ ∈ S(R) �

�ψ,Opw(ã�)τ−2πφ�S′,S

=

�

R

ψ(x)Opw(ã�)(x, �Dx)(τ−2πφ)(x)dx,

=

�

R

ψ(x)
1

2π�

�

R

�

R

ei(x−y−2π)ξ/�a�

�

x+ y + 2π

2
,−ξ
�

φ(y)dydξdx,

=

�

R

ψ(x+ 2π)
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
+ 2π,−ξ

�

φ(y)dydξdx Ú�� x �−→ x+ 2π,

=

�

R

ukψ(x)
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
+ 2π,−ξ

�

φ(y)dydξdx �Ö ψ ∈ Lk,

=

�

R

ukψ(x)
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
,−ξ
�

φ(y)dydξdx �Ö a�(x+ 2π, ξ) = a�(x, ξ),

=

�

R

ukψ(x)
1

2π�

�

R

�

R

ei(x−y)ξ/�ã�

�

x+ y

2
, ξ

�

φ(y)dydξdx,

= �ukψ,Opw(ã�)φ�S′,S ,

= �ukOpw(a�)ψ, φ�S′,S .

��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ Lk � τ2πOpw(a�)ψ = ukOpw(a�)ψº

�Ø�Ô� ¿ � τ1F�(Opw(a�)ψ) = v−kF�(Opw(a�)ψ) ÔÓÙÖ ψ ∈ Lkº ËÓ��ÒØ ψ ∈ Lk �Ø φ ∈ S(R)¸
ÓÒ � �

�τ1F�(Opw(a�)ψ), φ�S′,S = �F�(Opw(a�)ψ), τ−1φ�S′,S ,

= �Opw(a�)ψ,F�(τ−1φ)�S′,S ,

= �ψ,Opw(ã�)F�(τ−1φ)�S′,S .

½�¼



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

ÇÖ¸ ÔÓÙÖ ØÓÙØ φ ∈ S(R) �Ø ÔÓÙÖ ØÓÙØ ξ ∈ R¸ ÓÒ � �

F�(τ−1φ)(ξ) =

�

R

e−ixξ/�τ−1φ(x)dx,

=

�

R

e−ixξ/�e−iξ/�φ(x)dx Ú�� x �−→ x+ 1,

= e−iξ/�F�(φ)(ξ).

��Ò×� ÔÓÙÖ ØÓÙØ φ ∈ S(R)¸ ÓÒ � �

Opw(ã�)(x, �Dx)F�(τ−1φ)(x)

=
1

2π�

�

R

�

R

ei(x−y)ξ/�ã�

�

x+ y

2
, ξ

�

F�(τ−1φ)(y)dydξ,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�ã�

�

x+ y

2
, ξ

�

e−iy/�F�(φ)(y)dydξ,

= e−ix/�
1

2π�

�

R

�

R

ei(x−y)(ξ+1)/�a�

�

x+ y

2
,−ξ
�

F�(φ)(y)dydξ,

= e−ix/�
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
,−ξ + 1

�

F�(φ)(y)dydξ Ú�� ξ �−→ ξ − 1,

= e−ix/�
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
,−ξ
�

F�(φ)(y)dydξ �Ö a�(x, ξ + 1) = a�(x, ξ),

= e−ix/�Opw(ã�)(x, �Dx)(F�φ)(x).

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ Lk �Ø φ ∈ S(R) �

�ψ,Opw(ã�)F�(τ−1φ)�S′,S = �e−i./�ψ,Opw(ã�)(F�(φ)�S′,S ,

= �Opw(a�)(e
−i./�ψ),F�(φ)�S′,S ,

= �F�(Opw(a�)(e
−i./�ψ)), φ�S′,S ,

= �F�(Opw(a�)(F−1
�

F�e
−i./�ψ)), φ�S′,S ,

= �F�(Opw(a�)(F−1
�
τ1F�ψ)), φ�S′,S ,

= �F�(Opw(a�)(F−1
�
v−kF�ψ)), φ�S′,S �Ö ψ ∈ Lk,

= �v−kF�(Opw(a�)ψ), φ�S′,S .

��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ Lk � τ1F�(Opw(a�)ψ) = v−kF�(Opw(a�)ψ)º �³Ó� Ð� Ö�×ÙÐØ�Øº

ÆÓÙ× �ÐÐÓÒ× ���Ò�Ö �³ÙÒ� �ÙØÖ� ���ÓÒ Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ� T
2 � Ð³����

�� Ð� Ñ�Ø�Ó�� ÙØ�Ð�×�� ��Ò× Ð� Ð�ÚÖ� �� ÅÓÒ�ÕÙ� �ÓÑ��×ÙÖ� �Ø �� �����Ö ÊÓ��ÖØ ��Ê½¾¸

���Ô�ØÖ� �℄º ��ØØ� ���Ò�Ø�ÓÒ ���Ø �ÒØ�ÖÚ�Ò�Ö Ô�Ö ÓÒÚ�ÒØ�ÓÒ Ð³�ÒÚ�Ö×� �� Ð� ÓÒ×Ø�ÒØ� ��

ÈÐ�Ò�¸ ÒÓØ�� kº ��×ÓÖÑ��×¸ ÐÓÖ×ÕÙ� ÒÓÙ× ÒÓØÓÒ× Ð�× ×ÝÑ�ÓÐ�× ak¸ �Ð� ×��Ò��� ÕÙ³�Ð× ��Ñ�Ø¹

Ø�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/kº �ÙÔ�Ö�Ú�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× �Ö�Ö�

�³ÙÒ� ÒÓÙÚ�ÐÐ� ���ÓÒ ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Ð� ØÓÖ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½� ´Ê��Ö�ØÙÖ� �³ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Ð� ØÓÖ�µº ËÓ�Ø ak ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ

½�½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ

(x, y) ∈ R
2 �

ak(x+ 2π, y) = ak(x, y) = ak(x, y + 1).

�ÐÓÖ×¸ ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

ak(x, y) =
�

(m,n)∈Z2

akm,ne
ixne−i2πym,

Ó�
�

akm,n

�

(m,n)∈Z2 �×Ø ÙÒ� ×Ù�Ø� �� Ó����ÒØ× ÓÑÔÐ�Ü�× ��Ô�Ò��ÒØ �Ù Ô�Ö�Ñ�ØÖ� kº

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä³�Ö�ØÙÖ� �Ù ×ÝÑ�ÓÐ� ak ×ÓÙ× �ÓÖÑ� �� ×ÓÑÑ�× ×³Ó�Ø��ÒØ �Ò ���×�ÒØ ÙÒ

��Ú�ÐÓÔÔ�Ñ�ÒØ �Ò ×�Ö�� �� �ÓÙÖ��Öº

ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ ÙÒ� ×�ÓÒ�� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù

ØÓÖ� ÕÙ� ×³�Ö�Ø ×ÓÙ× �ÓÖÑ� �� ×ÓÑÑ�× ´ÚÓ�Ö ��Ê½¾¸ ���Ô�ØÖ� �℄µº

���Ò�Ø�ÓÒ �º½º½� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ�µº ËÓ�Ø ak ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ

��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ

(x, y) ∈ R
2 �

ak(x+ 2π, y) = ak(x, y) = ak(x, y + 1).

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ×ÝÑ�ÓÐ� ak¸ ÒÓØ�� Opwk (ak)¸ Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� �

Opwk (ak) =
�

(m,n)∈Z2

akm,nT̂

�

2πm

k
,
n

k

�

,

Ó� Ð� ×Ù�Ø� �� Ó����ÒØ×
�

akm,n

�

(m,n)∈Z2 �×Ø �ÐÐ� ���Ò�� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½� �Ø Ó�

T̂ (p, q) �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ØÖ�Ò×Ð�Ø�ÓÒ �� Ï�ÝÐ¹À��×�Ò��Ö� Ô�Ö ÙÒ Ú�Ø�ÙÖ (p, q) ∈ R
2 ���Ò�¸

ÔÓÙÖ φ ∈ S(R)¸ Ô�Ö �
T̂ (p, q)φ(x) = e−iqpk/2eixqkφ(x− p).

Ä³ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���Ò� Ô�Ö Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ �Ù ØÓÖ� �¹��××Ù×

�×Ø ���Ð�Ñ�ÒØ ÙÒ ÓÔ�Ö�Ø�ÙÖ ÕÙ� Ú� ���Ö ×ÙÖ Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lkº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� Lkµº ËÓ�Ø ak ∈ C∞(R2)

ÙÒ� �ÓÒØ�ÓÒ Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2 �

ak(x+ 2π, y) = ak(x, y) = ak(x, y + 1).

�ÐÓÖ× �

Opwk (ak) : Lk −→ Lk,

Ó� ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� � Lk =
�

ψ ∈ S ′(R); τ2πψ = ukψ, τ1F�(ψ) = v−kF�(ψ)
�

º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ �ÓÒÒ� �� Ð�× ����Ö�ÒØ�× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ

´ÚÓ�Ö ���Ð�Ñ�ÒØ ��Ê½¾¸ ���Ô�ØÖ� �℄µº

½�¾



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

�Ø�Ô� ½ � Opwk (ak) : S(R) −→ S(R)º ËÓ�Ø φ ∈ S(R)º ËÓ��ÒØ (α, β) ∈ N
2¸ ×Ó�Ø x ∈ R¸ ÓÒ � �

xα∂βx (Opwk (ak)φ(x)) = xα∂βx





�

(m,n)∈Z2

akm,ne
−iπmn/keixnφ

�

x− 2πm

k

�



 ,

=
�

(m,n)∈Z2

akm,ne
−iπmn/kxα∂βx

�

eixnφ

�

x− 2πm

k

��

,

=
�

(m,n)∈Z2

akm,ne
−iπmn/kxα

β
�

j=0

�

β

j

�

∂jx
�

eixn
�

∂β−jx

�

φ

�

x− 2πm

k

��

.

��Ò×�¸ ÓÒ �¸ ÔÓÙÖ ØÓÙØ x ∈ R �Ø ØÓÙØ (α, β) ∈ N
2 �

�

�

�
xα∂βxOpwk (ak)φ(x)

�

�

�
=

�

�

�

�

�

�

�

(m,n)∈Z2

akm,ne
−iπmn/kxα

β
�

j=0

�

β

j

�

∂jx
�

eixn
�

∂β−jx

�

φ

�

x− 2πm

k

��

�

�

�

�

�

�

,

≤
�

(m,n)∈Z2

�

�

�akm,n

�

�

� |xα|
β
�

j=0

�

β

j

�

�

�∂jx
�

eixn
��

�

�

�

�

�

∂β−jx

�

φ

�

x− 2πm

k

���

�

�

�

,

≤
�

(m,n)∈Z2

�

�

�
akm,n

�

�

�
�φ�α,β ,

≤ C�φ�α,β .

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÕÙ� ÔÓÙÖ ØÓÙØ φ ∈ S(R) � �Opwk (ak)φ�α,β ≤ C�φ�α,β º
�Ø�Ô� ¾ � Opwk (ak) : S ′(R) −→ S ′(R)º ËÓ��ÒØ ψ ∈ S(R) �Ø φ ∈ S(R)¸ �ÐÓÖ×¸ ÓÒ � �

�Opwk (ak)ψ, φ�S,S =

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/keixnψ

�

x− 2πm

k

�

φ(x)dx,

=

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/kein(x+2πm/k)ψ (x)φ

�

x+
2πm

k

�

dx,

=

�

R

ψ(x)
�

(m,n)∈Z2

akm,ne
iπmn/keinxφ

�

x+
2πm

k

�

dx,

=

�

R

ψ(x)
�

(m,n)∈Z2

ak−m,ne
−iπmn/keinxφ

�

x− 2πm

k

�

dx Ú�� m �−→ −m,

=

�

R

ψ(x)
�

(m,n)∈Z2

ak−m,nT̂

�

2πm

k
,
n

k

�

φ(x)dx,

=: �ψ,Opwk (ãk)φ�S,S ,

Ó� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � ÔÓ×� � ãk(x, y) = ak(x,−y)º ÇÖ �³�ÔÖ�× Ð³�Ø�Ô� ½¸ ÓÒ ×��Ø

ÕÙ� Opwk (ãk)ψ ∈ S(R) ÔÓÙÖ ψ ∈ S(R)¸ ��Ò×� Opwk (ak)ψ �×Ø ���Ò ���Ò� ÔÓÙÖ ψ ∈ S ′(R)º

�ÙØÖ�Ñ�ÒØ ��Ø �

Opwk (ak) : S ′(R) −→ S ′(R).

½�¿
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�Ø�Ô� ¿ � Opwk (ak) : Lk −→ Lkº ËÓ��ÒØ ψ ∈ Lk �Ø φ ∈ S(R)¸ ÓÒ � �

�τ2πOpwk (ak)ψ, φ�S′,S = �Opwk (ak)ψ, τ−2πφ�S′,S ,

= �ψ,Opwk (ãk)τ−2πφ�S′,S .

ÇÖ¸ ÓÒ �¸ ÔÓÙÖ φ ∈ S(R) �

Opwk (ãk)τ−2πφ(x) =
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixnφ

�

x− 2πm

k
− 2π

�

.

��Ò×�¸ ÔÓÙÖ ψ ∈ Lk �Ø φ ∈ S(R) ÓÒ � �

�ψ,Opwk (ãk)τ−2πφ�S′,S

=

�

R

ψ(x)
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixnφ

�

x− 2πm

k
− 2π

�

dx,

=

�

R

ψ(x+ 2π)
�

(m,n)∈Z2

ak−m,ne
−iπmn/kei(x+2π)nφ

�

x− 2πm

k

�

dx Ú�� x �−→ x+ 2π,

=

�

R

ukψ(x)Opwk (ãk)φ(x)dx �Ö ψ ∈ Lk,

= �ukψ,Opwk (ãk)φ�S′,S ,

= �ukOpwk (ak)ψ, φ�S′,S .

�ÓÒ ÔÓÙÖ ψ ∈ Lk¸ ÓÒ � � τ2πOpwk (ak)ψ = ukOpwk (ak)ψº �Ò×Ù�Ø�¸ ÓÒ � ���Ð�Ñ�ÒØ ÔÓÙÖ

ψ ∈ Lk �Ø φ ∈ S(R) �

�τ1F�(Opwk (ak)ψ), φ�S′,S = �F�(Opwk (ak)ψ), τ−1φ�S′,S ,

= �Opwk (ak)ψ,F�(τ−1φ)�S′,S ,

= �ψ,Opwk (ãk)F�(τ−1φ)�S′,S .

ÇÖ¸ ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ φ ∈ S(R)¸ ÓÒ � �

F�(τ−1φ)(ξ) = e−iξ/�F�(φ)(ξ).

½��



�º½º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �Ä�ËËÁÉÍ� �Í ÌÇÊ�

��Ò×� ÔÓÙÖ φ ∈ S(R)¸ ÓÒ � �

Opwk (ãk)(F�τ−1φ)(x) =
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixnτ−2πm/kF�(τ−1φ)(x),

=
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixnτ−2πm/k

�

e−ix/�F�(φ)(x)
�

,

=
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixne−i(x−2πm/k)/�F�(φ)

�

x− 2πm

k

�

,

= e−ix/�
�

(m,n)∈Z2

ak−m,ne
−iπmn/keixnei2πmF�(φ)

�

x− 2πm

k

�

�Ö k =
1

�
,

= e−ix/�Opwk (ãk)(F�φ)(x).

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �¸ ÔÓÙÖ ψ ∈ Lk �Ø φ ∈ S(R) �

�ψ,Opwk (ãk)F�(τ−1φ)�S′,S = �ψ, e−i./�Opwk (ãk)(F�φ)�S′,S ,

= �Opwk (ak)(e
−i./�ψ),F�φ�S′,S ,

= �F�Opwk (ak)(F−1
�

F�(e
−i./�ψ)), φ�S′,S ,

= �F�Opwk (ak)(F−1
�
τ1F�(ψ)), φ�S′,S ,

= �F�Opwk (ak)(F−1
�
v−kF�(ψ)), φ�S′,S �Ö ψ ∈ Lk,

= �v−kF�Opwk (ak)ψ, φ�S′,S .

�ÓÒ¸ ÔÓÙÖ ψ ∈ Lk¸ ÓÒ � � τ1F�(Opwk (ak)ψ) = v−kF�(Opwk (ak)ψ)º �³Ó� Ð� Ö�×ÙÐØ�Øº

ÆÓÙ× ÑÓÒØÖÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ� Ð�× ��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �³ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ Ð� ØÓÖ� ÕÙ�

ÒÓÙ× Ú�ÒÓÒ× �� ���Ò�Ö¸ ³�×Ø¹�¹��Ö� Ð� ÕÙ�ÒØ���Ø�ÓÒ ×ÓÙ× �ÓÖÑ� �ÒØ��Ö�Ð� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ

×ÓÙ× �ÓÖÑ� �� ×ÓÑÑ�×¸ ���Ò�××�ÒØ ��× ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ÕÙ� Ó�Ò���ÒØ ×ÙÖ

Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lkº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º½� ´Á��ÒØ���Ø�ÓÒ ��× ��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ �Ù ØÓÖ�µº

ËÓ�Ø a� = ak ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�×¹

×�Ò�× �� � �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2 �

a�(x+ 2π, y) = a�(x, y) = a�(x, y + 1).

�ÐÓÖ×¸ ÓÒ � �

Opw(a�) = Opwk (ak) ×ÙÖ Ð³�×Ô�� Lkº

��ÑÓÒ×ØÖ�Ø�ÓÒº

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�Ø�Ô� ½ � Opw(a�) = Opwk (ak) ×ÙÖ Ð³�×Ô�� S(R)º ËÓ�Ø φ ∈ S(R)¸ �ÐÓÖ× ÓÒ � �

Opw(a�)(x, �Dx)φ(x)

=
1

2π�

�

R

�

R

ei(x−y)ξ/�a�

�

x+ y

2
, ξ

�

φ(y)dydξ,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�
�

(m,n)∈Z2

a�m,ne
i(x+y)n/2e−2iπξmφ(y)dydξ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½�,

=
1

2π�

�

R

�

R

�

(m,n)∈Z2

ei(x−y−2πm�)ξ/�a�m,ne
i(x+y)n/2φ(y)dydξ,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�
�

(m,n)∈Z2

a�m,ne
i(x−y)n/2eiyne−iπmn�φ(y − 2πm�)dydξ,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�
�

(m,n)∈Z2

a�m,ne
−iπmn�eiynφ(y − 2πm�)dydξ Ú�� ξ �−→ ξ − n�

2
,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�
�

(m,n)∈Z2

akm,ne
−iπmn/keiynφ

�

y − 2πm

k

�

dydξ �Ö k =
1

�
,

=
1

2π�

�

R

�

R

ei(x−y)ξ/�(Opwk (ak)φ)(y)dydξ,

= Opwk (ak)φ(x).

��Ò×� Ð�× ��ÙÜ ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× � ×ÝÑ�ÓÐ� ×ÙÖ Ð� ØÓÖ� Ó�Ò���ÒØ ×ÙÖ Ð³�×Ô��

�� Ë�Û�ÖØÞ S(R)º
�Ø�Ô� ¾ � Opw(a�) = Opwk (ak) ×ÙÖ Ð³�×Ô�� S ′(R)º ËÓ��ÒØ ψ ∈ S ′(R) �Ø φ ∈ S(R)¸ �ÐÓÖ× ÓÒ
� �

�Opw(a�)ψ, φ�S′,S = �ψ,Opw(ã�)φ�S′,S Ó� ÔÓÙÖ (x, y) ∈ R
2¸ ã�(x, y) = a�(x,−y),

= �ψ,Opwk (ãk)φ�S′,S �³�ÔÖ�× Ð³�Ø�Ô� ½,

= �Opwk (ak)ψ, φ�S′,S �³�ÔÖ�× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½�.

��Ò×� �× ��ÙÜ ÓÔ�Ö�Ø�ÙÖ× Ó�Ò���ÒØ ×ÙÖ Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× S ′(R)º

�Ø�Ô� ¿ � Opw(a�) = Opwk (ak) ×ÙÖ Ð³�×Ô�� Lkº �³�ÔÖ�× Ð³�Ø�Ô� ¾¸ Opw(a�) = Opwk (ak)

×ÙÖ S ′(R) �Ø ÓÑÑ� Lk ⊂ S ′(R) �ÐÓÖ× Ô�Ö Ö�×ØÖ�Ø�ÓÒ �� �× ÓÔ�Ö�Ø�ÙÖ× � � ×ÓÙ×¹�×Ô��¸

ÓÒ Ó�Ø��ÒØ Ð� Ö�×ÙÐØ�Ø ÚÓÙÐÙº

�º¾ ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× �ÐÐÓÒ× �ÒØÖÓ�Ù�Ö� Ð� ÒÓØ�ÓÒ �� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü�

�Ù ØÓÖ� ��Ò× Ð� Ñ�Ñ� �×ÔÖ�Ø ÕÙ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R2 � �Ø� �ÒØÖÓ�Ù�Ø�

��Ò× Ð� ��Ô�ØÖ� ¾ ´ÚÓ�Ö ���Ò�Ø�ÓÒ ¾º¾º½�µº ü ÒÓØÖ� ÓÒÒ��××�Ò�¸ Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

ÓÑÔÐ�Ü� �Ù ØÓÖ� Ò³�ÔÔ�Ö��Ø Ô�× ��Ò× Ð� Ð�ØØ�Ö�ØÙÖ� �Ü�×Ø�ÒØ�º ��Ò× Ð� ��Ö� �Ù ÔÐ�Ò R
2¸

ÓÒ � ÚÙ ÕÙ� Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

ÓÑÔÐ�Ü� ×� ���Ø �Ö�� � Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ¸ ³�×Ø ÔÓÙÖÕÙÓ� ��Ò× ÙÒ ÔÖ�Ñ��Ö

Ø�ÑÔ×¸ ÒÓÙ× �ÐÐÓÒ× �Ó�Ð�×�Ö ÒÓØÖ� �ØØ�ÒØ�ÓÒ ×ÙÖ �ØØ� ØÖ�Ò×�ÓÖÑ��º

�º¾º½ Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ

��Ò× � Ô�Ö��Ö�Ô��¸ ÒÓÙ× �ÐÐÓÒ× �ØÙ���Ö �� Ñ�Ò��Ö� ÔÐÙ× �ÔÔÖÓ�ÓÒ��� Ð� ØÖ�Ò×�ÓÖÑ�� ��

��Ö�Ñ�ÒÒ ×�Ñ�¹Ð�××�ÕÙ� ÙØ�Ð�×�� ÒÓØ�ÑÑ�ÒØ Ô�Ö �Ò��Ö× Å�Ð�Ò¸ Å����Ð À�ØÖ�� �Ø ÂÓ��ÒÒ�×

Ë��×ØÖ�Ò� ��Ò× Ð�× �ÖØ�Ð�× �ÅË¼¾¸ ÅË¼¿¸ ÀË¼�℄ �Ø Ô�Ö Ð�× ��ÙÜ ��ÖÒ��Ö× �ÙØ�ÙÖ× ��Ò× Ð�

Ñ�Ò�¹ÓÙÖ× �Ò Ð��Ò� �ÀË½�℄º ÇÒ ×³�ÒØ�Ö�××� ÔÐÙ× ÔÖ��×�Ñ�ÒØ � Ð³�Ø�ÓÒ �� �ØØ� ØÖ�Ò×�ÓÖÑ��

×ÙÖ Ð³�×Ô�� �� Ë�Û�ÖØÞ¸ ÔÙ�× ×ÙÖ Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× �Ø �Ò�Ò ×ÙÖ Ð³�×Ô�� Lkº ÇÒ

×³�Ò×Ô�Ö� �Ù ØÖ�Ú��Ð �� Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒ ���Ö��℄ ×ÙÖ Ð� ×Ù��Ø¸ Ð� ����Ö�Ò� �ÒØÖ� � ØÖ�Ú��Ð

�Ø � ÕÙ� Ú� ×Ù�ÚÖ� �×Ø ÕÙ³ÓÒ ×� ÔÐ�� �� ��Ò× ÙÒ ��Ö� ×�Ñ�¹Ð�××�ÕÙ�º �³�ÙØÖ� Ô�ÖØ¸ ��Ò×

Ð³�ÖØ�Ð� ���Ö��℄¸ Ð� ÔÓ��× �ÜÔÓÒ�ÒØ��Ð ÙØ�Ð�×� ÔÓÙÖ ���Ò�Ö Ð³�×Ô�� �� ��Ö�Ñ�ÒÒ �×Ø ����Ö�ÒØº

�º¾º½º½ Ê�ÔÔ�Ð× ×ÙÖ Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ

�ÓÑÑ�Ò�ÓÒ× Ô�Ö Ö�ÔÔ�Ð�Ö Ð� ���Ò�Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ¸ ��Ò×� ÕÙ� Ð�×

ÔÖ�Ñ��Ö�× ÔÖÓÔÖ��Ø�× ÕÙ� ÒÓÙ× �ÚÓÒ× ×ÙÖ �ØØ� ØÖ�Ò×�ÓÖÑ�� ´ÚÓ�Ö Ð� Ð�ÚÖ� �� Å���� �ÛÓÖ×��

��ÛÓ½¾¸ ���Ô�ØÖ� ½¿℄µº

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø ÔÓÙÖ ØÓÙØ z ∈ C¸ Φ1(z) =
1

2
|ℑz|2. ÇÒ ÒÓØ� �

½º L(dz) =
i

2
dz ∧ dz Ð� Ñ�×ÙÖ� �� Ä���×�Ù� ×ÙÖ C �

¾º L2
�
(C,Φ1) := L2(C, e−2Φ1(z)/�L(dz)) Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ C

Ô�Ö Ö�ÔÔÓÖØ � Ð� Ñ�×ÙÖ� � ÔÓ��× �ÜÔÓÒ�ÒØ��Ð e−2Φ1(z)/�L(dz) �

¿º H�(C,Φ1) := Hol(C) ∩ L2
�
(C,Φ1) Ð³�×Ô�� ��× �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ×ÙÖ C �ÔÔ�Ö¹

Ø�Ò�ÒØ � Ð³�×Ô�� L2
�
(C,Φ1)º

���Ò�Ø�ÓÒ �º¾º½ ´ÌÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒµº ËÓ�Ø φ1 Ð� �ÓÒØ�ÓÒ ÕÙ��Ö�Ø�ÕÙ� �ÓÐÓÑÓÖÔ��

���Ò�� ÔÓÙÖ (z, x) ∈ C × C Ô�Ö �

φ1(z, x) =
i

2
(z − x)2.

Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Á �××Ó��� � Ð� �ÓÒØ�ÓÒ φ1 �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 ���Ò� ×ÙÖ S(R) Ô�Ö �

Tφ1u(z) = cφ1�
−3/4

�

R

e(i/�)φ1(z,x)u(x)dx = cφ1�
−3/4

�

R

e−(1/2�)(z−x)2u(x)dx,

Ó� �

cφ1 =
1

21/2π3/4
|det ∂x∂zφ1|

(detℑ∂2xφ1)1/4
=

1

21/2π3/4
. ´��º½µ

ÇÒ �ÔÔ�ÐÐ� Tφ1 Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒº

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

Ê�ÔÔ�ÐÓÒ× ÕÙ�ÐÕÙ�× ÔÖÓÔÖ��Ø�× �� �ØØ� ØÖ�Ò×�ÓÖÑ�� ÕÙ� ÒÓÙ× �ÚÓÒ× ���� Ö�ÒÓÒØÖ��×

��Ò× Ð� ��Ô�ØÖ� ¾ Ñ��× ��Ò× Ð� �× �³ÙÒ� �ÓÒØ�ÓÒ ÔÓ��× Φ �Ö��ØÖ��Ö� ´ÚÓ�Ö Ð�× ÔÖÓÔÓ×�Ø�ÓÒ×

¾º¾º½½ �Ø ¾º¾º½¿µº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾ ´ÈÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð ×ÙÖ H�(C,Φ1)µº ËÓ�Ø ψ1 Ð³ÙÒ�ÕÙ� �ÓÖÑ� ÕÙ��Ö�¹

Ø�ÕÙ� �ÓÐÓÑÓÖÔ�� ×ÙÖ C × C Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

ψ1(z, z) = Φ1(z).

�ÐÓÖ× Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð ΠΦ1 : L2
�
(C,Φ1) −→ H�(C,Φ1) �×Ø �ÓÒÒ� Ô�Ö �

ΠΦ1u(z) =
2det ∂2z,wψ1

π�

�

C

e2(ψ1(z,w)−Φ1(w))/�u(w)dwdw.

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¿ ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �×Ø ÙÒ�Ø��Ö�µº

½º Tφ1 : L2(R) −→ H�(C,Φ) �×Ø ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ÙÒ�Ø��Ö�º

¾º Ë� T ∗
φ1

: L2
�
(C,Φ1) −→ L2(R) ��×��Ò� Ð³���Ó�ÒØ �� Tφ1 ¸ �ÐÓÖ× �Ð �×Ø �ÓÒÒ� Ô�Ö Ð�

�ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ v ∈ L2
�
(C,Φ1) �

T ∗
φ1
v(x) = cφ1�

−3/4

�

C

e−(1/2�)(z−x)2e−2Φ1(z)/�v(z)L(dz).

�� ÔÐÙ×¸ ΠΦ1 = Tφ1T
∗
φ1
º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ø ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü�µº

ËÓ�Ø a� ∈ S(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× ��

�º ËÓ�Ø OpwΦ1
(b�) := Tφ1Opw(a�)T

∗
φ1
º �ÐÓÖ× �

½º OpwΦ1
(b�) : H�(C,Φ1) −→ H�(C,Φ1) �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ ÙÒ��ÓÖÑ�Ñ�ÒØ �ÓÖÒ� �Ò � �

¾º OpwΦ1
(b�) �×Ø �ÓÒÒ� Ô�Ö Ð³�ÒØ��Ö�Ð� ×ÙÖ ÙÒ ÓÒØÓÙÖ ×Ù�Ú�ÒØ� �

OpwΦ1
(b�)u(z) =

1

2π�

��

Γ(z)
e(i/�)(z−w)ζb�

�

z + w

2
, ζ

�

u(w)dwdζ,

Ó� Γ(z) =

�

(w, ζ) ∈ C
2; ζ =

2

i

∂Φ1

∂z

�

z + w

2

�

= −ℑ
�

z + w

2

��

¸ Ó� Ð� ×ÝÑ�ÓÐ� b� �×Ø

�ÓÒÒ� Ô�Ö b� = a� ◦κ−1
φ1
�Ø Ó� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 �×Ø ���Ò�� �� Ð� ���ÓÒ

×Ù�Ú�ÒØ� �

κφ1 : R2 −→ ΛΦ1 = {(z,−ℑ(z)); z ∈ C}
(x, ξ) �−→ (x− iξ, ξ).

ÈÓÙÖ ÔÐÙ× �� ��Ø��Ð× ×ÙÖ Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R
2¸ ÓÒ Ô�ÙØ ÓÒ×ÙÐØ�Ö

Ð� ÓÙÖ× �Ò Ð��Ò� �ÀË½�℄º

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

�º¾º½º¾ ÌÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �Ø �×Ô�� �� Ë�Û�ÖØÞ

ÁÒØÖÓ�Ù�×ÓÒ× Ñ��ÒØ�Ò�ÒØ Ð�× �×Ô��× �� �ÓÒØ�ÓÒ× ×ÙÖ Ð�×ÕÙ�Ð× ÒÓÙ× �ÐÐÓÒ× ØÖ�Ú��ÐÐ�Öº

ÈÓÙÖ ��ÑÓÒØÖ�Ö ÓÑÑ�ÒØ ���Ø Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ ×ÙÖ Ð³�×Ô�� �� Ë�Û�ÖØÞ¸ ÒÓÙ×

�ÒØÖÓ�Ù�×ÓÒ× ÙÒ� ×�ÓÒ�� ���Ò�Ø�ÓÒ �� �Ø �×Ô�� �ÕÙ�Ú�Ð�ÒØ� � �ÐÐ� ÚÙ� ÔÖ����ÑÑ�ÒØ

Ñ��× �Ú� Ð�ÕÙ�ÐÐ� ÓÒ ÔÓÙÖÖ� ØÖ�Ú��ÐÐ�Ö ÔÐÙ× ���Ð�Ñ�ÒØ ´ÚÓ�Ö ���Ò�Ø�ÓÒ �º½º½µº

���Ò�Ø�ÓÒ �º¾º� ´�×Ô�� Sj(R)µº ËÓ�Ø j ∈ Nº ÇÒ ���Ò�Ø Ð³�×Ô��¸ ÒÓØ� Sj(R)¸ Ô�Ö Ð�

Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

Sj(R) =

�

φ ∈ Cj(R); �φ�j := max
m≤j

�

sup
x∈R

|(1 + x2)(j−m)/2∂mx φ(x)|
�

< +∞
�

.

ÇÒ Ô�ÙØ ��Ò×� �ÓÒÒ�Ö ÙÒ� ÒÓÙÚ�ÐÐ� ���Ò�Ø�ÓÒ �� Ð³�×Ô�� �� Ë�Û�ÖØÞº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´�×Ô�� �� Ë�Û�ÖØÞµº Ä³�×Ô�� �� Ë�Û�ÖØÞ¸ ÒÓØ� S(R)¸ Ú�Ö��� Ð�
Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

S(R) =
∞
�

j=0

Sj(R) = {φ ∈ C∞(R);∀j ∈ N, �φ�j < +∞} .

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö �� ÒÓÙÚ��ÙÜ �×Ô��× �� �ÓÒØ�ÓÒ× ÕÙ� ÓÖÖ�×ÔÓÒ�ÖÓÒØ

�ÙÜ �Ñ���× ��× �×Ô��× Sj(R) �Ø S(R) Ö�×Ô�Ø�Ú�Ñ�ÒØ Ô�Ö Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒº

���Ò�Ø�ÓÒ �º¾º� ´�×Ô�� S
j(C)µº ËÓ�Ø j ∈ Nº ÇÒ ���Ò�Ø Ð³�×Ô��¸ ÒÓØ� S

j(C)¸ Ô�Ö Ð�

Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

S
j(C) =

�

ψ ∈ Hol(C); |ψ|j := sup
z∈C

�

�

1 + |z|2
�j/2

e−Φ1(z)/�|ψ(z)|
�

< +∞
�

.

���Ò�Ø�ÓÒ �º¾º� ´�×Ô�� S(C)µº ÇÒ ���Ò�Ø Ð³�×Ô��¸ ÒÓØ� S(C)¸ Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

S(C) =

∞
�

j=0

S
j(C) = {ψ ∈ Hol(C);∀j ∈ N, |ψ|j < +∞} .

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ �Ø��Ð�Ö ÙÒ Ð��Ò �ÒØÖ� Ð�× �×Ô��× Sj(R) �Ø Sj(C) ÔÓÙÖ j ∈ Nº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´ÌÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �Ø �×Ô�� Sj(R)µº ËÓ�Ø j ∈ Nº ËÓ�Ø φ ∈ Sj(R)¸

�ÐÓÖ× �

½º Tφ1φ �×Ø �ÓÐÓÑÓÖÔ�� �

¾º ÔÓÙÖ ØÓÙØ z ∈ C¸ |Tφ1φ(z)| ≤ a�j
�

1 + |z|2
�−j/2

eΦ1(z)/��φ�j Ó� a�j �×Ø ÙÒ� ÓÒ×Ø�ÒØ�
��Ô�Ò��ÒØ �� j �Ø �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÓÒÒÓÒ× Ð�× ÔÖ�Ò�Ô�Ð�× �Ø�Ô�× �� �ØØ� ��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ÔÐÙ× ��

��Ø��Ð×¸ ÓÒ Ô�ÙØ ÓÒ×ÙÐØ�Ö Ð³�ÖØ�Ð� �� Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒ ���Ö��℄ ���Ò ÕÙ� ��Ò× � ��ÖÒ��Ö

Ð� ÔÓ��× �×Ø ����Ö�ÒØº

�Ø�Ô� ½ � ÓÒ ÑÓÒØÖ� ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1φ �×Ø ÙÒ� �ÓÒØ�ÓÒ �ÓÐÓÑÓÖÔ��º

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�Ø�Ô� ¾ � ÓÒ ÑÓÒØÖ� Ð� Ö�×ÙÐØ�Ø ��Ò× Ð� �× Ó� j = 0 ´ÕÙ� �×Ø ÙÒ �× ×�ÑÔÐ�µ¸ �º�º ÓÒ

ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ ��× �×Ø�Ñ�Ø�ÓÒ× �ÒØ��Ö�Ð�× ×�ÑÔÐ�×¸ ÕÙ� ÔÓÙÖ ØÓÙØ φ ∈ S0(R)¸ �Ð �Ü�×Ø�

ÙÒ� ÓÒ×Ø�ÒØ� a�0 Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

|Tφ1φ(z)| ≤ a�0e
Φ1(z)/��φ�0.

�Ø�Ô� ¿ � ÓÒ ÑÓÒØÖ� Ð� Ö�×ÙÐØ�Ø ��Ò× Ð� �× Ó� j ≥ 1¸ �º�º ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ ØÓÙØ

φ ∈ Sj(R)¸ �Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� a�j Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

|Tφ1φ(z)| ≤ a�j
�

1 + |z|2
�−j/2

eΦ1(z)/��φ�j .

��ØØ� �Ø�Ô� ×� ��ÓÑÔÓ×� �Ò ÔÐÙ×��ÙÖ× ×ÓÙ×¹�Ø�Ô�× ÕÙ� ×ÓÒØ Ð�× ×Ù�Ú�ÒØ�×º

� �Ø�Ô� ¿º½ � ÓÒ ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ ��× �×Ø�Ñ�Ø�ÓÒ× ×�ÑÔÐ�×¸ Ð�× �Ò���Ð�Ø�× ×Ù�Ú�ÒØ�×

ÔÓÙÖ x ∈ R �

´�µ |∂mx φ(x)| ≤ �φ�j ÔÓÙÖ m ≤ j �

´�µ |φ(x)| ≤ �φ�j(1 + x2)−j/2º

� �Ø�Ô� ¿º¾ � ÔÓÙÖ z ∈ C �Ø τ ∈ R¸ ÓÒ ÔÓ×� F (τ) = (Tφ1φ)(τz)¸ ��Ò×� F (1) = (Tφ1φ)(z)

�Ø ÓÒ ÙØ�Ð�×� �ØØ� ÒÓÙÚ�ÐÐ� �ÓÒØ�ÓÒ F ÔÓÙÖ ��ÓÑÔÓ×�Ö (Tφ1φ)(z) �Ò ��ÙÜ �ÓÒØ�ÓÒ×¸

�º�º �

F (1) = pj(z) + rj(z),

Ó� �






















pj(z) =

j−1
�

l=0

F (l)(0)

l!
,

rj(z) =

� 1

0

(1 − τ)j−1

(j − 1)!
F (j)(τ)dτ.

ÈÙ�× ÓÒ �×Ø�Ñ� ��ÙÒ� �� �× �ÓÒØ�ÓÒ× �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �























|pj(z)| ≤
j−1
�

l=0

|z|lηl(0),

|rj(z)| ≤
� 1

0

(1 − τ)j−1

(j − 1)!
|z|jηj(τz)dτ,

Ó� ηl(z) �×Ø ÙÒ� �ÓÖÒ� ÔÓÙÖ ∂l(Tφ1φ)(z)º

� �Ø�Ô� ¿º¿ � ÓÒ ÑÓÒØÖ� ÕÙ� Ð� �ÓÒØ�ÓÒ ηl ×�Ø�×���Ø Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ z ∈ C �

ηl(z) = βeΦ1(z)/� ÔÓÙÖ l ≤ j,

Ó� β = (π�)−1/4�φ�j �Ò ÙØ�Ð�×�ÒØ Ð� Ø��ÓÖ�Ñ� �� Ä���×�Ù� �Ø ��× �×Ø�Ñ�Ø�ÓÒ× �ÒØ�¹

�Ö�Ð�×º

½�¼



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

� �Ø�Ô� ¿º� � ÓÒ ���Ù�Ø ��× �Ø�Ô�× ¿º¾ �Ø ¿º¿ ÕÙ� ÔÓÙÖ z ∈ C¸ ÓÒ � �















|pj(z)| ≤ β

j−1
�

l=0

|z|l,

|rj(z)| ≤ β|z|j(2�)je1/2�(1 + ℑ(z)2)−jeΦ1(z)/�.

� �Ø�Ô� ¿º� � ÓÒ ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ Ð³�Ø�Ô� ¿º�¸ ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

|Tφ1φ(z)| ≤ ρ′��φ�j(1 + |z|2)j/2(1 + ℑ(z)2)−jeΦ1(z)/� Ó� ρ′� �×Ø ÙÒ� ÓÒ×Ø�ÒØ�º

� �Ø�Ô� ¿º� � ÓÒ ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ Ð³�Ø�Ô� ¿º½ ´�µ¸ ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

|Tφ1φ(z)| ≤ ρ′′��φ�j(1 + ℜ(z)2)−j/2eΦ1(z)/� Ó� ρ′′� �×Ø ÙÒ� �ÙØÖ� ÓÒ×Ø�ÒØ�º

� �Ø�Ô� ¿º� � ÓÒ ÓÑÔ�Ö� Ð�× �×Ø�Ñ�Ø�ÓÒ× ��× �Ø�Ô�× ¿º� �Ø ¿º� �Ø ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ

ØÓÙØ z ∈ C¸ ÓÒ � �

|Tφ1φ(z)| ≤ ρ��φ�j(1 + |z|2)−j/2eΦ1(z)/� Ó� ρ� = max(2jρ′�, 2
j/2ρ′′�)º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½¼ ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� S(R) ×ÙÖ S(C)µº

½º ËÓ�Ø j ∈ N¸ �ÐÓÖ× Tφ1Sj(R) ⊂ S
j(C)º

¾º Tφ1S(R) ⊂ S(C)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ ���Ð�Ñ�ÒØ ÓÒ×ÙÐØ�Ö

Ð³�ÖØ�Ð� ���Ö��℄º

�Ø�Ô� ½ � ÑÓÒØÖÓÒ× Ð� ÔÖ�Ñ��Ö� �××�ÖØ�ÓÒº ËÓ�Ø j ∈ N¸ ×Ó�Ø φ ∈ Sj(R)¸ �ÐÓÖ× �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º¾º�¸ ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� a�j ��Ô�Ò��ÒØ �� j �Ø �� � Ø�ÐÐ� ÕÙ�

ÔÓÙÖ ØÓÙØ z ∈ C �

|Tφ1φ(z)| ≤ a�j (1 + |z|2)−j/2eΦ1(z)/��φ�j .

�ÙØÖ�Ñ�ÒØ ��Ø¸ ÓÒ � ÔÓÙÖ ØÓÙØ z ∈ C �

(1 + |z|2)j/2e−Φ1(z)/�|Tφ1φ(z)| ≤ a�j�φ�j .

�ÓÒ �

sup
z∈C

�

(1 + |z|2)j/2e−Φ1(z)/�|Tφ1φ(z)|
�

≤ a�j�φ�j .

È�Ö ���Ò�Ø�ÓÒ �� Ð� ÒÓÖÑ� ×ÙÖ Ð³�×Ô�� S
j(C)¸ ÓÒ � �ÓÒ �

|Tφ1φ|j ≤ a�j�φ�j < +∞.

�ÓÒ¸ Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1 �ÒÚÓ�� Ð³�×Ô�� Sj(R) ×ÙÖ Ð³�×Ô�� S
j(C)º

½�½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�Ø�Ô� ¾ � Ð� ×�ÓÒ�� �××�ÖØ�ÓÒ ��ÓÙÐ� �� Ð³�Ø�Ô� ½¸ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º� �Ø �� Ð� ���Ò�Ø�ÓÒ

�º¾º�º

ÇÒ ×³�ÒØ�Ö�××� Ñ��ÒØ�Ò�ÒØ � Ð³�ÒÚ�Ö×� �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ T ∗
φ1

�Ø � ×ÓÒ �Ø�ÓÒ

×ÙÖ Ð³�×Ô�� S(C)º

Ê�Ñ�ÖÕÙ� �º¾º½½º �³�ÔÖ�× Ð�× ÔÖÓÔÓ×�Ø�ÓÒ× �º¾º¿ �Ø �º¾º½¼¸ ÓÒ � �

Tφ1 : L2(R) −→ H�(C,Φ1) �Ø Tφ1 : S(R) −→ S(C).

ÇÖ¸ ÓÑÑ� S(R) ⊂ L2(R)¸ �ÐÓÖ× S(C) ⊂ H�(C,Φ1)º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½¾ ´ÁÒÚ�Ö×� �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �Ø �×Ô�� S
µ(C)µº ËÓ�Ø

µ = 1 + j + τ �Ú� j ∈ N �Ø τ ∈ N
∗º �ÐÓÖ× ÔÓÙÖ ØÓÙØ ψ ∈ S

µ(C)¸ ÓÒ � �

�T ∗
φ1
ψ�j ≤ a�j,τ |ψ|µ,

Ó� a�j,τ �×Ø ÙÒ� ÓÒ×Ø�ÒØ� �Ò��Ô�Ò��ÒØ� �� ψ¸ ÕÙ� ��Ô�Ò� �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø

��× �ÒØ��Ö× j �Ø τ º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÓÒÒÓÒ× �� Ð�× �Ö�Ò��× �Ø�Ô�× �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ¹

×�Ø�ÓÒ ´ÚÓ�Ö Ð³�ÖØ�Ð� �� Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒ ���Ö��℄ ÔÓÙÖ ÔÐÙ× �� ��Ø��Ð×µº

�Ø�Ô� ½ � ÓÑÑ� ψ ∈ S
µ(C)¸ ÓÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C¸ ÓÒ � �

|ψ(z)| ≤ (1 + |z|2)−µ/2eΦ1(z)/�|ψ|µ.

�Ø�Ô� ¾ � ÓÒ �×Ø�Ñ� ∂mT ∗
φ1
ψ ÔÓÙÖ m ≤ j �Ò ×Ù�Ú�ÒØ Ð�× �Ø�Ô�× �¹ÓÒØÖ�º

� �Ø�Ô� ¾º½ � ÓÒ ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ Ð� Ø��ÓÖ�Ñ� �� ��Ö�Ú�Ø�ÓÒ ×ÓÙ× Ð� ×��Ò� �ÒØ��Ö�Ð¸

ÕÙ� ÔÓÙÖ ØÓÙØ x ∈ R �

�

�∂mx (T ∗
φ1
ψ(x))

�

� ≤ |cφ1 |�−3/4

�

C

Bm(z, x)L(dz),

Ó� ÔÓÙÖ (z, x) ∈ C × R �

Bm(z, x) =
�

�

�∂mx

�

e−(1/2�)(z−x)2
�

e−2Φ1(z)/�ψ(z)
�

�

� .

� �Ø�Ô� ¾º¾ � ÓÒ ÑÓÒØÖ�¸ �Ò ÙØ�Ð�×�ÒØ ��× �×Ø�Ñ�Ø�ÓÒ× ×ÙÖ Ð�× ÔÓÐÝÒ�Ñ�× �� À�ÖÑ�Ø�¸

ÕÙ� ÔÓÙÖ ØÓÙØ (z, x) ∈ C× R �Ø ÔÓÙÖ ØÓÙØ m ≤ j¸ ÓÒ � �

Bm(z, x) ≤ δj
�
2m
�

1 +
1

2�
(ℜ(z) − x)2

�m/2

e−(1/2�)(ℜ(z)−x)2 (1 + |z|2)(m−µ)/2|ψ|µ,

Ó� δj
�
�×Ø ÙÒ� ÓÒ×Ø�ÒØ� ��Ô�Ò��ÒØ �� j �Ø �� �º

½�¾



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

� �Ø�Ô� ¾º¿ � ÓÒ ���Ù�Ø ��× �Ø�Ô�× ¾º½ �Ø ¾º¾ ÕÙ� ÔÓÙÖ ØÓÙØ x ∈ R �

|∂mx (T ∗
φ1
ψ(x))| ≤ a�j,τ (1 + x2)(m−j)/2|ψ|µ,

Ó� a�j,τ �×Ø ÙÒ� ÓÒ×Ø�ÒØ� ��Ô�Ò��ÒØ �� j¸ τ �Ø �º

�Ø�Ô� ¿ � ÓÒ ���Ù�Ø �� Ð³�Ø�Ô� ¾ ÕÙ� ÔÓÙÖ x ∈ R �Ø µ = 1 + j + τ ¸ ÓÒ � �

(1 + x2)(j−m)/2|∂mx (T ∗
φ1
ψ(x))| ≤ a�j,τ |ψ|µ.

�ÓÒ �

sup
x∈R

�

(1 + x2)(j−m)/2|∂mx (T ∗
φ1
ψ(x))|

�

≤ a�j,τ |ψ|µ.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ � �

�T ∗
φ1
ψ�j = max

m≤j

�

sup
x∈R

�

(1 + x2)(j−m)/2|∂mx (T ∗
φ1
ψ(x))|

�

�

≤ a�j,τ |ψ|µ.

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½¿ ´Ä³���Ó�ÒØ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� S(C) ×ÙÖ S(R)µº

½º ËÓ�Ø µ = 1 + j + τ �Ú� j ∈ N �Ø τ ∈ N
∗º �ÐÓÖ× T ∗

φ1
S
µ(C) ⊂ Sj(R)º

¾º T ∗
φ1
S(C) ⊂ S(R)º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ ���Ð�Ñ�ÒØ ÓÒ×ÙÐØ�Ö

Ð³�ÖØ�Ð� ���Ö��℄º

�Ø�Ô� ½ � ÑÓÒØÖÓÒ× Ð� ÔÖ�Ñ��Ö� �××�ÖØ�ÓÒº �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½¾¸ ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø�

ÙÒ� ÓÒ×Ø�ÒØ� a�j,τ ��Ô�Ò��ÒØ �� j¸ �� τ �Ø �� � Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ ψ ∈ S
µ(C)¸ ÓÒ � �

�T ∗
φ1
ψ�j ≤ a�j,τ |ψ|µ < +∞.

ÇÒ �Ò ���Ù�Ø �ÓÒ ÕÙ� T ∗
φ1
S
µ(C) ⊂ Sj(R)º

�Ø�Ô� ¾ � Ð� ×�ÓÒ�� �××�ÖØ�ÓÒ ��ÓÙÐ� �� Ð³�Ø�Ô� ½¸ �� Ð� ���Ò�Ø�ÓÒ �º¾º� �Ø �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ

�º¾º�º

�º¾º½º¿ ÌÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �Ø �×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ×

��Ò× � Ô�Ö��Ö�Ô�� ÓÒ ×³�ÒØ�Ö�××� � Ð³�Ñ��� �� Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× Ô�Ö Ð� ØÖ�Ò×¹

�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1 º ÇÒ ÓÑÑ�Ò� �ÓÒ Ô�Ö �ÒØÖÓ�Ù�Ö� Ð³�×Ô�� ÕÙ� ×�Ö� �ØØ� �Ñ���º

���Ò�Ø�ÓÒ �º¾º½� ´�×Ô�� S′(C)µº Ä³�×Ô�� S′(C) �×Ø Ð� �Ù�Ð �� Ð³�×Ô�� S(C)¸ �º�º ³�×Ø

Ð³�×Ô�� ��× �ÓÖÑ�× Ð�Ò���Ö�× ÓÒØ�ÒÙ�× ×ÙÖ S(C)º

ÆÓØ�Ø�ÓÒ� �·, ·�S′ ,S ��×��Ò� Ð� ÖÓ��Ø �� �Ù�Ð�Ø� �ÒØÖ� Ð�× �×Ô��× S′(C) �Ø S(C)º

½�¿



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ��Ö�Ö� Ð�× �Ð�Ñ�ÒØ× �³ÙÒ Ø�Ð �×Ô�� ��Ò �� ÔÓÙÚÓ�Ö Ð³�ØÙ���Ö

ÔÐÙ× ���Ð�Ñ�ÒØº ÇÒ �ÒØÖÓ�Ù�Ø �ÙÔ�Ö�Ú�ÒØ ÙÒ� ÒÓÙÚ�ÐÐ� ÒÓØ�Ø�ÓÒº

ÆÓØ�Ø�ÓÒ� ×Ó��ÒØ f, g ∈ Hol(C)¸ ÓÒ ÒÓØ� �g, f� Ð� ÔÖÓ�Ù�Ø ×Ù�Ú�ÒØ �

�g, f� =
�

C

g(z)f(z)e−2Φ1(z)/�L(dz),

ÐÓÖ×ÕÙ� �ØØ� �ÒØ��Ö�Ð� ÓÒÚ�Ö�� ��×ÓÐÙÑ�ÒØº

Ê�Ñ�ÖÕÙ� �º¾º½�º

� Ä� ÖÓ��Ø ���Ò� �¹��××Ù× Ó�Ò��� �Ú� Ð� ÔÖÓ�Ù�Ø ×�Ð��Ö� �g, f�L2
�
(C,Φ1) ÐÓÖ×ÕÙ�

g, f ∈ H�(C,Φ1)º

� Ë� g ∈ S
ρ(C) �Ø f ∈ S

σ(C) �Ú� ρ+ σ > 2¸ �ÐÓÖ× Ð� ÖÓ��Ø �g, f� �×Ø ���Ò ���Ò�º

ÇÒ ÓÒ×���Ö� ÙÒ Ø�Ð ÖÓ��Ø �Ö ÓÒ Ú� ÑÓÒØÖ�Ö ÕÙ� Ð�× �ÓÖÑ�× Ð�Ò���Ö�× ÓÒØ�ÒÙ�× ×ÙÖ

S(C) Ô�ÙÚ�ÒØ ×³�Ö�Ö� � Ð³���� �� � ��ÖÒ��Öº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½� ´Ê��Ö�ØÙÖ� ��× �Ð�Ñ�ÒØ× �� S′(C)µº ÌÓÙØ� �ÓÖÑ� Ð�Ò���Ö� ÓÒØ�ÒÙ� L

×ÙÖ S(C) ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ f ∈ S(C) �

L(f) = �g, f� =
�

C

g(z)f(z)e−2Φ1(z)/�L(dz),

Ó� g �×Ø ÙÒ �Ð�Ñ�ÒØ �� Ð³�×Ô�� S−l(C) ÔÓÙÖ l ∈ N �Ø �×Ø ÙÒ�ÕÙ�Ñ�ÒØ ��Ø�ÖÑ�Ò�¸ ÔÓÙÖ ØÓÙØ

a ∈ C¸ Ô�Ö g(a) = L(ea) ´Ó� ÔÓÙÖ ØÓÙØ z ∈ C¸ ea(z) = e−1/(4�)(a−z)2µº

ÁÒÚ�Ö×�Ñ�ÒØ¸ ØÓÙØ� �ÜÔÖ�××�ÓÒ �� Ð� �ÓÖÑ� L(f) = �g, f� �Ú� g ∈ S
−l(C) ���Ò�Ø ÙÒ� �ÓÖÑ�

Ð�Ò���Ö� ÓÒØ�ÒÙ� ×ÙÖ S(C)º

��ÑÓÒ×ØÖ�Ø�ÓÒº �ÓÑÑ� ÔÖ����ÑÑ�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× ÙÒ�ÕÙ�Ñ�ÒØ �ÓÒÒ�Ö Ð�× ����Ö�ÒØ�× �Ø�Ô�×

�� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ´ÔÓÙÖ ÔÐÙ× �� ��Ø��Ð×¸ ÚÓ�Ö ���Ö��℄µº

�Ø�Ô� ½ � ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� |L(f)| ≤ C|f |k ÔÓÙÖ L ∈ S
′(C) �Ø f ∈ S(C)º

�Ø�Ô� ¾ � ÔÓÙÖ a ∈ C¸ ÓÒ ���Ò�Ø ÙÒ� �ÓÒØ�ÓÒ g Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� g(a) = L(ea) Ó�

Ð� �ÓÒØ�ÓÒ ea �×Ø ���Ò�� ÔÓÙÖ ØÓÙØ z ∈ C �Ø ÔÓÙÖ a ∈ C �Ü� Ô�Ö �

ea(z) = e−1/(4�)(a−z)2 .

ÇÒ ÑÓÒØÖ� ÕÙ� ea ∈ S(C) �Ø g ∈ S
−l(C) ´ea �×Ø ÙÒ ÒÓÝ�Ù Ö�ÔÖÓ�Ù�×�ÒØ ÔÓÙÖ Ð�× �×Ô��×

H�(C,Φ1) �Ø S(C)µº

�Ø�Ô� ¿ � ÓÒ ÓÒ×���Ö� Ð� �ÓÖÑ� Ð�Ò���Ö� ÓÒØ�ÒÙ� L1 ���Ò�� ÔÓÙÖ f ∈ S(C) Ô�Ö L1(f) = �g, f�
Ó� g �×Ø Ð� �ÓÒØ�ÓÒ ���Ò�� � Ð³�Ø�Ô� ¾º ÇÒ ÑÓÒØÖ� ÕÙ� ÔÓÙÖ ØÓÙØ a ∈ C �

L1(ea) = L(ea),

ÔÙ�× ÓÒ �Ò ���Ù�Ø ÕÙ� L = L1 �Ò ÑÓÒØÖ�ÒØ ÕÙ� Ð³�Ò×�Ñ�Ð� ��× ÓÑ��Ò��×ÓÒ× Ð�Ò���Ö�× �Ò��×

�³�Ð�Ñ�ÒØ× �� Ð³�Ò×�Ñ�Ð� B = {ea, a ∈ C} �×Ø ��Ò×� ��Ò× S(C)º

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

Ê�Ñ�ÖÕÙ� �º¾º½�º �ÓÑÑ� Ð³�×Ô�� Hk �×Ø �ÒÐÙ× ��Ò× Ð³�×Ô�� S
0(C)¸ �ÐÓÖ× �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½�¸ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk �×Ø �ÒÐÙ× ��Ò× Ð³�×Ô�� S
′(C)º

ÇÒ Ô�ÙØ Ñ��ÒØ�Ò�ÒØ ��Ø�ÖÑ�Ò�Ö Ð³�Ñ��� �� Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× Ô�Ö Ð� ØÖ�Ò×�ÓÖÑ��

�� ��Ö�Ñ�ÒÒº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½� ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� S ′(R) ×ÙÖ S′(C)µº

½º Tφ1 : S ′(R) −→ S
′(C) �×Ø ���Ò��¸ ÔÓÙÖ v ∈ S ′(R) �Ø f ∈ S(C)¸ Ô�Ö �

�Tφ1v, f�S′,S = �v, T ∗
φ1
f�S′,S .

¾º T ∗
φ1

: S′(C) −→ S ′(R) �×Ø ���Ò��¸ ÔÓÙÖ L ∈ S
′(C) �Ø φ ∈ S(R)¸ Ô�Ö �

�T ∗
φ1
L, φ�S′,S = �L, Tφ1φ�S′,S.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÓÒ Ô�ÙØ ���Ð�Ñ�ÒØ ÓÒ×ÙÐØ�Ö

Ð³�ÖØ�Ð� ���Ö��℄º

ËÓ�Ø v ∈ S ′(R) ÙÒ� �ÓÖÑ� Ð�Ò���Ö� ÓÒØ�ÒÙ� ×ÙÖ S(R)¸ ÓÒ Ö�ÔÔ�ÐÐ� ÕÙ³ÓÒ ÒÓØ� ÔÓÙÖ ØÓÙØ

φ ∈ S(R) ´ÚÓ�Ö ���Ò�Ø�ÓÒ �º½º¿µ �

v(φ) = �v, φ�S′,S .

ÇÒ Ú�ÙØ ���Ò�Ö Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �� Ð� ��×ØÖ��ÙØ�ÓÒ vº ËÓ�Ø L(f) Ð� �ÓÒØ�ÓÒ

���Ò�� Ô�Ö �

L(f) = �v, φ�S′,S ,

Ó� f = Tφ1φ ∈ S(C) �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½¼º ÅÓÒØÖÓÒ× ÕÙ� L(f) �×Ø ÙÒ� �ÓÖÑ�

Ð�Ò���Ö� ÓÒØ�ÒÙ� ×ÙÖ S(C)º ËÓ��ÒØ λ ∈ C �Ø ×Ó��ÒØ f, g ∈ S(C)¸ �ÐÓÖ× ÓÒ � �

L(λf + g) = �v, φ�S′,S Ó� λf + g = Tφ1φ,

= �v, T ∗
φ1
(λf + g)�S′,S ,

= �v, λT ∗
φ1
(f) + T ∗

φ1
(g)�S′,S ,

= λ�v, T ∗
φ1
f�S′,S + �v, T ∗

φ1
g�S′,S �Ö v �×Ø Ð�Ò���Ö� ×ÙÖ S(R),

= λL(f) + L(g).

ËÓ�Ø f ∈ S(C)¸ �ÐÓÖ× ÓÒ � �

|L(f)| = |�v, φ�S′,S | Ó� f = Tφ1φ,

≤ C�φ�k �Ö v �×Ø ÓÒØ�ÒÙ� ×ÙÖ S(R) �Ø Ó� k ∈ N,

≤ C�T ∗
φ1
f�k,

≤ a�k,τ |f |µ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½¾ �Ø Ó� µ = 1 + k + τ �Ú� τ > 0º

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

È�Ö ÓÒ×�ÕÙ�ÒØ L ∈ S
′(C) ´�ÒÚ�Ö×�Ñ�ÒØ¸ ×� ÓÒ ÓÒ×���Ö� L ∈ S

′(C) �Ø ÕÙ³ÓÒ ÔÓ×� �

v(φ) = �v, φ�S′,S = L(f) Ó� f = Tφ1φ,

�ÐÓÖ× v �×Ø ���Ò ÙÒ� �ÓÖÑ� Ð�Ò���Ö� ÓÒØ�ÒÙ� ×ÙÖ S(R)µº ��Ò×� �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½�¸

ÓÒ ×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ g ∈ S
−l(C) Ø�ÐÐ� ÕÙ� �

L(f) = �g, f�.

�ÙØÖ�Ñ�ÒØ ��Ø ÔÓÙÖ ØÓÙØ v ∈ S ′(R) �Ø ÔÓÙÖ ØÓÙØ φ ∈ S(R)¸ ÓÒ � �

�v, φ�S′,S = �g, Tφ1φ�.

��ØØ� ���Ð�Ø� Ô�ÖÑ�Ø �³�Ø��Ð�Ö ÙÒ� ����Ø�ÓÒ Ð�Ò���Ö� �ÒØÖ� Ð�× �×Ô��× S ′(R) �Ø S′(C)º ÇÒ

ÔÓ×� �

g = Tφ1v �Ø v = T ∗
φ1
g.

�³Ó� Ð� Ö�×ÙÐØ�Øº

ÈÓÙÖ �Ò�Ö¸ ÒÓÙ× �Ø��Ð�××ÓÒ× ÙÒ� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� Ô�ÖÑ�Ø �³�Ö�Ö� �� Ñ�Ò��Ö� ÔÐÙ× ×�ÑÔÐ�

Ð³�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 ×ÙÖ Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ×º ��ØØ� ��ÖÒ��Ö� ÒÓÙ× Ô�ÖÑ�ØØÖ� ��

×�ÑÔÐ���Ö ÙÒ Ô�Ù Ð�× ��ÑÓÒ×ØÖ�Ø�ÓÒ× ÕÙ� ÚÓÒØ ×Ù�ÚÖ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½� ´Ê��Ö�ØÙÖ� �� Ð³�Ø�ÓÒ �� Tφ1 ×ÙÖ S ′(R)µº ËÓ�Ø u ∈ S ′(R)º �ÐÓÖ× ÓÒ

Ô�ÙØ �Ö�Ö� Tφ1u ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ� �

Tφ1u(z) =
�

u, cφ1�
−3/4e−(1/2�)(z−.)2

�

S′,S
.

��ÑÓÒ×ØÖ�Ø�ÓÒº ÈÓÙÖ ÔÐÙ× �� ��Ø��Ð× ×ÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ¸ ÚÓ�Ö Ð�

ÓÙÖ× �Ò Ð��Ò� �ÀË½�℄º

�ÓÑÑ� Ð� �ÓÒØ�ÓÒ f(x) := e−(1/2�)(z−x)2 ∈ S(R)¸ �ÐÓÖ× ÔÓÙÖ ØÓÙØ u ∈ S ′(R) Ð� ÖÓ��Ø �

�

u, cφ1�
−3/4e−(1/2�)(z−.)2

�

S′,S
,

�×Ø ���Ò ���Ò�º �� ÔÐÙ×¸ ×� ÓÒ ÓÒ×���Ö� u ∈ S(R)¸ �ÐÓÖ× �
�

u, cφ1�
−3/4e−(1/2�)(z−.)2

�

S,S
= Tφ1u(z).

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÑÑ� S(R) ⊂ S ′(R) �Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 �×Ø �Ø�Ò�Ù �� Ñ�Ò��Ö� ÓÒØ�ÒÙ

� Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× S ′(R)¸ ÓÒ � ���Ò ÔÓÙÖ u ∈ S ′(R) �

Tφ1u(z) =
�

u, cφ1�
−3/4e−(1/2�)(z−.)2

�

S′,S
.

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

�º¾º½º� �×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk �Ø �×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk

��Ò× � Ô�Ö��Ö�Ô��¸ ÓÒ ×³�ÒØ�Ö�××� � Ð³�Ñ��� �� Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk Ô�Ö Ð�

ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �Ø ÒÓÙ× �ÐÐÓÒ× ÑÓÒØÖ�Ö ÕÙ� �ØØ� �Ñ��� �×Ø Ð³�×Ô�� �� �ÓÒØ�ÓÒ×

�ÓÐÓÑÓÖÔ��× Hk ÕÙ� ÒÓÙ× �ÚÓÒ× �ØÙ��� ��Ò× Ð� ��Ô�ØÖ� �º Ê�ÔÔ�ÐÓÒ× Ð�× ���Ò�Ø�ÓÒ× ��×

��ÙÜ �×Ô��× �ÙÜÕÙ�Ð× ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ×º ËÓ��ÒØ u, v ∈ U(1) �

Lk =
�

ψ ∈ S ′(R); τ2πψ = ukψ, τ1F�(ψ) = v−kF�(ψ)
�

,

Hk =







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ukg(p, q),

g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)







.

ÍÒ ÔÖ�Ñ��Ö Ö�×ÙÐØ�Ø �ÓÒ��Ñ�ÒØ�Ð ÔÓÙÖ Ð� ×Ù�Ø� �×Ø �ÓÒÒ� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� ×Ù�Øº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾¼ ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� Lk ×ÙÖ Hkµº ËÓ�Ø k ≥ 1º ËÓ�Ø

Tφ1 Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒº �ÐÓÖ× Tφ1 : Lk −→ Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº ���Ò ÕÙ� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ Ò� ×Ó�Ø Ô�× ����Ð� � ��ÑÓÒØÖ�Ö¸ ÒÓÙ× �Ò �ÓÒ¹

ÒÓÒ× ØÓÙØ �� Ñ�Ñ� ÙÒ� ÔÖ�ÙÚ� �Ö ³�×Ø ÙÒ� ÔÖÓÔÖ��Ø� ÕÙ� Ò³�Ú��Ø Ô�× �Ø� �ØÙ���� �ÙÔ�Ö�Ú�ÒØ

��Ò× Ð� Ð�ØØ�Ö�ØÙÖ� ×ÙÖ Ð� ×Ù��Ø � ÒÓØÖ� ÓÒÒ��××�Ò�º

�³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½�¸ ÓÒ ×��Ø ÕÙ� � Tφ1 : S ′(R) −→ S
′(C)º �Ò×Ù�Ø�¸ ÓÑÑ�

Lk ⊂ S ′(R)¸ �ÐÓÖ× Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 �×Ø ���Ò ���Ò� ×ÙÖ �Ø �×Ô��º �� ÔÐÙ×¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�¹

Ø�ÓÒ �º½º½¼¸ Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk ��Ñ�Ø ÙÒ� ��×� (ǫl)l∈Z/kZ �Ø �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

�º¿º�¸ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk ��Ñ�Ø ���Ð�Ñ�ÒØ ÙÒ� ��×� (el)l∈Z/kZº ÅÓÒØÖÓÒ×

ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 �ÒÚÓ�� Ð� ��×� (ǫl)l∈Z/kZ ×ÙÖ Ð� ��×� (el)l∈Z/kZº ËÓ�Ø l ∈ {0, . . . , k − 1}º
��Ø�ÖÑ�ÒÓÒ× Tφ1ǫl �Ò ���×�ÒØ Ù×��� �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½� ÔÓÙÖ ×�ÑÔÐ���Ö Ð�× �ÐÙÐ×º ËÓ�Ø

c ∈ R Ø�Ð ÕÙ� u = eicº �ÐÓÖ×¸ ÓÒ � �

Tφ1ǫl(z) =
�

ǫl, cφ1�
−3/4e−(1/2�)(z−.)2

�

S′,S
,

=

�

uk./(2π)
�

j∈Z

�

v−k
�j
ei(l+jk)., cφ1�

−3/4e−(1/2�)(z−.)2
�

S′,S

,

= cφ1k
3/4
�

j∈Z

�

v−k
�j �

uk./(2π)ei(l+jk)., e−(k/2)(z−.)2
�

S′,S
�Ö k =

1

�
,

= cφ1k
3/4ukz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)z

�

uk./(2π)ei(l+jk)., e−(k/2)(.)2
�

S′,S
,

= cφ1k
3/4ukz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)z

�

2π

k
exp

�

− 1

2k

�

ck

2π
+ l + jk

�2
�

.

ÇÖ �

�

ck

2π
+ l + jk

�2

=

�

ck

2π
+ l

�2

+ j2k2 +2jk

�

ck

2π
+ l

�

=

�

ck

2π
+ l

�2

+ j2k2 +2jkl+
jck2

π
.
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�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

��Ò×� �
1

2k

�

ck

2π
+ l + jk

�2

=
1

2k

�

ck

2π
+ l

�2

+
j2k

2
+ jl +

jck

2π
.

�ÓÒ¸ ÓÒ � �

Tφ1ǫl(z)

= cφ1k
3/4ukz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)z

�

2π

k
exp

�

− 1

2k

�

ck

2π
+ l + jk

�2
�

,

= cφ1k
3/4

�

2π

k
ukz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)z exp

�

−
�

1

2k

�

ck

2π
+ l

�2

+
j2k

2
+ jl +

jck

2π

��

,

= clku
kz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)ze−j

2k/2−lj−ckj/(2π),

= clku
kz/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)z

�

e−jk/2−l−ck/(2π)
�j
,

= clku
kz/(2π)

�

j∈Z

�

v−ke−jk/2−luik/(2π)
�j
ei(l+jk)z,

= clkel(z),

Ó� Ð� Ó����ÒØ clk �×Ø �ÓÒÒ� Ô�Ö Ð³���Ð�Ø� ×Ù�Ú�ÒØ� �

clk = cφ1

√
2πk1/4 exp

�

− 1

2k

�

ck

2π
+ l

�2
�

.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 �ÒÚÓ�� Ð� ��×� (ǫl)l∈Z/kZ �� Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk

×ÙÖ Ð� ��×� (el)l∈Z/kZ �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÑÓÒØÖ�Ö ÕÙ� Ð³���Ó�ÒØ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ��

Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk ×ÙÖ Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lkº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾½ ´Ä³���Ó�ÒØ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� Hk ×ÙÖ Lkµº ËÓ�Ø

k ≥ 1º ËÓ�Ø T ∗
φ1
Ð³���Ó�ÒØ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1 º �ÐÓÖ× T

∗
φ1

: Hk −→ Lkº

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓÙ× �ÓÒÒÓÒ× ���Ð�Ñ�ÒØ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ �Ö �ÐÐ� �×Ø

�ÓÒ��Ñ�ÒØ�Ð� ÔÓÙÖ Ð� ×Ù�Ø�º

ÅÓÒØÖÓÒ× ÕÙ� T ∗
φ1

�ÒÚÓ�� Ð³�×Ô�� Hk ×ÙÖ Ð³�×Ô�� Lkº ÈÓÙÖ � ���Ö�¸ ÒÓÙ× �ÐÐÓÒ× �ÐÙÐ�Ö

T ∗
φ1
el Ó� (el)l∈Z/kZ �×Ø Ð� ��×� �� Ð³�×Ô�� Hkº �ÓÑÑ� Hk ⊂ S

0(C) �Ø ÓÑÑ� Ð� �ÓÒØ�ÓÒ

z �−→ e−(1/2�)(z−x)2 ∈ S(C)¸ �ÐÓÖ× ÔÓÙÖ v ∈ Hk¸ ÓÒ � ´�³�ÔÖ�× Ð� Ö�Ñ�ÖÕÙ� �º¾º½�µ �

�

cφ1�
−3/4e−(1/2�)(.−x)2 , v

�

= cφ1�
−3/4

�

C

e−1/(2�)(z−x)2e−2Φ1(z)/�el(z)L(dz) < +∞.

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

ËÓ�Ø l ∈ {0, 1, . . . , k − 1}¸ ×Ó�Ø c ∈ R Ø�Ð ÕÙ� u = eic¸ �ÐÓÖ× ÓÒ � �

T ∗
φ1
el(x)

= cφ1�
−3/4

�

C

e−1/(2�)(z−x)2e−2Φ1(z)/�el(z)L(dz),

= cφ1k
3/4

�

C

e−(k/2)(z−x)2e−k(ℑz)
2
el(z)L(dz) �Ö Φ1(z) =

1

2
(ℑz)2 �Ø k =

1

�
,

= cφ1k
3/4

�

C

e−(k/2)(z−x)2e−k(ℑz)
2
ukz/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
ei(l+jk)zL(dz),

= cφ1k
3/4
�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
�

C

e−(k/2)(z)2e−k(ℑ(z+x))2uk(z+x)/(2π)ei(l+jk)(z+x)L(dz),

= cφ1k
3/4ukx/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
ei(l+jk)x

�

C

e−(k/2)(z)2e−k(ℑz)
2
ukz/(2π)ei(l+jk)zL(dz),

= cφ1k
3/4ukx/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
ei(l+jk)x

�

C

e−(k/2)(z)2e−k(ℑz)
2
eiz(l+jk+ck/(2π))L(dz).

ÇÒ �Ó�Ø �ÓÒ �ÐÙÐ�Ö Ð³�ÒØ��Ö�Ð� ×Ù�Ú�ÒØ� ´�ÔÖ�× Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� z = p+ iqµ �

�

R

�

R

e−(k/2)(p−iq)2e−kq
2
ei(p+iq)(l+jk+ck/(2π))dp ∧ dq

=

�

R

�

R

e−(k/2)p2e−(k/2)q2eikpqeip(l+jk+ck/(2π))e−q(l+jk+ck/(2π))dp ∧ dq.

ÇÖ¸ ÓÒ � �

�

R

e−(k/2)p2eikpqeip(l+jk+ck/(2π))dp

=

�

R

e−(k/2)p2eip(l+jk+ck/(2π)+kq)dp,

=

�

2π

k
exp

�

− 1

2k

�

l + jk +
ck

2π
+ kq

�2
�

,

=

�

2π

k
exp

�

− 1

2k

�

l + jk +
ck

2π

�2

− kq2

2
− q

�

l + jk +
ck

2π

�

�

.

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�ÓÒ¸ ÓÒ � �

�

R

�

R

e−kp
2/2e−kq

2/2eikpqeip(l+jk+ck/(2π))e−q(l+jk+ck/(2π))dp ∧ dq,

=

�

2π

k
e−1/(2k)(l+jk+ck/(2π))2

�

R

e−kq
2/2e−q(l+jk+ck/(2π))e−kq

2/2e−q(l+jk+ck/(2π))dq,

=

�

2π

k
e−1/(2k)(l+jk+ck/(2π))2

�

R

e−kq
2
e−2q(l+jk+ck/(2π))dq,

=

�

2π

k
e−1/(2k)(l+jk+ck/(2π))2ek(l/k+j+c/(2π))

2

�

R

e−k(q+l/k+j+c/(2π))
2
dq,

=
√
2
π

k
e1/(2k)(l+jk+ck/(2π))

2
.

��Ò×�¸ ÓÒ � �

T ∗
φ1
el(x)

= cφ1k
3/4

√
2
π

k
ukx/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
ei(l+jk)xe1/(2k)(l+jk+ck/(2π))

2
,

= cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
ukx/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)
�j
ei(l+jk)xe1/(2k)(j

2k2+2jk(l+ck/(2π)),

= cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
ukx/(2π)

�

j∈Z

�

v−ke−l−jk/2uik/(2π)ejk/2eleck/(2π)
�j
ei(l+jk)x,

= cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
ukx/(2π)

�

j∈Z

�

v−ke−ck/(2π)eck/(2π)
�j
ei(l+jk)x,

= cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
ukx/(2π)

�

j∈Z

�

v−k
�j
ei(l+jk)x,

= cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
ǫl(x),

= c̃lkǫl(x),

Ó� c̃lk = cφ1k
−1/4

√
2πe1/(2k)(l+ck/(2π))

2
º

��Ò×� Ð³ÓÔ�Ö�Ø�ÙÖ T ∗
φ1

�ÒÚÓ�� ���Ò Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk ×ÙÖ Ð³�×Ô�� ��

��×ØÖ��ÙØ�ÓÒ× Lkº

ÈÓÙÖ �Ò�Ö¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ×Ù�Ú�ÒØ� ÓÒ�ÖÒ�ÒØ Ð� �Ö�Ø�Ö� ÙÒ�Ø��Ö� ��

Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓÝ�ÒØ Ð³�×Ô�� �� ��×ØÖ��ÙØ�ÓÒ× Lk ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ×

�ÓÐÓÑÓÖÔ��× Hkº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾¾ ´Ä� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �×Ø ÙÒ�Ø��Ö�µº ËÓ�Ø Tφ1 Ð� ØÖ�Ò×�ÓÖÑ��

�� ��Ö�Ñ�ÒÒ �Ø T ∗
φ1
×ÓÒ ���Ó�ÒØº �ÐÓÖ× �

½º T ∗
φ1
Tφ1 = id ×ÙÖ Lk �

¾º Tφ1T
∗
φ1

= id ×ÙÖ Hkº

½�¼



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

��ÑÓÒ×ØÖ�Ø�ÓÒº �³�ÔÖ�× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¼¸ ÓÒ ×��Ø ÕÙ� ÔÓÙÖ ØÓÙØ

l ∈ {0, . . . , k − 1}¸ ÓÒ � �

Tφ1ǫl = clkel �Ú� clk = cφ1

√
2πk1/4e−1/(2k)(ck/(2π)+l)2 .

��Ò×�¸ ÓÒ Ô�ÙØ ���Ò�Ö Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 Ô�Ö ×� Ñ�ØÖ�� ��Ò× Ð� ��×� (el)l∈Z/kZ¸ ×� ÓÒ ÒÓØ� C
�ØØ� Ñ�ØÖ��¸ ÓÒ � �

C =









c0k (0)
º º º

(0) ck−1
k









.

�� Ñ�Ñ� �³�ÔÖ�× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾½¸ ÓÒ ×��Ø ÕÙ� ÔÓÙÖ ØÓÙØ l ∈ {0, . . . , k−1}¸
ÓÒ � �

T ∗
φ1
el = c̃lkǫl �Ú� c̃lk = cφ1k

−1/4
√
2πe1/(2k)(l+ck/(2π))

2
.

��Ò×�¸ ÓÒ Ô�ÙØ ���Ò�Ö Ð³ÓÔ�Ö�Ø�ÙÖ T ∗
φ1

Ô�Ö ×� Ñ�ØÖ�� ��Ò× Ð� ��×� (ǫl)l∈Z/kZ¸ ×� ÓÒ ÒÓØ� C∗

�ØØ� Ñ�ØÖ��¸ ÓÒ � �

C∗ =









c̃0k (0)
º º º

(0) c̃k−1
k









.

��×ÓÖÑ��× ÔÓÙÖ ÑÓÒØÖ�Ö ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Tφ1 �×Ø ÙÒ�Ø��Ö�¸ �Ð ×Ù�Ø �� ÑÓÒØÖ�Ö ÕÙ� CC∗ = C∗C = Ikº

ÈÓÙÖ � ���Ö�¸ ÓÒ � ��×Ó�Ò �� ��Ø�ÖÑ�Ò�Ö Ð� ÔÖÓ�Ù�Ø ×Ù�Ú�ÒØ ÔÓÙÖ k ≥ 1 �Ø l ∈ {0, 1, . . . , k−1} �

clk c̃
l
k = cφ1

√
2πk1/4e−1/(2k)(ck/(2π)+l)2cφ1k

−1/4
√
2πe1/(2k)(l+ck/(2π))

2
,

= c2φ1
2π3/2.

ÇÖ �³�ÔÖ�× Ð� ���Ò�Ø�ÓÒ ¾º¾º½¼¸ ÓÒ � �

cφ1 =
1√
2π3/4

.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �¸ ÔÓÙÖ k ≥ 1 �Ø l ∈ {0, 1, . . . , k − 1} �

clk c̃
l
k = c2φ1

2π3/2 =
1

2π3/2
2π3/2 = 1 = c̃lkc

l
k.

�ÓÒ �

CC∗ = C∗C = Ik.

�³Ó� Ð� Ö�×ÙÐØ�Øº

�º¾º¾ ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ���××�ÒØ ×ÙÖ Ð³�×Ô�� Hk

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö � ÕÙ� ÒÓÙ× �ÐÐÓÒ× �ÔÔ�Ð�Ö Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

ÓÑÔÐ�Ü� �Ù ØÓÖ�º �ÓÑÑ� ��Ò× Ð� �× �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ�¸

½�½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

ÒÓÙ× ÔÓÙÚÓÒ× Ó�Ø�Ò�Ö ��ÙÜ �ÓÖÑÙÐ�Ø�ÓÒ× ÔÓÙÖ Ð� ÕÙ�ÒØ���Ø�ÓÒ ÓÑÔÐ�Ü�¸ ÙÒ� ×ÓÙ× �ÓÖÑ�

�ÒØ��Ö�Ð� �Ø Ð³�ÙØÖ� ×ÓÙ× �ÓÖÑ� �� ×ÓÑÑ�×º �Ú�ÒØ �³�ÒØÖÓ�Ù�Ö� Ð� ���Ò�Ø�ÓÒ �� ÕÙ�ÒØ���Ø�ÓÒ

ÓÑÔÐ�Ü�¸ ÒÓÙ× �ÐÐÓÒ× ÑÓÒØÖ�Ö ÙÒ �Ò�ÐÓ�Ù� �Ù Ø��ÓÖ�Ñ� �³��ÓÖÓÚ ÕÙ� Ú� Ñ�ØØÖ� �Ò �Ü�Ö�Ù�

Ð� ÒÓØ�ÓÒ ÕÙ� ÒÓÙ× ÚÓÙÐÓÒ× ���Ò�Öº Å��× �ÙÔ�Ö�Ú�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× ÒÓÙ× �ØØ�Ö��Ö ×ÙÖ Ð� Ð�××�

�� ×ÝÑ�ÓÐ�× ÕÙ� ÒÓÙ× ÚÓÙÐÓÒ× �ØÙ���Ö¸ Ð³�ÒØÖÓ�ÙØ�ÓÒ �� �ØØ� Ð�××� �Ø�ÒØ ÑÓØ�Ú�� Ô�Ö Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¼º ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� ΛΦ1 ��×��Ò� Ð³�Ò×�Ñ�Ð� ×Ù�Ú�ÒØ �

ΛΦ1 =

��

z,
2

i

∂Φ1

∂z
(z)

�

, z ∈ C

�

= {(z,−ℑ(z)), z ∈ C} .

�Ø¸ ÓÒ Ö�ÔÔ�ÐÐ� Ð� ���Ò�Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 ´ÚÓ�Ö ���Ò�Ø�ÓÒ ¾º¾º½¼µ �

κφ1 : R2 −→ ΛΦ1 ,

(x, y) �−→ (z, w) := (x− iy, y).

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾¿ ´ËÝÑ�ÓÐ�× ×ÙÖ ΛΦ1µº ËÓ�Ø ak ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ

��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

ak(x+ 2π, y) = ak(x, y) = ak(x, y + 1).

ËÓ�Ø bk Ð� �ÓÒØ�ÓÒ ���Ò�� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ (z, w) ∈ ΛΦ1 �

bk(z, w) := ak ◦ κ−1
φ1

(z, w).

�ÐÓÖ× bk ∈ C∞(ΛΦ1) �×Ø ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�×¹

×�Ò�× �� 1/k �Ø ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ ÓÒ � �

bk(z + 2π,w) = bk(z, w) = bk(z + i, w − 1).

�� ÔÐÙ×¸ �Ò ���ÒØ���ÒØ Ð³�Ò×�Ñ�Ð� ΛΦ1 �Ú� Ð� ÔÐ�Ò ÓÑÔÐ�Ü� C¸ ÓÒ Ô�ÙØ Ö��Ö�Ö� Ð� �ÓÒØ�ÓÒ

bk ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� ×�Ö�� ÓÒÚ�Ö��ÒØ� ÔÓÙÖ z ∈ C ≃ ΛΦ1 �

bk(z) =
�

(m,n)∈Z2

bkm,ne
inℜ(z)e2iπmℑ(z),

Ó� Ð� ×Ù�Ø� �� Ó����ÒØ×
�

bkm,n

�

(m,n)∈Z2 �×Ø ���Ò�� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

bkm,n = akm,n Ó� ÔÓÙÖ (x, y) ∈ R
2¸ ak(x, y) =

�

(m,n)∈Z2

akm,ne
inxe−2iπmy .

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ Ö�ÔÔ�ÐÐ� ÕÙ� κφ1(R
2) = ΛΦ1 = {(z,−ℑ(z)), z ∈ C}º ��Ò×�¸ ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸

ÓÒ � �

bk(z, w) := ak ◦ κ−1
φ1

(z, w) = ak(z + iw,w) = ak(ℜ(z),−ℑ(z)).

½�¾



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

�ÓÒ ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ ÓÒ � �

bk(z + 2π,w) = ak(ℜ(z + 2π),−ℑ(z + 2π)),

= ak(ℜ(z) + 2π,−ℑ(z)),

= ak(ℜ(z),−ℑ(z)) �Ö ak(x+ 2π, y) = ak(x, y) ,

= bk(z, w).

�Ø ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ ÓÒ � ���Ð�Ñ�ÒØ �

bk(z + i, w − 1) = ak(ℜ(z + i),−ℑ(z + i)),

= ak(ℜ(z),−ℑ(z) − 1),

= ak(ℜ(z),−ℑ(z)) �Ö ak(x, y + 1) = ak(x, y),

= bk(z, w).

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÕÙ� bk ∈ C∞(ΛΦ1) �Ø ÕÙ� ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ bk Ú�Ö��� Ð�× ÓÒ��Ø�ÓÒ×

�� Ô�Ö�Ó���Ø�× ÚÓÙÐÙ�×º �� ÔÐÙ×¸ ÓÒ×���ÖÓÒ× Ð³�Ö�ØÙÖ� ×ÓÙ× �ÓÖÑ� �� ×�Ö�� �� �ÓÙÖ��Ö �� Ð�

�ÓÒØ�ÓÒ ak �ÓÒÒ�� Ô�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½�¸ �º�º ÔÓÙÖ (x, y) ∈ R
2 �

ak(x, y) =
�

(m,n)∈Z2

akm,ne
ixne−2iπym.

�ÐÓÖ×¸ ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ ÓÒ �¸ �Ò ÓÑÔÓ×�ÒØ Ô�Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �ÒÓÒ�ÕÙ� κφ1 �

bk(z, w) = ak ◦ κ−1
φ1

(z, w),

=
�

(m,n)∈Z2

akm,ne
in(z+iw)e−2iπmw,

=
�

(m,n)∈Z2

akm,ne
in(z−iℑ(z))e2iπmℑ(z),

=
�

(m,n)∈Z2

akm,ne
inℜ(z)e2iπmℑ(z).

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÑÓÒØÖ�Ö ÙÒ �Ò�ÐÓ�Ù� �Ù Ø��ÓÖ�Ñ� �³��ÓÖÓÚ ��Ò �� ���Ö� Ð�

Ð��Ò �ÒØÖ� ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� �� Ë�Û�ÖØÞ S(R) �Ø ÙÒ
ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� S(C)º �� Ð��Ò Ú� ×� ���Ö� � Ð³���� �� Ð�

ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ ÓÑÑ� ÓÒ ÔÓÙÚ��Ø ×³Ý �ØØ�Ò�Ö� �ÔÖ�× �ÚÓ�Ö ��ÑÓÒØÖ� Ð� ÔÖÓÔÓ¹

×�Ø�ÓÒ �º¾º½¼º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾� ´ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ×ÙÖ S(R) �Ø ×ÙÖ S(C)µº

ËÓ�Ø ak ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

½�¿



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2 �

ak(x+ 2π, y) = ak(x, y) = ak(x, y + 1).

�ÐÓÖ×¸ ÓÒ � �

Tφ1Opwk (ak) = OpwΦ1,k(ak ◦ κ−1
φ1

)Tφ1 ×ÙÖ Ð³�×Ô�� S(R),

Ó� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1,k
(ak ◦κ−1

φ1
) �×Ø ���Ò� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ S(C) �Ø z ∈ C �

OpwΦ1,k(ak ◦ κ−1
φ1

)u(z) =
�

(m,n)∈Z2

akm,ne
−iπmn/ke−n

2/2keinzu

�

z − 2πm

k
+
in

k

�

,

Ó�
�

akm,n

�

(m,n)∈Z2 �×Ø Ð� ×Ù�Ø� �� Ó����ÒØ× ���Ò�� ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½�º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÅÓÒØÖÓÒ× ÕÙ� Tφ1Opwk (ak) = OpwΦ1,k
(ak ◦κ−1

φ1
)Tφ1 ×ÙÖ S(R)º �³�ÔÖ�× Ð� ��¹

ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½�¸ ÓÒ ×��Ø ÕÙ� Opwk (ak) : S(R) −→ S(R)º ËÓ�Ø φ ∈ S(R)¸
�ÐÓÖ× ÓÒ � �

Tφ1(Opwk (ak)φ)(z)

= cφ1�
−3/4

�

R

e−(1/2�)(z−x)2(Opwk (ak)φ)(x)dx,

= cφ1�
−3/4

�

R

e−(1/2�)(z−x)2 �

(m,n)∈Z2

akm,ne
−iπmn/keixnφ

�

x− 2πm

k

�

dx,

= cφ1�
−3/4

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/ke−(1/2�)(z−x)2eixnφ

�

x− 2πm

k

�

dx,

= cφ1�
−3/4

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/keizne−(1/2�)(z−x)2e−i(z−x)nφ

�

x− 2πm

k

�

dx,

= cφ1�
−3/4

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/keizne−(1/2�)(z−x+in�)2e−n

2�/2φ

�

x− 2πm

k

�

dx,

= cφ1�
−3/4

�

R

�

(m,n)∈Z2

akm,ne
−iπmn/keizne−(1/2�)(z−x+in�−2πm�)2e−n

2�/2φ (x) dx,

=
�

(m,n)∈Z2

akm,ne
−iπmn/ke−n

2�/2eizncφ1�
−3/4

�

R

e−(1/2�)(z−x+in�−2πm�)2φ (x) dx,

=
�

(m,n)∈Z2

akm,ne
−iπmn/ke−n

2/2keizn(Tφ1φ)

�

z − 2πm

k
+
in

k

�

�Ö � =
1

k
.

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÕÙ�¸ ÔÓÙÖ u ∈ S(C)¸ ÓÒ Ô�ÙØ ÔÓ×�Ö �

OpwΦ1,k(ak ◦ κ−1
φ1

)u(z) =
�

(m,n)∈Z2

akm,ne
−iπmn/ke−n

2/2keiznu

�

z − 2πm

k
+
in

k

�

.

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

��ØØ� ÔÖÓÔÓ×�Ø�ÓÒ ÒÓÙ× ÔÓÙ××� �ÓÒ � �ÒØÖÓ�Ù�Ö� ÙÒ� ÒÓÙÚ�ÐÐ� ���Ò�Ø�ÓÒ¸ �ÐÐ� �� ÕÙ�Ò¹

Ø���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�¸ ÕÙ� �×Ø Ð³�Ò�ÐÓ�Ù� �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑ¹

ÔÐ�Ü� �� R
2º ü ÒÓØÖ� ÓÒÒ��××�Ò�¸ �ØØ� ���Ò�Ø�ÓÒ ÓÒ×�ØÙØ� ÙÒ� ÒÓÙÚ�ÐÐ� ÒÓØ�ÓÒ �� Ð�

Ð�ØØ�Ö�ØÙÖ� ×ÙÖ Ð� ×Ù��Øº

���Ò�Ø�ÓÒ �º¾º¾� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�µº ËÓ�Ø bk ∈ C∞(ΛΦ1) ÙÒ�

�ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ

ØÓÙØ (z, w) ∈ ΛΦ1 �

bk(z + 2π,w) = bk(z, w) = bk(z + i, w − 1).

ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ×ÝÑ�ÓÐ� bk¸ ÒÓØ�� OpwΦ1,k
(bk)¸ Ô�Ö Ð�

�ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ S(C) �Ø z ∈ C �

OpwΦ1,k(bk)u(z) =
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2keinzu

�

z − 2πm

k
+
in

k

�

,

Ó� Ð� ×Ù�Ø� �� Ó����ÒØ×
�

bkm,n

�

(m,n)∈Z2 �×Ø �ÓÒÒ�� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ

(z, w) ∈ ΛΦ1 �

bk(z, w) =
�

(m,n)∈Z2

bkm,ne
in(z+iw)e−2iπmw.

� ÔÖ�ÓÖ� Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1,k
(bk)¸ ���Ò� �¹��××Ù×¸ ���Ø ×ÙÖ Ð³�×Ô�� S(C)º ��Ô�Ò��ÒØ

ÒÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÑÓÒØÖ�Ö ÕÙ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� �ÓÒÒ�

ÙÒ ÓÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô�� Hk ´ÓÑÑ� ÓÒ Ô�ÙØ ×³Ý �ØØ�Ò�Ö�

ÔÙ�×ÕÙ³ÓÒ � ���� ÑÓÒØÖ� ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ �ÒÚÓ�� Ð³�×Ô�� Lk ×ÙÖ Ð³�×Ô��

Hk ��Ò× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¼µº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô��Hkµº ËÓ�Ø bk ∈ C∞(ΛΦ1)

ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ�

ÔÓÙÖ ØÓÙØ (z, w) ∈ ΛΦ1¸ ÓÒ � �

bk(z + 2π,w) = bk(z, w) = bk(z + i, w − 1).

�ÐÓÖ× OpwΦ1,k
(bk) ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� Hk ��Ò× Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � OpwΦ1,k
(bk) : S

′(C) −→ S
′(C)º �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾�¸ ÓÒ ×��Ø ÕÙ�

OpwΦ1,k
(bk) : S(C) −→ S(C)º ÅÓÒØÖÓÒ× ØÓÙØ �³��ÓÖ� ÕÙ� OpwΦ1,k

(bk) ���Ò�Ø Ò�ØÙÖ�ÐÐ�Ñ�ÒØ

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

ÙÒ ÓÔ�Ö�Ø�ÙÖ �� S
′(C) ��Ò× S′(C)º ËÓ��ÒØ u, v ∈ S(C)¸ �ÐÓÖ× ÓÒ � �

�OpwΦ1,k(bk)u, v�S,S

=

�

C

OpwΦ1,k
(bk)u(z)v(z)e

−2Φ1(z)/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
iπmn/ke−n

2/2ke−inzu

�

z − 2πm

k
+
in

k

�

v(z)e−2Φ1(z)/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
iπmn/ke−n

2/2ke−in(z+2πm/k)u

�

z +
in

k

�

v

�

z +
2πm

k

�

e−2Φ1(z+2πm/k)/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2ke−inzu

�

z +
in

k

�

v

�

z +
2πm

k

�

e−2Φ1(z)/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2ke−in(z−in/k)u (z)v

�

z +
2πm

k
− in

k

�

e−2Φ1(z−in/k)/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2ke−inzen
2/ku (z)v

�

z +
2πm

k
− in

k

�

e−(ℑ(z−in/k))2/�L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
−iπmn/ken

2/2ke−inzu (z)v

�

z +
2πm

k
− in

k

�

e(−1/�)(ℑ(z)−n/k)2L(dz),

=

�

C

�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2ke−in(ℜ(z)−iℑ(z))e2nℑ(z)u (z)v

�

z +
2πm

k
− in

k

�

e−2Φ1(z)/�L(dz),

=

�

C

u (z)
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2ke−inzv

�

z +
2πm

k
− in

k

�

e−2Φ1(z)/�L(dz),

=

�

C

u (z)
�

(m,n)∈Z2

bk−m,ne
iπmn/ke−n

2/2ke−inzv

�

z − 2πm

k
− in

k

�

e−2Φ1(z)/�L(dz) Ú�� m �−→ −m,

=

�

C

u (z)
�

(m,n)∈Z2

bk−m,−ne
−iπmn/ke−n

2/2keinzv

�

z − 2πm

k
+
in

k

�

e−2Φ1(z)/�L(dz) Ú�� n �−→ −n,

=

�

C

u (z)OpwΦ1,k(b̃k)v(z)e
−2Φ1(z)/�L(dz),

= �u,OpwΦ1,k(b̃k)v�S,S,

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

Ó� Ð� �ÓÒØ�ÓÒ b̃k ∈ C∞(ΛΦ1) �×Ø ���Ò�� ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸ Ô�Ö �

b̃k(z, w) =
�

(m,n)∈Z2

bk−m,−ne
in(z+iw)e−2iπmw,

=
�

(m,n)∈Z2

bkm,−ne
in(z+iw)e2iπmw Ú�� m �−→ −m,

=
�

(m,n)∈Z2

bkm,ne
−in(z+iw)e2iπmw Ú�� n �−→ −n,

=
�

(m,n)∈Z2

bkm,ne
−in(z−iℑ(z))e−2iπmℑ(z) �Ö (z, w) ∈ ΛΦ1 ¸ �ÓÒ w = −ℑ(z),

=
�

(m,n)∈Z2

bkm,ne
−inℜ(z)e−2iπmℑ(z),

= bk(z, w).

�ÓÑÑ� v ∈ S(C) �Ø b̃k ∈ S(ΛΦ1)¸ �ÐÓÖ× OpwΦ1,k
(b̃k)v ∈ S(C) �Ø ��Ò×� ÓÒ Ô�ÙØ ���Ò�Ö

Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� OpwΦ1,k
(bk) ×ÙÖ S

′(C) Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ

u ∈ S
′(C) �Ø v ∈ S(C) �

�OpwΦ1,k(bk)u, v�S′,S := �u,OpwΦ1,k(b̃k)v�S′,S.

�Ø�Ô� ¾ � OpwΦ1,k
(bk) : Hk −→ Hkº �ÓÑÑ� Hk ⊂ S

′(C) ´�³�ÔÖ�× Ð� Ö�Ñ�ÖÕÙ� �º¾º½�µ¸

�ÐÓÖ× ÔÓÙÖ ØÓÙØ u ∈ Hk¸ ÓÒ � ���Ò OpwΦ1,k
(bk)u ∈ Hol(C)º

ËÓ��ÒØ u ∈ Hk �Ø z ∈ C¸ �ÐÓÖ× ÓÒ � �

OpwΦ1,k(bk)u(z + 2π)

=
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2kein(z+2π)u

�

z + 2π − 2πm

k
+
in

k

�

,

=
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2keinzein2πuku

�

z − 2πm

k
+
in

k

�

�Ö u ∈ Hk,

= ukOpwΦ1,k(bk)u(z).

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

�Ø ÔÓÙÖ u ∈ Hk �Ø z ∈ C¸ ÓÒ � �Ù××� �

OpwΦ1,k(bk)u(z + i)

=
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2kein(z+i)u

�

z + i− 2πm

k
+
in

k

�

,

=
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2keinze−nvke−ik(z−2πm/k+in/k)+k/2u

�

z − 2πm

k
+
in

k

�

�Ö u ∈ Hk,

=
�

(m,n)∈Z2

bkm,ne
−iπmn/ke−n

2/2keinze−nvke−ikz+k/2ei2πmenu

�

z − 2πm

k
+
in

k

�

,

= vke−ikz+k/2OpwΦ1,k(bk)u(z).

�ÓÒ OpwΦ1,k(bk) : Hk −→ Hkº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� ×ÓÙ× �ÓÖÑ�

�ÒØ��Ö�Ð�º ÈÓÙÖ � ���Ö�¸ ÓÒ Ö�ÔÔ�ÐÐ� �³��ÓÖ� Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ

ÓÑÔÐ�Ü� �� R
2º �ÓÑÑ� ÐÓÖ×ÕÙ³ÓÒ � ���Ò� �� ��ÙÜ ���ÓÒ× ����Ö�ÒØ�× Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ�¸ ÓÒ Ú� �ÓÒ�Ð�Ö �ÒØÖ� Ð� Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� � �Ø Ð³�ÒÚ�Ö×� �� �

Ô�Ö�Ñ�ØÖ� kº

���Ò�Ø�ÓÒ �º¾º¾� ´ÉÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �� R2µº ËÓ�Ø b� ∈ S(ΛΦ1) ÙÒ� �ÓÒ¹

Ø�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� �º ÇÒ ���Ò�Ø Ð� ÕÙ�Ò¹

Ø���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ×ÝÑ�ÓÐ� b�¸ ÒÓØ�� OpwΦ1
(b�)¸ Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ

u ∈ H�(C,Φ1) �

OpwΦ1
(b�)u(z) =

1

2π�

��

Γ(z)
e(i/�)(z−w)ζb�

�

z + w

2
, ζ

�

u(w)dwdζ,

Ó� ÓÒ �ÒØ��Ö� ×ÙÖ Ð� ÓÒØÓÙÖ �

Γ(z) =

�

(w, ζ) ∈ C
2; ζ =

2

i

∂Φ1

∂z

�

z + w

2

�

= −ℑ
�

z + w

2

��

.

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÑÓÒØÖ�Ö ÕÙ³ÓÒ Ô�ÙØ �ÒÓÖ� �ÓÒÒ�Ö ÙÒ ×�Ò× � �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ

�ÒØ��Ö�Ð� ÐÓÖ×ÕÙ³ÓÒ ÓÒ×���Ö� ÙÒ ×ÝÑ�ÓÐ� b� ��Ñ�ØØ�ÒØ ��× ÓÒ��Ø�ÓÒ× �� Ô�Ö�Ó���Ø�× ×ÙÖ

Ð³�Ò×�Ñ�Ð� ΛΦ1 º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾� ´ÇÔ�Ö�Ø�ÙÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ���××�ÒØ ×ÙÖ Ð³�×Ô��Hkµº ËÓ�Ø b� ∈ C∞(ΛΦ1)

ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� � �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ

(z, w) ∈ ΛΦ1 ¸ ÓÒ � �

b�(z + 2π,w) = b�(z, w) = b�(z + i, w − 1).

�ÐÓÖ×¸ OpwΦ1
(b�) ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� Hk ��Ò× Hkº

½��



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � OpwΦ1
(b�) : S(C) −→ S(C)º ËÓ�Ø a� = b� ◦ κφ1 ¸ �ÐÓÖ× a� ∈ S(R2) �Ø �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º½º½¿¸ Opw(a�) : S(R) −→ S(R)º �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½¼¸ ÓÒ ×��Ø ÕÙ� Ð�

ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ Tφ1 �ÒÚÓ�� Ð³�×Ô�� �� Ë�Û�ÖØÞ S(R) ×ÙÖ Ð³�×Ô�� S(C) �Ø �Ú�

Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º�¸ ÓÒ Ó�Ø��ÒØ ÕÙ� �

OpwΦ1
(b�) = Tφ1Opw(a�)T

∗
φ1

: S(C) −→ S(C).

�Ø�Ô� ¾ � OpwΦ1
(b�) : S

′(C) −→ S
′(C)º ÈÓÙÖ �ØØ� ×�ÓÒ�� �Ø�Ô�¸ ÓÒ Ô�ÙØ ÔÖÓ���Ö �� Ð�

Ñ�Ñ� ���ÓÒ ÕÙ� ��Ò× Ð³�Ø�Ô� ½¸ �Ô�Ò��ÒØ ÒÓÙ× �ÚÓÒ× ÔÖ���Ö� ���Ö� ÙÒ� �ÙØÖ� ��ÑÓÒ×ØÖ�Ø�ÓÒº

ËÓ��ÒØ u, v ∈ S(C)¸ �ÐÓÖ× ÓÒ � ´Ð� Ö�Ñ�ÖÕÙ� �º¾º½� �××ÙÖ� ÕÙ� Ð�× ÕÙ�ÒØ�Ø�× �¹��××ÓÙ× ×ÓÒØ

���Ò ���Ò��×µ �

�OpwΦ1
(b�)u, v�S,S

=

�

C

(OpwΦ1
(b�)u)(z)v(z)e

−2Φ1(z)/�L(dz),

=

�

C

1

2π�

��

Γ(z)
e(−i/�)(z−w)ζb�

�

z + w

2
, ζ

�

u(w)dwdζv(z)e−2Φ1(z)/�L(dz),

=

�

C

C

2π�

�

C

e(−i/�)(z−w)(−ℑ(z+w/2))b�

�

z + w

2
,−ℑ

�

z + w

2

��

u(w)L(dw)v(z)e−2Φ1(z)/�L(dz),

Ó� ÓÒ � ÙØ�Ð�×� Ð� ���Ò�Ø�ÓÒ �Ù ÓÒØÓÙÖ Γ(z) ÔÓÙÖ ��Ø�ÖÑ�Ò�Ö �ØØ� ��ÖÒ��Ö� �ÜÔÖ�××�ÓÒ �Ø

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�º �ÜÔÖ�ÑÓÒ× Ñ��ÒØ�Ò�ÒØ �³ÙÒ� �ÙØÖ� ���ÓÒ Ð�× ����Ö�ÒØ× Ø�ÖÑ�×

�ÔÔ�Ö��××�ÒØ ��Ò× �ØØ� �ÒØ��Ö�Ð�º ÈÓÙÖ z ∈ ΛΦ1 ≃ C¸ ÓÒ � �

b�(z,−ℑ(z)) =
�

(m,n)∈Z2

b�m,ne
inℜ(z)e2iπmℑ(z) �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¿.

�ÓÒ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ¸ ÓÒ � �

b�(z,−ℑ(z)) =
�

(m,n)∈Z2

b�m,ne
−inℜ(z)e−2iπmℑ(z) =: b̃�(z,−ℑ(z)).

�ÓÒ Ð³�ÒØ��Ö�Ð� ×� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙ× u, v ∈ S(C) �

�OpwΦ1
(b�)u, v�S,S

=
C

2π�

�

C

�

C

e(i/�)(z−w)ℑ(z+w/2)b�

�

z + w

2
,−ℑ

�

z + w

2

��

u(w)v(z)e−2Φ1(z)/�L(dw)L(dz),

=
C

2π�

�

C

�

C

e(i/�)(z−w)ℑ(z+w/2)b̃�

�

z + w

2
,−ℑ

�

z + w

2

��

u(w)v(z)e−2Φ1(z)/�L(dw)L(dz).

½��



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

È�Ö ÙÒ �ÐÙÐ¸ ÓÒ ÑÓÒØÖ� ÕÙ� �

i

�
(z − w)ℑ

�

z +w

2

�

− 2

�
Φ1(z) =

i

h
(z − w)ℑ

�

z + w

2

�

− 2

�
Φ1(w).

��Ò×�¸ ÓÒ Ó�Ø��ÒØ¸ ÔÓÙÖ ØÓÙ× u, v ∈ S(C) �

�OpwΦ1
(b�)u, v�S,S

=
C

2π�

�

C

�

C

e(i/�)(z−w)ℑ(z+w/2)b̃�

�

z + w

2
,−ℑ

�

z + w

2

��

u(w)v(z)e−2Φ1(z)/�L(dw)L(dz),

=
C

2π�

�

C

�

C

e(i/�)(z−w)ℑ(z+w/2)b̃�

�

z + w

2
,−ℑ

�

z + w

2

��

u(w)v(z)e−2Φ1(w)/�L(dw)L(dz),

=

�

C

u(w)
C

2π�

�

C

e(i/�)(w−z)(−ℑ(z+w/2))b̃�

�

z + w

2
,−ℑ

�

z + w

2

��

v(z)L(dz)e−2Φ1(w)/�L(dw),

=

�

C

u(w)
1

2π�

��

Γ(w)
e(i/�)(w−z)ζ b̃�

�

z + w

2
, ζ

�

v(z)L(dz)e−2Φ1(w)/�L(dw),

=

�

C

u(w)(OpwΦ1
(b̃�)v)(w)e

−2Φ1(w)/�L(dw),

= �u,OpwΦ1
(b̃�)v�S,S,

Ó� Γ(w) =

�

(z, ζ) ∈ C
2; ζ = −ℑ

�

z + w

2

��

º �ÓÑÑ� ÔÓÙÖ v ∈ S(C)¸ OpwΦ1
(b̃�)v ∈ S(C)¸

�ÐÓÖ× Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �×Ø ���Ò ���Ò�� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ

u ∈ S
′(C) �Ø v ∈ S(C) �

�OpwΦ1
(b�)u, v�S′,S = �u,OpwΦ1

(b̃�)v�S′,S.

�Ø�Ô� ¿ �OpwΦ1
(b�) : Hk −→ Hkº �³�ÔÖ�× Ð³�Ø�Ô� ¾¸ Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1

(b�) �×Ø ���Ò ���Ò� ×ÙÖ

Ð³�×Ô�� Hk �Ö �Ð �×Ø �ÒÐÙ× ��Ò× Ð³�×Ô�� S′(C)º ÁÐ Ö�×Ø� �ÓÒ � Ú�Ö���Ö ÕÙ� OpwΦ1
(b�)u ∈ Hk

ÔÓÙÖ u ∈ Hkº �ÓÑÑ� ÔÓÙÖ u ∈ Hk¸ OpwΦ1
(b�)u ∈ S

′(C)¸ �ÐÓÖ× ÓÒ � � OpwΦ1
(b�)u ∈ Hol(C)º

ËÓ��ÒØ u ∈ Hk �Ø z ∈ C¸ �ÐÓÖ× ÓÒ � �

OpwΦ1
(b�)u(z + 2π) =

1

2π�

��

Γ(z+2π)
e(i/�)(z+2π−w)ζb�

�

z + 2π + w

2
, ζ

�

u(w)e−2Φ1(w)/�L(dw),

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζb�

�

z + w

2
+ 2π, ζ

�

u(w + 2π)e−2Φ1(w)/�L(dw),

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζb�

�

z + w

2
, ζ

�

uku(w)e−2Φ1(w)/�L(dw),

= ukOpwΦ1
(b�)u(z).

½�¼



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

�Ø ÔÓÙÖ u ∈ Hk �Ø z ∈ C¸ ÓÒ � �Ù××� �

OpwΦ1
(b�)u(z + i)

=
1

2π�

��

Γ(z+i)
e(i/�)(z+i−w)ζb�

�

z + i+ w

2
, ζ

�

u(w)e−2Φ1(w)/�L(dw),

=
1

2π�

��

Γ(z)
e(i/�)(z−w)(ζ−1)b�

�

z +w

2
+ i, ζ − 1

�

u(w + i)e−2Φ1(w+i)/�L(dw),

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζe−ik(z−w)b�

�

z + w

2
, ζ

�

vke−iwk+k/2u(w)e−2Φ1(w+i)/�L(dw),

= vke−izk+k/2OpwΦ1
(b�)u(z).

�ÓÒ OpwΦ1
(b�) : Hk −→ Hkº

ÆÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø ��ÙÜ ���Ò�Ø�ÓÒ× �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� �Ø

ÓÒ ×³�ÒØ�Ö�××� Ñ��ÒØ�Ò�ÒØ �Ù Ð��Ò ÕÙ� Ð�× ÙÒ�Øº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¾� ´Á��ÒØ���Ø�ÓÒ ��× ��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�µº

ËÓ�Ø b� = bk ∈ C∞(ΛΦ1) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�×¹

×�Ò�× �� � �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (z, w) ∈ ΛΦ1 �

b�(z + 2π,w) = b�(z, w) = b�(z + i, w − 1).

�ÐÓÖ×¸ ÓÒ � �

OpwΦ1
(b�) = OpwΦ1,k(bk) ×ÙÖ Ð³�×Ô�� Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� �ØØ� ÔÖÓÔÓ×�Ø�ÓÒ �×Ø �Ò�ÐÓ�Ù� � �ÐÐ� �ÓÒÒ�� ��Ò×

Ð� ��Ö� �� Ð³���ÒØ���Ø�ÓÒ ��× ��ÙÜ ÕÙ�ÒØ���Ø�ÓÒ× �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ� ´ÔÖÓÔÓ×�Ø�ÓÒ

�º½º½�µº

�Ø�Ô� ½ � OpwΦ1
(b�) = OpwΦ1,k(bk) ×ÙÖ S(C)º �ÓÑÑ� b� ×�Ø�×���Ø Ð�× ÓÒ��Ø�ÓÒ× �� Ô�Ö�Ó�¹

��Ø�× ×Ù�Ú�ÒØ�×¸ ÔÓÙÖ ØÓÙØ (z, w) ∈ ΛΦ1 �

b�(z + 2π,w) = b�(z, w) = b�(z + i, w − 1),

�ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¿¸ ÓÒ Ô�ÙØ Ö��Ö�Ö� Ð� �ÓÒØ�ÓÒ b�¸ ÔÓÙÖ (z, w) ∈ ΛΦ1 ¸

ÓÑÑ� ×Ù�Ø �

b�(z, w) =
�

(m,n)∈Z2

b�m,ne
in(z+iw)e−2iπmw.

½�½



�À�ÈÁÌÊ� �º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� Ï��Ä �Í ÌÇÊ�

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÓÒ �¸ ÔÓÙÖ u ∈ S(C) �

OpwΦ1
(b�)u(z)

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζb�

�

z + w

2
, ζ

�

u(w)dwdζ,

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζ

�

(m,n)∈Z2

b�m,ne
in((z+w)/2+iζ))e−2iπmζu(w)dwdζ,

=
1

2π�

��

Γ(z)

�

(m,n)∈Z2

e(i/�)(z−w+2πm/k)ζb�m,ne
in((z+w−2πm/k)/2+iζ))e−2iπmζu

�

w − 2πm

k

�

dwdζ,

=
1

2π�

��

Γ(z)

�

(m,n)∈Z2

e(i/�)(z−w)ζb�m,ne
in((z+w)/2+iζ)e−iπmn/ku

�

w − 2πm

k

�

dwdζ �Ö k =
1

�
,

=
1

2π�

��

Γ(z)

�

(m,n)∈Z2

e(i/�)(z−w−in/k)(ζ−n/2k)b�m,ne
in((z+w+in/k)/2+i(ζ−n/2k))

e−iπmn/ku

�

w +
in

k
− 2πm

k

�

dwdζ,

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζ

�

(m,n)∈Z2

b�m,ne
−iπmn/ke−n

2/2ku

�

w +
in

k
− 2πm

k

�

dwdζ �Ö k =
1

�
,

=
1

2π�

��

Γ(z)
e(i/�)(z−w)ζ(OpwΦ1,k(bk)u)(w)dwdζ,

= OpwΦ1,k(bk)u(z),

Ó� ÓÒ � ÙØ�Ð�×� Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð�× � Γ(z) ∋ (w, ζ) �−→
�

w +
in

k
, ζ − n

2k

�

∈ Γ(z)º

��Ò×�¸ ÓÒ Ó�Ø��ÒØ ÕÙ� �

OpwΦ1
(b�) = OpwΦ1,k(bk) ×ÙÖ Ð³�×Ô�� S(C).

�Ø�Ô� ¾ � OpwΦ1
(b�) = OpwΦ1,k(bk) ×ÙÖ S

′(C)º ËÓ��ÒØ u ∈ S
′(C) �Ø v ∈ S(C)¸ �ÐÓÖ× ÓÒ � �

�OpwΦ1
(b�)u, v�S′,S = �u,OpwΦ1

(b̃�)v�S′,S,

= �u,OpwΦ1,k(b̃k)v�S′,S �³�ÔÖ�× Ð³�Ø�Ô� ½,

= �OpwΦ1,k(bk)u, v�S′,S.

�ÓÒ¸ ÓÒ � �

OpwΦ1
(b�) = OpwΦ1,k(bk) ×ÙÖ Ð³�×Ô�� S

′(C).

�Ø�Ô� ¿ � OpwΦ1
(b�) = OpwΦ1,k

(bk) ×ÙÖ Hkº �³�ÔÖ�× Ð³�Ø�Ô� ¾¸ OpwΦ1
(b�) = OpwΦ1,k

(bk) ×ÙÖ

Ð³�×Ô�� S
′(C) �Ø ÓÑÑ� Hk ⊂ S

′(C) �ÐÓÖ× Ô�Ö Ö�×ØÖ�Ø�ÓÒ �� �× ÓÔ�Ö�Ø�ÙÖ× � � ×ÓÙ×¹

�×Ô��¸ ÓÒ Ó�Ø��ÒØ Ð� Ö�×ÙÐØ�Øº

½�¾



���Ô�ØÖ� �

Ä��Ò �ÒØÖ� Ð�× ����Ö�ÒØ�×

ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ�

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÐÐÓÒ× ���Ö� Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù

ØÓÖ� T
2 �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� T

2º Ä� Ð��Ò �ÒØÖ� �× ��ÙÜ ÕÙ�ÒØ��¹

�Ø�ÓÒ× ÓÒ×Ø�ØÙ� � ÒÓØÖ� ÓÒÒ��××�Ò� ÙÒ ÒÓÙÚ��Ù Ö�×ÙÐØ�Ø ×ÙÖ Ð� ×Ù��Øº

�º½ ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ �Ù ÔÐ�Ò ÓÑÔÐ�Ü�

ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö Ö�ÔÔ�Ð�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ÕÙ� Ô�ÖÑ�Ø �� ���Ö� Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�Ò¹

Ø���Ø�ÓÒ �� Ï�ÝÐ �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C ÕÙ� ÒÓÙ×

�ÚÓÒ× ÚÙ� ��Ò× Ð� ��Ô�ØÖ� ¿ ��Ò× Ð� �× �³ÙÒ� �ÓÒØ�ÓÒ ÔÓ��× Φ ÕÙ�ÐÓÒÕÙ�º ÈÓÙÖ � ���Ö�

ÓÒ �ÒØÖÓ�Ù�Ø �ÙÔ�Ö�Ú�ÒØ Ð�× ÒÓØ�Ø�ÓÒ× �ÓÒØ ÒÓÙ× �ÚÓÒ× ��×Ó�Òº �ÓÑÑ� ��Ò× Ð� ��Ô�ØÖ�

ÔÖ����ÒØ¸ ÓÒ Ú� �ÓÒ�Ð�Ö �ÒØÖ� Ð� ÒÓØ�Ø�ÓÒ � �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �Ø ×ÓÒ �ÒÚ�Ö×� kº

ÆÓØ�Ø�ÓÒ×� ×Ó�Ø Φ1 Ð� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� Ö��ÐÐ� ×ØÖ�Ø�Ñ�ÒØ ×ÓÙ×��ÖÑÓÒ�ÕÙ� ×ÙÖ C ���Ò��

ÔÓÙÖ z ∈ C¸ Ô�Ö Φ1(z) =
1

2
ℑ(z)2º ËÓ�Ø k ≥ 1 Ð³�ÒÚ�Ö×� �Ù Ô�Ö�Ñ�ØÖ� ×�Ñ�¹Ð�××�ÕÙ� �º ÇÒ

ÒÓØ� �

� ΛΦ1 Ð³�Ò×�Ñ�Ð� ���Ò� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� �

ΛΦ1 =

��

z,
2

i

∂Φ1

∂z
(z)

�

, z ∈ C

�

= {(z,−ℑ(z)), z ∈ C};

� L(dz) Ð� Ñ�×ÙÖ� �� Ä���×�Ù� ×ÙÖ C �ÓÒÒ�� Ô�Ö � L(dz) =
i

2
dz ∧ dz �

� L2
k(C,Φ1) := L2(C, e−2kΦ1(z)L(dz)) = L2(C, e−2Φ1(z)/�L(dz)) =: L2

�
(C,Φ1) Ð³�×Ô��

��× �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ C Ô�Ö Ö�ÔÔÓÖØ � Ð� Ñ�×ÙÖ� � ÔÓ��× �ÜÔÓÒ�ÒØ��Ð

e−2kΦ1(z)L(dz) �

� Hk(C,Φ1) := Hol(C) ∩ L2
k(C,Φ1) = Hol(C) ∩ L2

�
(C,Φ1) =: H�(C,Φ1) Ð³�×Ô�� ��×

�ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× ×ÙÖ C �ÔÔ�ÖØ�Ò�ÒØ � Ð³�×Ô�� L2
k(C,Φ1) �

½�¿



�À�ÈÁÌÊ� �º ÄÁ�Æ �ÆÌÊ� Ä�Ë �Á���Ê�ÆÌ�Ë ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �Í ÌÇÊ�

� ΠΦ1,k = ΠΦ1,� : L2
k(C,Φ1) −→ Hk(C,Φ1) Ð� ÔÖÓ��Ø�ÓÒ ÓÖØ�Ó�ÓÒ�Ð� �� Ð³�×Ô�� ��

�ÓÒØ�ÓÒ× L2
k(C,Φ1) ´ÑÙÒ� �Ù ÔÖÓ�Ù�Ø ×�Ð��Ö� L2 � ÔÓ��×µ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ×

�ÓÐÓÑÓÖÔ��× Hk(C,Φ1) �

� S(C) �×Ø Ð³�×Ô�� ��× ×ÝÑ�ÓÐ�× ×ÙÖ C ´ÚÓ�Ö Ð� ���Ò�Ø�ÓÒ ¿º½º½µº

ÇÒ Ö�ÔÔ�ÐÐ� Ñ��ÒØ�Ò�ÒØ Ð� ���Ò�Ø�ÓÒ �� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò

ÓÑÔÐ�Ü� ��Ò× Ð� �× Ô�ÖØ�ÙÐ��Ö Ó� Ð� �ÓÒØ�ÓÒ ÔÓ��× Φ = Φ1 ´ÚÓ�Ö Ð� ���Ò�Ø�ÓÒ ¿º¾º½µº

���Ò�Ø�ÓÒ �º½º½ ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Cµº ËÓ�Ø k ≥ 1º

ËÓ�Ø fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× ��

1/kº ÇÒ ���Ò�Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� Ð� �ÓÒØ�ÓÒ fk Ô�Ö Ð� ×Ù�Ø� �³ÓÔ�Ö�¹

Ø�ÙÖ× Tfk := (Tk)k≥1¸ Ó� ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò� Ô�Ö �

Tk := ΠΦ1,kMfkΠΦ1,k,

Ó� Mfk : L2
k(C,Φ1) −→ L2

k(C,Φ1) �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö Ð� �ÓÒØ�ÓÒ fkº

ÇÒ �ÔÔ�ÐÐ� Ð� �ÓÒØ�ÓÒ fk Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk º

Ä� ÔÖÓÔÓ×�Ø�ÓÒ ���×�ÒØ Ð� Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø Ð� ÕÙ�ÒØ��¹

�Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C ×� Ö��Ö�Ø �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ��Ò× Ð� �×

Ô�ÖØ�ÙÐ��Ö Ó� Φ = Φ1 ´ÚÓ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º�µº

ÈÖÓÔÓ×�Ø�ÓÒ �º½º¾ ´ÉÙ�ÒØ���Ø�ÓÒ ÓÑÔÐ�Ü� �Ø ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò

ÓÑÔÐ�Ü� Cµº

½º ËÓ�Ø fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�×

�� 1/kº ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ× ÔÓÙÖ

ØÓÙØ k ≥ 1¸

Tk = OpwΦ1
(b�) ×ÙÖ Hk(C,Φ1),

Ó� b� ∈ S(ΛΦ1) �×Ø ÙÒ ×ÝÑ�ÓÐ� �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ≃ C �

b�(z) = exp

�

1

k
∂z∂z

�

(fk(z)).

¾º ËÓ�Ø b� ∈ S(ΛΦ1) ÙÒ ×ÝÑ�ÓÐ� ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�×¹

×�Ò�× �� �º �ÐÓÖ× �Ð �Ü�×Ø� fk ∈ S(C) ÙÒ ×ÝÑ�ÓÐ� ×ÙÖ C ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1 �

OpwΦ1
(b�) = Tk + O(k−∞) ×ÙÖ H�(C,Φ1),

Ó� (Tk)k≥1 = Tfk �×Ø Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� fk �Ø Ó� ÔÓÙÖ ØÓÙØ

N ∈ N �Ø ØÓÙØ z ∈ C¸ Ð� �ÓÒØ�ÓÒ fk �×Ø �ÓÒÒ�� Ô�Ö �

fk(z) =

N
�

j=0

�
j

j!
(DzDz)

j (b�(z)) + O(�N+1).
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Ê�Ñ�ÖÕÙ� �º½º¿º ÇÒ Ò� ×³�ÒØ�Ö�××� �� ÕÙ³� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �¹��××Ù× ÔÓÙÖ Ð� �ÓÒØ�ÓÒ Φ1º

��� �×Ø �Ù �Ù ���Ø ÕÙ� ³�×Ø �Ú� � ÔÓ��× Ô�ÖØ�ÙÐ��Ö ÕÙ� ÒÓÙ× �ÚÓÒ× �ØÙ��� Ð�× ÕÙ�ÒØ���¹

Ø�ÓÒ× �Ù ØÓÖ�º

�º¾ ÉÙ�ÒØ���Ø�ÓÒ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �Ø �Ù ÔÐ�Ò

ÓÑÔÐ�Ü�

ÆÓØÖ� Ó���Ø�� ��Ò× � ��Ô�ØÖ� �×Ø �� ÑÓÒØÖ�Ö ÙÒ �Ò�ÐÓ�Ù� �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º¾ ��Ò×

Ð� ��Ö� ��× ÕÙ�ÒØ���Ø�ÓÒ× �Ù ØÓÖ�º ÈÓÙÖ ��ÓÙØ�Ö � ÙÒ Ø�Ð Ö�×ÙÐØ�Ø¸ ÒÓÙ× �ÐÐÓÒ× �Ø��Ð�Ö ÙÒ

Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º �ÓÑÑ�Ò�ÓÒ× �ÐÓÖ× Ô�Ö ÑÓÒØÖ�Ö ÕÙ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� Ô�ÖÑ�Ø �� ���Ò�Ö ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð�× �×Ô��× S(C)

�Ø S′(C) ÕÙ� ÒÓÙ× �ÚÓÒ× Ö�ÒÓÒØÖ�× ��Ò× Ð� ��Ô�ØÖ� � ´ÚÓ�Ö Ð�× ���Ò�Ø�ÓÒ× �º¾º� �Ø �º¾º½�µº

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º½ ´ÇÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ ���××�ÒØ ×ÙÖ S(C) �Ø ×ÙÖ S′(C)µº ËÓ�Ø

fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/kº

ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ×

ÔÓÙÖ ØÓÙØ k ≥ 1 �

½º Tk ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� S(C) ��Ò× S(C) �Ø �×Ø ���Ò� ÔÓÙÖ ØÓÙØ v ∈ S(C) Ô�Ö �

Tkv = ΠΦ1,k(fkv),

Ó� Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k �×Ø �� ÚÙ ÓÑÑ� ÙÒ ÓÔ�Ö�Ø�ÙÖ �� S(C) ��Ò× S(C)º

¾º Tk ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� S
′(C) ��Ò× S

′(C) �Ø �×Ø ���Ò� ÔÓÙÖ u ∈ S
′(C) �Ø

v ∈ S(C) Ô�Ö �

�Tku, v�S′,S = �u, T̃kv�S′,S,

Ó� (T̃k)k≥1 =: Tf̃k �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ�ÓÐ� f̃k ���Ò� ÔÓÙÖ

z ∈ C Ô�Ö �

f̃k(z) = fk(z).

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � Tk : S(C) −→ S(C) �Ø Tk : S′(C) −→ S
′(C)º �ÓÑÑ� Tfk = (Tk)k≥1 �×Ø ÙÒ

ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C¸ �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º¾¸ ÓÒ

×��Ø ÕÙ³�Ð �Ü�×Ø� ÙÒ ×ÝÑ�ÓÐ� b� ∈ S(ΛΦ1) Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1 �

Tk = OpwΦ1
(b�) ×ÙÖ Ð³�×Ô�� Hk(C,Φ1).

�� ÔÐÙ×¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º� ÓÒ ×��Ø ÕÙ� �

T ∗
φ1
OpwΦ1

(b�)Tφ1 = Opw(b� ◦ κφ1) : L
2(R) −→ L2(R).

½��
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�ÓÑÑ� b� ◦ κφ1 ∈ S(R2)¸ �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º½¿¸ ÓÒ ×��Ø ÕÙ� �

Opw(b� ◦ κφ1) : S(R) −→ S(R) �Ø Opw(b� ◦ κφ1) : S ′(R) −→ S ′(R).

�� ÔÐÙ×¸ �³�ÔÖ�× Ð�× ÔÖÓÔÓ×�Ø�ÓÒ× �º¾º½¼¸ �º¾º½¿ �Ø �º¾º½�¸ ÓÒ ×��Ø ÕÙ� Ð� ØÖ�Ò×�ÓÖÑ�� ��

��Ö�Ñ�ÒÒ �Ø ×ÓÒ �ÒÚ�Ö×� ×� ÓÑÔÓÖØ�ÒØ �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� �

�

Tφ1 : S(R) −→ S(C) �Ø T ∗
φ1

: S(C) −→ S(R),
Tφ1 : S ′(R) −→ S

′(C) �Ø T ∗
φ1

: S′(C) −→ S ′(R).

�ÓÒ ÓÒ �Ò ���Ù�Ø ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1¸

Tk : S(C) −→ S(C) �Ø Tk : S′(C) −→ S
′(C).

�Ø�Ô� ¾ � ���Ò�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ Tk ×ÙÖ S(C)º È�Ö ���Ò�Ø�ÓÒ¸ ΠΦ1,k = Tφ1T
∗
φ1
º ÇÖ¸ ÓÒ �

ÚÙ ÕÙ� Tφ1 �ÒÚÓ�� Ð³�×Ô�� �� Ë�Û�ÖØÞ S(R) ×ÙÖ Ð³�×Ô�� S(C) �Ø ÕÙ� ×ÓÒ ���Ó�ÒØ �ÒÚÓ��

Ð³�×Ô�� S(C) ×ÙÖ S(R)¸ Ô�Ö ÓÒ×�ÕÙ�ÒØ Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� S(C)

��Ò× ÐÙ�¹Ñ�Ñ�º �� ÔÐÙ×¸ ÓÑÑ� S(C) ⊂ H�(C,Φ1) ´ÚÓ�Ö Ð� Ö�Ñ�ÖÕÙ� �º¾º½½µ¸ �ÐÓÖ× ÔÓÙÖ

ØÓÙØ v ∈ S(C)¸ ÓÒ � �

ΠΦ1,kv = v.

�Ø ÔÓÙÖ fk ∈ S(C) �Ø v ∈ S(C)¸ ÓÒ � ΠΦ1,k(fkv) ∈ S(C)º �³Ó� Ð� ���Ø ÕÙ� ÔÓÙÖ v ∈ S(C)¸

Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tfk = (Tk)k≥1 �×Ø ���Ò� �� Ð� ���ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ

k ≥ 1 �Ø ÔÓÙÖ ØÓÙØ v ∈ S(C) �

Tkv = ΠΦ1,kMfkΠΦ1,kv = ΠΦ1,k(fkv).

�Ø�Ô� ¿ � ���Ò�Ø�ÓÒ �� Ð³ÓÔ�Ö�Ø�ÙÖ Tk ×ÙÖS′(C)º ÈÓÙÖ v = Tφ1ψ ∈ S
′(C) �Ø u = Tφ1φ ∈ S(C)¸

ÓÒ � �

�Tkv, u�S′,S = �OpwΦ1
(b�)v, u�S′,S �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º¾,

= �v,OpwΦ1
(b̃�)u�S′,S �³�ÔÖ�× Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾�,

=: �v, T̃ku�S′,S.

Ó� ÔÓÙÖ z ∈ ΛΦ1 ≃ C ÓÒ � ÔÓ×� �

b̃�(z) = b�(z).

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ��Ø�ÖÑ�Ò�Ö Ð� ×ÝÑ�ÓÐ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ (T̃k)k≥1º

�³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º½º¾¸ ÓÒ ×��Ø ÕÙ� ÔÓÙÖ z ∈ ΛΦ1 ≃ C¸ ÓÒ � �

b�(z) = exp

�

1

k
∂z∂z

�

(fk(z)).

½��
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È�Ö ÓÒ×�ÕÙ�ÒØ ÔÓÙÖ z ∈ ΛΦ1 ≃ C¸ ÓÒ � �

b̃�(z) = exp

�

1

k
∂z∂z

�

(fk(z)).

�ÙØÖ�Ñ�ÒØ ��Ø¸ Ð� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× (T̃k)k≥1 �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �� ×ÝÑ¹

�ÓÐ� f̃k ���Ò� Ô�Ö Ð� Ö�Ð�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ C �

f̃k(z) = fk(z).

Ê�Ñ�ÖÕÙ� �º¾º¾º ËÓ�Ø fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�

�Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

fk(z + 2π) = fk(z) = fk(z + i).

ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ×

ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò ���Ò� ×ÙÖ Ð³�×Ô�� Hk¸ �Ö �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ

�º¾º½¸ ÓÒ ×��Ø ÕÙ� Ð³ÓÔ�Ö�Ø�ÙÖ Tk �×Ø ���Ò ���Ò� ×ÙÖ Ð³�×Ô�� S
′(C) �Ø �Ö Hk ⊂ S

′(C)º

Ê�ÔÔ�ÐÓÒ× Ñ��ÒØ�Ò�ÒØ Ð�× ÒÓØ�Ø�ÓÒ× �ÓÒØ ÒÓÙ× �ÐÐÓÒ× �ÚÓ�Ö ��×Ó�Ò ÓÒ�ÖÒ�ÒØ Ð�× ÓÔ�Ö�¹

Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º

ÆÓØ�Ø�ÓÒ×� ÔÓÙÖ k ≥ 1¸

� Gk �×Ø Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×ÙÖ C �ÒÚ�Ö��ÒØ�× Ô�Ö Ð³�Ø�ÓÒ �� À��×�Ò��Ö� �Ù Ö�×��Ù

Z
2 �Ø �� �ÖÖ� �ÒØ��Ö��Ð� ×ÙÖ [0, 2π] × [0, 1] �º�º �

Gk =

�

g : C −→ C; g ∈ L2([0, 2π] × [0, 1], e−kq
2
dpdq);

g(p + 2π, q) = ukg(p, q), g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)

�

;

� Hk �×Ø Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× �Ø �ÒÚ�Ö��ÒØ�× Ô�Ö Ð³�Ø�ÓÒ �� À��×�Ò��Ö�

�Ù Ö�×��Ù Z
2¸ �º�º �

Hk =







g : C −→ C �ÓÐÓÑÓÖÔ��;







g(p + 2π, q) = ukg(p, q),

g(p, q + 1) = vke−i(p+iq)k+k/2g(p, q)







;

� Πk �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk ´ÑÙÒ� �Ù ÔÖÓ�Ù�Ø ×�Ð��Ö�

L2 � ÔÓ��× ×ÙÖ [0, 2π] × [0, 1]µ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkº

ÇÒ ×ÓÙ���Ø� Ñ��ÒØ�Ò�ÒØ ��Ø�ÖÑ�Ò�Ö ÓÑÑ�ÒØ ���Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ÔÐ�Ò ÓÑÔÐ�Ü� � ×ÝÑ�ÓÐ� Ô�Ö�Ó��ÕÙ� ×ÙÖ Ð³�×Ô�� Hkº ÈÓÙÖ � ���Ö�¸ ÒÓÙ× �ÐÐÓÒ× ÑÓÒ¹

ØÖ�Ö ÕÙ³ÓÒ Ô�ÙØ ���ÒØ���Ö Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð ΠΦ1,k ×ÙÖ Ð³�×Ô�� Hk(C,Φ1) �Ú� Ð�

ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð Πk ×ÙÖ Ð³�×Ô�� Hkº

½��
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ÈÖÓÔÓ×�Ø�ÓÒ �º¾º¿ ´Ä��Ò �ÒØÖ� Ð�× ÔÖÓ��Ø�ÙÖ× ÓÖØ�Ó�ÓÒ�ÙÜ ΠΦ1,k �Ø Πkµº

ËÓ�Ø ΠΦ1,k Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �� �ÖÖ� �ÒØ��Ö��Ð� L
2
k(C,Φ1)

×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk(C,Φ1)º �ÐÓÖ× �

½º ΠΦ1,k ×³�Ø�Ò� �Ò ÙÒ ÓÔ�Ö�Ø�ÙÖ �� Gk ��Ò× Hk �

¾º ΠΦ1,k = id ×ÙÖ Hkº

�ÙØÖ�Ñ�ÒØ ��Ø¸ Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k ��Ò×� �Ø�Ò�Ù Ó�Ò��� �Ú� Ð³ÓÔ�Ö�Ø�ÙÖ Πkº

��ÑÓÒ×ØÖ�Ø�ÓÒº

�Ø�Ô� ½ � ΠΦ1,k �×Ø ���Ò ���Ò� ×ÙÖ Gkº Ä� ���ÙÐØ� ÔÓÙÖ ��ÑÓÒØÖ�Ö �ØØ� �Ø�Ô� Ö�×��� ��Ò×

Ð� ���Ø ÕÙ� Ð³�Ò×�Ñ�Ð� �� �ÓÒØ�ÓÒ× Gk Ò³�×Ø Ô�× �ÒÐÙ× ��Ò× Ð³�Ò×�Ñ�Ð� S
′(C)¸ �ÓÒ ÓÒ Ò�

Ô�ÙØ Ô�× ×³�ÔÔÙÝ�Ö ×ÙÖ Ð³�Ò�ÐÝ×� �� Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒ ×ÙÖ Ð�× ��×ØÖ��ÙØ�ÓÒ× Ø�ÑÔ�Ö��×º

È�Ö ���Ò�Ø�ÓÒ¸ Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k �×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� �ÒØ��Ö�Ð� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ

u ∈ L2
�
(C,Φ1) ´ÚÓ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾µ �

ΠΦ1,ku(z) =

�

C

e−(1/4�)(z−w)2u(w)e−2Φ1(w)/�L(dw).

Ê��Ö�ÚÓÒ× Ð³�ÒØ��Ö�Ð� �¹��××ÓÙ× ÔÓÙÖ ÑÓÒØÖ�Ö ÕÙ³�ÐÐ� �×Ø ���Ò ÓÒÚ�Ö��ÒØ� ÔÓÙÖ u ∈ Gkº
ËÓ�Ø u ∈ Gk¸ �ÐÓÖ× ÓÒ � �

�

C

�

�

�
e−(1/4�)(z−w)2u(w)e−2Φ1(w)/�

�

�

�
L(dw),

=
�

m∈Z

�

[0,2π]+iR

�

�

�e−(1/4�)(z−(w+2πm))2u(w + 2πm)e−2Φ1(w+2πm)/�
�

�

�L(dw),

=
�

m∈Z

�

[0,2π]+iR

�

�

�
e−(1/4�)(z−w−2πm)2

�

uk
�m

u(w)e−2Φ1(w)/�
�

�

�
L(dw),

=
�

(m,n)∈Z2

�

[0,2π]+i[0,1]

�

�

�
e−(1/4�)(z−(w+in)−2πm)2

�

uk
�m

u(w + in)e−2Φ1(w+in)/�
�

�

�
L(dw),

=
�

(m,n)∈Z2

�

[0,2π]+i[0,1]

�

�

�e−(1/4�)(z−w+in−2πm)2
�

uk
�m �

vke−iwk+kn/2
�n
u(w)

e−2Φ1(w)/�e−n
2/�e−2nℑ(w)/�

�

�

�L(dw),

=
�

(m,n)∈Z2

�

[0,2π]+i[0,1]

�

�

�e−(1/4�)(z−w+in−2πm)2
�

uk
�m �

vk
�n
e−kn

2/2e−inkwu(w)e−2Φ1(w)/�
�

�

�L(dw).

ÅÓÒØÖÓÒ× ÕÙ� �ØØ� ×�Ö�� �×Ø ÓÒÚ�Ö��ÒØ�¸ ÔÓÙÖ � ���Ö� ��Ø�ÖÑ�ÒÓÒ× ÙÒ� �×Ø�Ñ�Ø�ÓÒ �Ù

½��
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ÑÓ�ÙÐ� �� ×ÓÒ Ø�ÖÑ� ��Ò�Ö�Ðº ÇÒ � ÔÓÙÖ ØÓÙØ z ∈ C �

�

[0,2π]+i[0,1]

�

�

�e−(1/4�)(z−w+in−2πm)2
�

uk
�m �

vk
�n

e−kn
2/2e−inkwu(w)e−2Φ1(w)/�

�

�

�L(dw)

≤ �u�2Gk

�

[0,2π]+i[0,1]

�

�

�e−(1/4�)(z−w+in−2πm)2
�

uk
�m �

vk
�n
e−kn

2/2e−inkw
�

�

�

2
e−2Φ1(w)/�L(dw),

≤ �u�2Gk

�

[0,2π]+i[0,1]

�

�

�e−(1/4�)(z−w+in−2πm)2e−inkw
�

�

�

2
e−kn

2
e−2Φ1(w)/�L(dw),

≤ C�u�2Gk
e−kℜ(z2)/2e−2kπ2m2

e−kn
2/2 max

�

e2πmkℜ(z), e2π(m+1)kℜ(z)
�

max
�

enkℑ(z), e(n+1)kℑ(z)
�

,

Ó� C �×Ø ÙÒ� ÓÒ×Ø�ÒØ� �Ò��Ô�Ò��ÒØ� �� kº ÇÒ Ö�ÓÒÒ��Ø Ð� Ø�ÖÑ� ��Ò�Ö�Ð �³ÙÒ� ×�Ö�� ÓÒ¹

Ú�Ö��ÒØ� �Ò m �Ø n¸ �ÓÒ Ð� ×�Ö�� ÓÒÚ�Ö�� �³�ÔÖ�× Ð� Ø��ÓÖ�Ñ� �� �Ù��Ò� �Ø ��Ò×� Ð³�ÒØ��Ö�Ð�

���Ò�××�ÒØ Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k �×Ø ���Ð�Ñ�ÒØ ÓÒÚ�Ö��ÒØ�º �ÙØÖ�Ñ�ÒØ ��Ø Ð³ÓÔ�Ö�Ø�ÙÖ ΠΦ1,k

�×Ø ���Ò ���Ò� ×ÙÖ Ð³�×Ô�� Gk �Ø ÓÒ � Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ u ∈ Gk �

ΠΦ1,ku(z) =

�

C

e−(1/4�)(z−w)2u(w)e−2Φ1(w)/�L(dw),

=
�

(m,n)∈Z2

�

[0,2π]+i[0,1]
e−(1/4�)(z−w+in−2πm)2

�

uk
�m �

vk
�n
e−kn

2/2e−inkwu(w)e−2Φ1(w)/�L(dw).

�Ø�Ô� ¾ � ΠΦ1,k �ÒÚÓ�� Ð³�×Ô�� Gk ×ÙÖ Ð³�×Ô�� Hkº ËÓ�Ø u ∈ Gkº �ÐÓÖ×¸ ÓÒ � ÔÓÙÖ ØÓÙØ

z ∈ C �

∂z (ΠΦ1,ku(z))

= ∂z

��

C

e−(1/4�)(z−w)2u(w)e−2Φ1(w)/�L(dw)

�

,

= ∂z





�

(m,n)∈Z2

�

[0,2π]+i[0,1]
e−(1/4�)(z−w+in−2πm)2

�

uk
�m �

vk
�n
e−kn

2/2e−inkwu(w)e−2Φ1(w)/�L(dw)



 ,

=
�

(m,n)∈Z2

�

[0,2π]+i[0,1]
∂z

�

e−(1/4�)(z−w+in−2πm)2
�

uk
�m �

vk
�n
e−kn

2/2e−inkwu(w)e−2Φ1(w)/�
�

L(dw),

= 0,

�³�ÔÖ�× Ð� Ø��ÓÖ�Ñ� �� ��Ö�Ú�Ø�ÓÒ ×ÓÙ× Ð� ×��Ò� ×ÓÑÑ�º ËÓ�Ø u ∈ Gk �Ø z ∈ C¸ �ÐÓÖ× ÓÒ �

���Ð�Ñ�ÒØ �

ΠΦ1,ku(z + 2π) =

�

C

e−(1/4�)(z+2π−w)2u(w)e−2Φ1(w)/�L(dw),

=

�

C

e−(1/4�)(z+2π−(w+2π))2u(w + 2π)e−2Φ1(w+2π)/�L(dw) Ú�� w �−→ w + 2π,

=

�

C

e−(1/4�)(z−w)2uku(w)e−2Φ1(w)/�L(dw) �Ö u ∈ Gk,

= ukΠΦ1,ku(z).

½��
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ËÓ�Ø u ∈ Gk �Ø z ∈ C¸ �ÐÓÖ× ÓÒ � �

ΠΦ1,ku(z + i)

=

�

C

e−(1/4�)(z+i−w)2u(w)e−2Φ1(w)/�L(dw),

=

�

C

e−(1/4�)(z+i−(w+i))2u(w + i)e−2Φ1(w+i)/�L(dw) Ú�� w �−→ w + i,

= vkek/2
�

C

e−(1/4�)(z−w+2i)2e−iwku(w)e−2Φ1(w+i)/�L(dw) �Ö u ∈ Gk,

= vkek/2
�

C

e−(1/4�)((z−w)2−4+4i(z−w))e−iwku(w)e−(1/�)(ℑ(w+i))2L(dw),

= vkek/2
�

C

e−(1/4�)(z−w)2e1/�e−(i/�)(z−w)e−iwku(w)e−(1/�)ℑ(w)2e−1/�e−(2/�)ℑ(w)L(dw),

= vkek/2
�

C

e−(1/4�)(z−w)2e−(i/�)ze(i/�)we−iwku(w)e−2Φ1(w)/�L(dw),

= vke−ikz+k/2
�

C

e−(1/4�)(z−w)2u(w)e−2Φ1(w)/�L(dw) �Ö � =
1

k
,

= vke−ikz+k/2ΠΦ1,ku(z).

��Ò×�¸ ÓÒ �Ò ���Ù�Ø ÕÙ� �

ΠΦ1,k : Gk −→ Hk.

�Ø�Ô� ¿ �ΠΦ1,k = id ×ÙÖHkº �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¾¾¸ ÓÒ ×��Ø ÕÙ�ΠΦ1,k = Tφ1T
∗
φ1

= id

×ÙÖ Ð³�×Ô�� Hk¸ �³Ó� Ð� Ö�×ÙÐØ�Øº

Å��ÒØ�Ò�ÒØ ÕÙ� ÒÓÙ× �ÚÓÒ× ���ÒØ��� Ð�× ÔÖÓ��Ø�ÙÖ× ÓÖØ�Ó�ÓÒ�ÙÜ ΠΦ1,k �Ø Πk �Ø ÕÙ�

ÒÓÙ× �ÚÓÒ× ÚÙ ÕÙ³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� � ×ÝÑ�ÓÐ� Ô�Ö�Ó��ÕÙ�

�×Ø ���Ò ���Ò� ×ÙÖ Ð³�×Ô�� Hk¸ ÒÓÙ× ×ÓÑÑ�× �Ò Ñ�×ÙÖ� �� ÔÖ��×�Ö Ð³�Ø�ÓÒ �� �Ø ÓÔ�Ö�Ø�ÙÖ

×ÙÖ �Ø �×Ô��º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´�Ø�ÓÒ �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C ×ÙÖ

Ð³�×Ô�� Hkµº ËÓ�Ø fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò

ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

fk(z + 2π) = fk(z) = fk(z + i).

ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ×

ÔÓÙÖ ØÓÙØ k ≥ 1 �Ø ÔÓÙÖ ØÓÙØ v ∈ Hk¸ ÓÒ � �

Tkv = ΠΦ1,k(fkv),

Ó� ΠΦ1,k �×Ø �� ÚÙ ÓÑÑ� ÙÒ ÓÔ�Ö�Ø�ÙÖ ���××�ÒØ ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk �Ø � Ú�Ð�ÙÖ×
��Ò× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hkº

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø v ∈ Hk �Ø ×Ó�Ø u ∈ S(C)¸ �ÐÓÖ× �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½ ÔÓÙÖ ØÓÙØ

¾¼¼



�º¾º ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ� �Ì �Í ÈÄ�Æ
�ÇÅÈÄ���

k ≥ 1¸ ÓÒ � �

�Tkv, u�S′,S = �v, T̃ku�S′,S,

= �g, T̃ku� �Ú� g ∈ S
−l(C) ÔÓÙÖ l ∈ N �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½�,

= �g,ΠΦ1,kMf̃k
ΠΦ1,ku� Ô�Ö ���Ò�Ø�ÓÒ �� T̃k ×ÙÖ S(C),

= �Π∗
Φ1,kg,Mf̃k

ΠΦ1,ku� �Ö ΠΦ1,k ×³�Ø�Ò� � S
′(C),

= �M
f̃k
ΠΦ1,kg,ΠΦ1,ku� �Ö Π∗

Φ1,k = ΠΦ1,k,

= �ΠΦ1,kMfkΠΦ1,kg, u�,

Ó�¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º½¸ ÔÓÙÖ ØÓÙØ z ∈ C ÓÒ � �

f̃z(z) = fk(z).

��Ò×� ÔÓÙÖ v ∈ Hk �Ø ÔÓÙÖ k ≥ 1¸ ÓÒ � �

Tkv = ΠΦ1,kMfkΠΦ1,kv.

�� ÔÐÙ×¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¿¸ ÓÒ ×��Ø ÕÙ� ΠΦ1,kv = v ÔÓÙÖ ØÓÙØ v ∈ Hk¸ �ÓÒ ÔÓÙÖ

ØÓÙØ k ≥ 1¸ ÓÒ � �

Tkv = ΠΦ1,k(fkv).

ÆÓÙ× ×ÓÑÑ�× Ñ��ÒØ�Ò�ÒØ �Ò Ñ�×ÙÖ� �³�Ø��Ð�Ö ÙÒ Ð��Ò �ÒØÖ� ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º¾º� ´ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �Ø ÕÙ�ÒØ���Ø�ÓÒ

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�µº ËÓ�Ø fk ∈ S(C) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ z ∈ C �

fk(z + 2π) = fk(z) = fk(z + i).

ËÓ�Ø TC

fk
= (TC

k )k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� C �� ×ÝÑ�ÓÐ� fk �Ø

×Ó�Ø TT2

fk
= (TT2

k )k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ× ÔÓÙÖ ØÓÙØ

k ≥ 1 �

TC

k = TT2

k + O(k−∞) ×ÙÖ Ð³�×Ô�� Hk.

�ÙØÖ�Ñ�ÒØ ��Ø¸ Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� � ×ÝÑ�ÓÐ� Ô�Ö�Ó��ÕÙ� Ó�Ò¹

��� �Ú� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�º

��ÑÓÒ×ØÖ�Ø�ÓÒº �³�ÔÖ�× Ð� ���Ò�Ø�ÓÒ �º�º¿¸ Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� TT2

fk
= (TT2

k )k≥1

�×Ø �ÓÒÒ� ÔÓÙÖ ØÓÙØ v ∈ Hk �Ø ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

TT2

k v = Πk(fkv) + O(k−∞),

¾¼½



�À�ÈÁÌÊ� �º ÄÁ�Æ �ÆÌÊ� Ä�Ë �Á���Ê�ÆÌ�Ë ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �Í ÌÇÊ�

Ó� Πk �×Ø Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk ×ÙÖ Ð³�×Ô�� �� �ÓÒØ�ÓÒ× �ÓÐÓ¹
ÑÓÖÔ��× Hkº �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º�¸ Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ TC

fk
= (TC

k )k≥1

�×Ø �ÓÒÒ� ÔÓÙÖ ØÓÙØ v ∈ Hk �Ø ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

TC

k v = ΠΦ1,k(fkv),

Ó� �� ΠΦ1,k �×Ø ÚÙ ÓÑÑ� Ð� ÔÖÓ��Ø�ÙÖ ÓÖØ�Ó�ÓÒ�Ð �� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× Gk ×ÙÖ Ð³�×Ô��
�� �ÓÒØ�ÓÒ× �ÓÐÓÑÓÖÔ��× Hk ´ÚÓ�Ö Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º¿µº È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÔÓÙÖ ØÓÙØ v ∈ Hk

�Ø ÔÓÙÖ ØÓÙØ k ≥ 1¸ ÓÒ � �

TC

k v = TT2

k v + O(k−∞).

�º¿ ÉÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ø ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ �ÒÓÒ�Ö Ð� Ö�×ÙÐØ�Ø ÔÖ�Ò�Ô�Ð �� �ØØ� ×�ÓÒ�� Ô�ÖØ�� ÕÙ�

Ô�ÖÑ�Ø �³�Ø��Ð�Ö ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2 �Ø Ð� ÕÙ�Ò¹

Ø���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� T
2º

Ì��ÓÖ�Ñ� �º ËÓ�Ø fk ∈ C∞(R2) ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ�

�Ò ÔÙ�××�Ò�× �� 1/k �Ø Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ (x, y) ∈ R
2¸ ÓÒ � �

fk(x+ 2π, y) = fk(x, y) = fk(x, y + 1).

ËÓ�Ø Tfk = (Tk)k≥1 Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �� ×ÝÑ�ÓÐ� fkº �ÐÓÖ× ÔÓÙÖ ØÓÙØ

k ≥ 1¸ ÓÒ � �

Tk = OpwΦ1
(b�) + O(k−∞) ×ÙÖ Ð³�×Ô�� Hk,

Ó� b� ∈ S(ΛΦ1) �×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ�¸ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ≃ C �

b�(z) = exp

�

1

k
∂z∂z

�

(fk(z)), ´��º½µ

�� ÔÐÙ× Ð� ×ÝÑ�ÓÐ� b� Ú�Ö��� Ð�× ÓÒ��Ø�ÓÒ× �� Ô�Ö�Ó���Ø�× ×Ù�Ú�ÒØ�×¸ ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ≃ C �

b�(z + 2π) = b�(z) = b�(z + i).

��ÑÓÒ×ØÖ�Ø�ÓÒº È�Ö �ÝÔÓØ��×�¸ ÓÒ ×��Ø ÕÙ� fk ∈ S(C)¸ ��Ò×� ×� ÓÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü� �� ×ÝÑ�ÓÐ� fk¸ ÒÓØ� TC

fk
= (TC

k )k≥1¸ �ÐÓÖ× �³�ÔÖ�× Ð�

ÔÖÓÔÓ×�Ø�ÓÒ �º½º¾¸ �Ð �Ü�×Ø� ÙÒ� �ÓÒØ�ÓÒ b� ∈ S(ΛΦ1) Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ k ≥ 1¸ ÓÒ � �

TC
k = OpwΦ1

(b�) ×ÙÖ Ð³�×Ô�� H�(C,Φ1),

¾¼¾



�º¿º ÉÍ�ÆÌÁ�Á��ÌÁÇÆ �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Ì ÉÍ�ÆÌÁ�Á��ÌÁÇÆ ��
Ï��Ä �ÇÅÈÄ��� �Í ÌÇÊ�

Ó� Ð� ×ÝÑ�ÓÐ� b� �×Ø �ÓÒÒ� Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ÔÓÙÖ ØÓÙØ z ∈ ΛΦ1 ≃ C �

b�(z) = exp

�

1

k
∂z∂z

�

(fk(z)).

�ÓÑÑ� Ð³�×Ô�� S(C) �×Ø �ÒÐÙ× ��Ò× Ð³�×Ô�� H�(C,Φ1) ´ÚÓ�Ö Ð� Ö�Ñ�ÖÕÙ� �º¾º½½µ¸ �ÐÓÖ×

Ô�Ö Ö�×ØÖ�Ø�ÓÒ � �Ø �×Ô��¸ ÓÒ � �

TC

k = OpwΦ1
(b�) ×ÙÖ Ð³�×Ô�� S(C).

È�Ö �Ù�Ð�Ø�¸ ÓÒ �Ò ���Ù�Ø ÕÙ� �

TC
k = OpwΦ1

(b�) ×ÙÖ Ð³�×Ô�� S
′(C).

�Ò�Ò ÓÑÑ� Hk ⊂ S
′(C) ´ÚÓ�Ö Ð� Ö�Ñ�ÖÕÙ� �º¾º½�µ¸ ÓÒ �Ò ���Ù�Ø ÕÙ� �

TC

k = OpwΦ1
(b�) ×ÙÖ Ð³�×Ô�� Hk.

ÇÒ Ö�Ñ�ÖÕÙ� �� ÔÐÙ× ÕÙ� Ð� Ô�Ö�Ó���Ø� �� Ð� �ÓÒØ�ÓÒ fk �Ø Ð³�ÕÙ�Ø�ÓÒ ´��º½µ �ÓÒÒ� Ð�×

ÓÒ��Ø�ÓÒ× �� Ô�Ö�Ó���Ø�× ÚÓÙÐÙ�× ×ÙÖ Ð� ×ÝÑ�ÓÐ� b�¸ � ÕÙ� Ô�ÖÑ�Ø �� �Ù×Ø���Ö Ð� ���Ø ÕÙ�

Ð³ÓÔ�Ö�Ø�ÙÖ OpwΦ1
(b�) �×Ø ���Ð�Ñ�ÒØ ���Ò ���Ò� ×ÙÖ Ð³�×Ô�� Hkº

�Ò�Ò¸ �³�ÔÖ�× Ð� ÔÖÓÔÓ×�Ø�ÓÒ �º¾º�¸ ×� ÓÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�¸

ÒÓØ� TT2

fk
= (TT2

k )k≥1¸ ÔÓÙÖ ØÓÙØ k ≥ 1 ÓÒ � �

TC

k = TT2

k + O(k−∞) ×ÙÖ Ð³�×Ô�� Hk.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ ÔÓÙÖ ØÓÙØ k ≥ 1¸ ÓÒ � �

TT2

k = OpwΦ1
(b�) + O(k−∞) ×ÙÖ Ð³�×Ô�� Hk.

¾¼¿



�À�ÈÁÌÊ� �º ÄÁ�Æ �ÆÌÊ� Ä�Ë �Á���Ê�ÆÌ�Ë ÉÍ�ÆÌÁ�Á��ÌÁÇÆË �Í ÌÇÊ�

¾¼�



���Ô�ØÖ� �

�Ü�ÑÔÐ�× �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ

�ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× ��

��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ�

�ÙØÓ¹���Ó�ÒØ× �Ø ÓÒ��ØÙÖ�

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÐÐÓÒ× �ØÙ���Ö ��× �Ü�ÑÔÐ�× �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�×

�³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ� T
2º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÒÓÙ× �ÐÐÓÒ×

��Ø�ÖÑ�Ò�Ö �� Ñ�Ò��Ö� ÒÙÑ�Ö�ÕÙ� Ð� ×Ô�ØÖ� �� Ø�Ð× ÓÔ�Ö�Ø�ÙÖ× ��Ò �� Ñ�ØØÖ� �Ò �Ú���Ò�

Ð� ���Ø ÕÙ� Ð�ÙÖ× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×� ØÖÓÙÚ�ÒØ Ð� ÐÓÒ� �³ÙÒ� ÓÙÖ�� ÓÑÑ� ��Ò× Ð� �× ��×

Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ÔÐ�Ò

ÓÑÔÐ�Ü�º �� ÕÙ� ÒÓÙ× ÓÒ�Ù�Ö� � �ÓÖÑÙÐ�Ö ÙÒ� ÓÒ��ØÙÖ� ÓÒ�ÖÒ�ÒØ ��× ÓÒ��Ø�ÓÒ× ��

ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ Ð�× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ×

�� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�º

�º½ ËÔ�ØÖ� ÒÙÑ�Ö�ÕÙ� �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù

ØÓÖ� ÒÓÒ �ÙØÓ¹���Ó�ÒØ×

��Ò× �ØØ� Ô�ÖØ�� ÒÓÙ× �ÐÐÓÒ× Ö�ÔÖ�Ò�Ö� Ð�× �Ü�ÑÔÐ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ� ÕÙ� ÒÓÙ× �ÚÓÒ× Ö�ÒÓÒØÖ�× ��Ò× Ð� ��Ô�ØÖ� � �Ø ÒÓÙ× �ÐÐÓÒ× Ð�×

Ô�ÖØÙÖ��Öº ÌÓÙØ �³��ÓÖ�¸ ÓÒ×���ÖÓÒ× Ð³�Ü�ÑÔÐ� �Ù À�Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Ö ´ÚÓ�Ö Ð³�Ü�ÑÔÐ�

�º�º�µº

�Ü�ÑÔÐ� �º½º½ ´À�Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Öµº Ä� ��Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Ö �×Ø �ÓÒÒ� ÔÓÙÖ ØÓÙØ

(p, q) ∈ R
2 Ô�Ö �

h0(p, q) = 2 (cos(p) + cos(2πq)) .

ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� ���Ò� Ô�Ö Ð� ×Ù�Ø� (Hk)k≥1 �Ø �� ×ÝÑ¹

¾¼�



�À�ÈÁÌÊ� �º ���ÅÈÄ�Ë �� È�ÊÌÍÊ��ÌÁÇÆË ÆÇÆ �ÍÌÇ¹��ÂÇÁÆÌ�Ë
�³ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ� �ÍÌÇ¹��ÂÇÁÆÌË �Ì

�ÇÆÂ��ÌÍÊ�
�ÓÐ� ÔÖ�Ò�Ô�Ð h0º ��ØØ� ×Ù�Ø� �³ÓÔ�Ö�Ø�ÙÖ× �×Ø ���Ò�� ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

Hk = Ak + Ck =Mk +M∗
k + Lk + L∗

k,

Ó� Ð�× ÓÔ�Ö�Ø�ÙÖ× Mk �Ø Lk ÓÒØ �Ø� ���Ò�× ��Ò× Ð�× �Ü�ÑÔÐ�× �º�º½ �Ø �º�º¾º ÇÒ Ö�ÔÔ�ÐÐ�

���Ð�Ñ�ÒØ ÕÙ� Ð� Ñ�ØÖ�� �� Ð³ÓÔ�Ö�Ø�ÙÖ Hk ��Ò× Ð� ��×� ÓÖØ�ÓÒÓÖÑ�� (ẽl)l∈Z/kZ ´���Ò��

��Ò× Ð� ��Ô�ØÖ� �µ �×Ø Ð� ×Ù�Ú�ÒØ� �

Hk =

































2 1 0 . . . 0 1

1 2 cos

�

2π

k

�

1
º º º 0

0
º º º º º º º º º º º º

ººº
ººº

º º º º º º º º º º º º 0

0
º º º 1 2 cos

�

2π(k − 2)

k

�

1

1 0 . . . 0 1 2 cos

�

2π(k − 1)

k

�

































.

ÇÒ ÓÒ×���Ö� ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� �Ù ��Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Ö¸ ÔÐÙ× ÔÖ��×�Ñ�ÒØ¸

ÓÒ ×³�ÒØ�Ö�××� � Ð³ÓÔ�Ö�Ø�ÙÖ ×Ù�Ú�ÒØ �

Hǫ
k = Hk + iǫIk,

Ó� Ik �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ �ÓÒØ Ð� ×ÝÑ�ÓÐ� �×Ø ÙÒ� �ÓÒØ�ÓÒ

ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� �Ò Ð�× Ú�Ö���Ð�× p �Ø qº ÇÒ Ó�Ø��ÒØ �ÐÓÖ× Ð�× �Ö�Ô��ÕÙ�× �¹��××ÓÙ× �Ú� Ð�×

Ô�Ö�Ñ�ØÖ�× ×Ù�Ú�ÒØ× �

� k = 50 �

� ǫ = 10−5º

ËÙÖ Ð�× ��ÙÖ�× �º½¸ �º¾¸ �º¿¸ Ð�× ÔÓ�ÒØ× ÖÓ×�× Ö�ÔÖ�×�ÒØ�ÒØ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �ÙØÓ¹

���Ó�ÒØ Hk¸ Ð�× ÔÓ�ÒØ× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Hǫ
k �ÐÙÐ� Ô�Ö Ð� �ÓÒØ�ÓÒ

×Ô� �� Ë�Ð�� �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��× Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×Ô�ØÖ� �ÙÕÙ�Ð ÓÒ

×³�ØØ�Ò� ×� ÓÒ � ÙÒ Ö�×ÙÐØ�Ø �Ù ØÝÔ� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �× ÔÓ�ÒØ× ÖÓÙ��×

ÓÒØ �Ø� �ÐÙÐ�× ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ �Ò ��Ø�ÖÑ�Ò�ÒØ ÙÒ� �ÓÒØ�ÓÒ gǫ �³ÙÒ Ö��Ð E �� Ð� �ÓÖÑ�

×Ù�Ú�ÒØ� �

gǫ(E) = g(E) + iǫr(E) + O(ǫ2),

Ó� g �×Ø Ð� �ÓÒØ�ÓÒ ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ ÓÒ��Ø�ÓÒ× �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ Ð³ÓÔ�Ö�Ø�ÙÖ Hk

�Ø r �×Ø Ð� ÑÓÝ�ÒÒ� Ð� ÐÓÒ� �Ù �ÓØ �Ù ��Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Ö �Ù ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð �� Ð�

Ô�ÖØÙÖ��Ø�ÓÒ Ik ´ÔÓÙÖ �ÐÙÐ�Ö �ØØ� ÑÓÝ�ÒÒ�¸ ÓÒ � ÙØ�Ð�×� ÙÒ ×��Ñ� �³�ÙÐ�Ö ×ÝÑÔÐ�Ø�ÕÙ�

ÔÓÙÖ Ö�×ÓÙ�Ö� �� Ñ�Ò��Ö� ÒÙÑ�Ö�ÕÙ� Ð³�ÕÙ�Ø�ÓÒ �Ù ��Ñ�ÐØÓÒ��Ò �� À�ÖÔ�Öµº

¾¼�



�º½º ËÈ��ÌÊ� ÆÍÅ�ÊÁÉÍ� �³ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�
ÆÇÆ �ÍÌÇ¹��ÂÇÁÆÌË

������ �º½ � Hǫ

k
= Hk + iǫAk¸

hǫ(p, q) = h0(p, q) + iǫ2 cos(2πq)º

ÆÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× Ñ��ÒØ�Ò�ÒØ � ÙÒ ×�ÓÒ� �Ü�ÑÔÐ�¸ �ÐÙ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �ÓÒØ Ð� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð �×Ø Ð� �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �³ÙÒ ØÓÖ� ´ÚÓ�Ö Ð³�Ü�ÑÔÐ� �º�º�µ

������ �º¾ � Hǫ

k
= Hk + iǫA2

k
¸

hǫ(p, q) = h0(p, q) + iǫ (2 cos(2πq))
2
º

¾¼�



�À�ÈÁÌÊ� �º ���ÅÈÄ�Ë �� È�ÊÌÍÊ��ÌÁÇÆË ÆÇÆ �ÍÌÇ¹��ÂÇÁÆÌ�Ë
�³ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ� �ÍÌÇ¹��ÂÇÁÆÌË �Ì

�ÇÆÂ��ÌÍÊ�

������ �º¿ � Hǫ

k
= Hk + iǫC3

k
¸

hǫ(p, q) = h0(p, q) + iǫ (2 cos(p))3º

�Ü�ÑÔÐ� �º½º¾ ´�ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�µº Ä� �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ� �� Ð³�Ü�ÑÔÐ�

�º�º� �×Ø �ÓÒÒ�� ÔÓÙÖ (p, q) ∈ R
2 Ô�Ö �

d0(p, q) = (R+ r cos(p)) sin(2πq),

Ó� R �Ø r ×ÓÒØ ��ÙÜ �Ö�Ò��ÙÖ× �Ö�Ø�Ö�×Ø�ÕÙ�× �Ù ØÓÖ�º ÇÒ ÓÒ×���Ö� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� ���Ò� Ô�Ö Ð� ×Ù�Ø� (Dk)k≥1 �Ø �� ×ÝÑ�ÓÐ� ÔÖ�Ò�Ô�Ð d0º ��ØØ� ×Ù�Ø� �³ÓÔ�Ö�¹

Ø�ÙÖ× �×Ø ���Ò�� ÔÓÙÖ ØÓÙØ k ≥ 1 Ô�Ö �

Dk =
1

2
(EkFk + FkEk),

Ó� Ek = RΠk+
r

2
Ck = RΠk+

r

2
(Lk+L

∗
k) �Ø Fk = −Bk =

1

2i
(M∗

k −Mk)º ÇÒ ÓÒ×���Ö� ÙÒ�

Ô�ÖØÙÖ��Ø�ÓÒ ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�¸ ÔÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ×³�ÒØ�Ö�××�

� Ð³ÓÔ�Ö�Ø�ÙÖ ×Ù�Ú�ÒØ �

Dǫ
k = Dk + iǫIk,

Ó� Ik �×Ø ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ �ÓÒØ Ð� ×ÝÑ�ÓÐ� �×Ø ÙÒ� �ÓÒ¹

Ø�ÓÒ ØÖ��ÓÒÓÑ�ØÖ�ÕÙ� �Ò Ð�× Ú�Ö���Ð�× p �Ø qº ÇÒ Ó�Ø��ÒØ Ð�× �Ö�Ô��ÕÙ�× �¹��××ÓÙ× �Ú�

Ð�× Ô�Ö�Ñ�ØÖ�× ×Ù�Ú�ÒØ× �

� k = 50 �

� ǫ = 10−2 �

� R = 4 �

¾¼�



�º½º ËÈ��ÌÊ� ÆÍÅ�ÊÁÉÍ� �³ÇÈ�Ê�Ì�ÍÊË �� ��Ê��ÁÆ¹ÌÇ�ÈÄÁÌ� �Í ÌÇÊ�
ÆÇÆ �ÍÌÇ¹��ÂÇÁÆÌË

� r = 1º

ËÙÖ Ð�× ��ÙÖ�× �º�¸ �º�¸ �º�¸ Ð�× ÔÓ�ÒØ× ÖÓ×�× Ö�ÔÖ�×�ÒØ�ÒØ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �ÙØÓ¹

���Ó�ÒØ Dk¸ Ð�× ÔÓ�ÒØ× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ Dǫ
k �ÐÙÐ� Ô�Ö Ð� �ÓÒØ�ÓÒ

×Ô� �� Ë�Ð�� �Ø Ð�× ÔÓ�ÒØ× ÖÓÙ��× Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×Ô�ØÖ� �ÙÕÙ�Ð ÓÒ

×³�ØØ�Ò� ×� ÓÒ � ÙÒ Ö�×ÙÐØ�Ø �Ù ØÝÔ� �Ó�Ö¹ËÓÑÑ�Ö��Ð�º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �× ÔÓ�ÒØ× ÓÒØ �Ø�

�ÐÙÐ�× �� Ð� Ñ�Ñ� Ñ�Ò��Ö� ÕÙ� ��Ò× Ð³�Ü�ÑÔÐ� ÔÖ����ÒØº ÍÒ� ��× ÔÖ�Ò�Ô�Ð�× ����Ö�Ò�×

��Ò× Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� Ö�×��� ��Ò× Ð� ���Ø ÕÙ� Ð� ×��Ñ� �³�ÙÐ�Ö ×ÝÑÔÐ�Ø�ÕÙ�

Ò��××�Ø� Ð³ÙØ�Ð�×�Ø�ÓÒ �� Ð� Ñ�Ø�Ó�� �� Æ�ÛØÓÒº ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� ×ÙÖ Ð� ��ÙÖ� �º�¸ ÓÒ

Ó�×�ÖÚ� ��ÙÜ ÓÙÖ��× ×ÝÑ�ØÖ�ÕÙ�× ÕÙ� ÓÖÖ�×ÔÓÒ��ÒØ ��ÙÒ� � ÙÒ� ÓÑÔÓ×�ÒØ� ÓÒÒ�Ü�

�� Ð³�Ò×�Ñ�Ð� �� Ò�Ú��Ùº Ì�Ò��× ÕÙ� ×ÙÖ Ð�× ��ÙÖ�× �º� �Ø �º�¸ ÓÒ Ò³Ó�×�ÖÚ� Ô�× ÙÒ Ø�Ð

Ô��ÒÓÑ�Ò� �Ö Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� ��ÕÙ� ÓÑÔÓ×�ÒØ� ÓÒÒ�Ü� ×� ×ÙÔ�ÖÔÓ×�ÒØº

������ �º� � Dǫ

k
= Dk + iǫAk¸

dǫ(p, q) = d0(p, q) + iǫ2 cos(2πq)º

¾¼�



�À�ÈÁÌÊ� �º ���ÅÈÄ�Ë �� È�ÊÌÍÊ��ÌÁÇÆË ÆÇÆ �ÍÌÇ¹��ÂÇÁÆÌ�Ë
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�ÇÆÂ��ÌÍÊ�

������ �º� � Dǫ

k
= Dk + iǫBk¸

dǫ(p, q) = d0(p, q) − iǫ sin(2πq)º

�º¾ �ÓÒ��ØÙÖ�

ËÙÖ Ð�× ��ÙÜ �Ü�ÑÔÐ�× ÕÙ� ÒÓÙ× Ú�ÒÓÒ× �� ÓÒ×���Ö�Ö¸ ÓÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð�× Ú�Ð�ÙÖ×

ÔÖÓÔÖ�× ×� Ö�Ô�ÖØ�××�ÒØ Ð� ÐÓÒ� �� ÓÙÖ��× �Ø ×ÓÒØ �×Ô���× �� Ñ�Ò��Ö� Ö��ÙÐ��Ö�º ��× Ö�×ÙÐØ�Ø×

������ �º� � Dǫ

k
= Dk + iǫCk¸

dǫ(p, q) = d0(p, q) + iǫ2 cos(p)º

¾½¼



�º¾º �ÇÆÂ��ÌÍÊ�

ÒÙÑ�Ö�ÕÙ�× ÒÓÙ× ÔÓÙ××�ÒØ �ÓÒ � �ÓÖÑÙÐ�Ö Ð� ÓÒ��ØÙÖ� ×Ù�Ú�ÒØ� ×ÙÖ Ð�× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ¹

�ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�º

�ÓÒ��ØÙÖ� �º ËÓ��ÒØ f ǫk, q
ǫ
k ∈ C∞(R2) ��ÙÜ �ÓÒØ�ÓÒ× ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔ¹

ØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k¸ ��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �� ǫ �Ø Ø�ÐÐ�× ÕÙ� ÔÓÙÖ ØÓÙØ

(x, y) ∈ R
2¸ ÓÒ � �

�

f ǫk(x+ 2π, y) = f ǫk(x, y) = f ǫk(x, y + 1),

qǫk(x+ 2π, y) = qǫk(x, y) = qǫk(x, y + 1).

ËÓ�Ø Tpǫ
k
= Tfǫ

k
+ iǫTqǫ

k
ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� Ø�Ð ÕÙ� Tfǫ

k
�Ø Tqǫ

k
×ÓÒØ ��×

ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ× �Ù ØÓÖ�º ËÓ�Ø E0 ∈ Rº ÁÐ �Ü�×Ø� ǫ0 > 0 ÙÒ Ô�Ø�Ø

Ô�Ö�Ñ�ØÖ� Ø�Ð ÕÙ�¸ ÔÓÙÖ �

RC,ǫ0 =

�

z ∈ C, |ℜ(z) − E0| <
1

C
; |ℑ(z)| < ǫ0

C

�

Ó� C > 0 �×Ø ÙÒ� ÓÒ×Ø�ÒØ�,

Ð� ×Ô�ØÖ� �� Ð³ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ Tpǫ
k
:= (Tk)k≥1 �×Ø �ÓÒÒ�¸ ÔÓÙÖ 0 ≤ ǫ ≤ ǫ0 �Ø

ÔÓÙÖ ØÓÙØ k ≥ 1¸ Ô�Ö �

σ(Tk) ∩RC,ǫ0 = {gǫk(k−1j) +O(k−∞), j ∈ Z} ∩RC,ǫ0 ,

Ó� gǫk �×Ø ÙÒ� �ÓÒØ�ÓÒ ��Ñ�ØØ�ÒØ ÙÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �×ÝÑÔØÓØ�ÕÙ� �Ò ÔÙ�××�Ò�× �� 1/k �Ø

��Ô�Ò��ÒØ �� Ñ�Ò��Ö� C∞ �Ù Ô�Ö�Ñ�ØÖ� ǫº �� ÔÐÙ×¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ

�×ÝÑÔØÓØ�ÕÙ� �� Ð� �ÓÒØ�ÓÒ gǫk �×Ø Ð� Ö��ÔÖÓÕÙ� �³ÙÒ� �ÒØ��Ö�Ð� �³�Ø�ÓÒº

ÍÒ� ÔÖ�Ñ��Ö� ���� ÔÓÙÖ ��ÑÓÒØÖ�Ö �ØØ� ÓÒ��ØÙÖ� ×�Ö��Ø �³���ÔØ�Ö Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ

��× Ø��ÓÖ�Ñ�× � �Ø � �Ù ��Ö� �Ù ØÓÖ� T
2º ÍÒ ÔÖ�Ñ��Ö Ô�× ��Ò× �ØØ� ��Ö�Ø�ÓÒ �×Ø �ÓÒÒ�

Ô�Ö Ð� Ø��ÓÖ�Ñ� � �Ö � Ø��ÓÖ�Ñ� Ô�ÖÑ�Ø �� ���Ö� ÙÒ Ð��Ò �ÒØÖ� Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� T
2 �Ø Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ� T2¸ ³�×Ø Ð³�ÕÙ�Ú�Ð�ÒØ ��

Ð� ÔÖÓÔÓ×�Ø�ÓÒ ¿º¾º� ´��Ò× Ð� ��Ö� �Ù ÔÐ�Ò R
2µ ÕÙ� ÒÓÙ× � Ô�ÖÑ�× �� ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� �º

��ØØ� ÓÒ��ØÙÖ� ÓÒ×Ø�ØÙ� ÙÒ Ó���Ø�� � ÓÙÖ× Ø�ÖÑ� ��Ò× Ñ�× Ö���Ö��× ÔÓ×Ø¹�ÓØÓÖ�Ð�×º

¾½½
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Ì��Ð� ��× ��ÙÖ�×

Á½ Ç×�ÐÐ�Ø�ÙÖ ��ÖÑÓÒ�ÕÙ�º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½�

Á¾ Ä��Ø γE �Ø �Ò��� �� Å�×ÐÓÚº º º º º º º º º º º º º º º º º º º º º º º º º º º ¾¾

Á¿ ËÔ�ØÖ� �³ÙÒ� Ô�ÖØÙÖ��Ø�ÓÒ ÒÓÒ �ÙØÓ¹���Ó�ÒØ� �³ÙÒ ÓÔ�Ö�Ø�ÙÖ �� ��Ö�Þ�Ò¹

ÌÓ�ÔÐ�ØÞ �ÙØÓ¹���Ó�ÒØ �Ù ØÓÖ�º º º º º º º º º º º º º º º º º º º º º º º º º º º ¿�

½º½ Ê�ÔÖ�×�ÒØ�Ø�ÓÒ ×��Ñ�Ø�ÕÙ� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð³ÓÔ�Ö�Ø�ÙÖ Opw(pǫ)º º º �¼

½º¾ D = 2º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ��

½º¿ D = 2º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ��

½º� D = 5º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ��

½º� D =
N

2
º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ��

�º½ pǫ(θ, I) = αI + iǫ(cos θ + I2)º º º º º º º º º º º º º º º º º º º º º º º º º º º ½½�

�º¾ pǫ(θ, I) = αI + iǫ(cos θ + I2)º º º º º º º º º º º º º º º º º º º º º º º º º º º ½½�

�º¿ pǫ(θ, I) = αI + iǫ(cos θ + I3)º º º º º º º º º º º º º º º º º º º º º º º º º º º ½½�

�º� pǫ(θ, I) = αI + iǫ(cos θ + I3)º º º º º º º º º º º º º º º º º º º º º º º º º º º ½½�

�º� pǫ(x, ξ) = x2 + ξ2 + iǫx2º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º� pǫ(x, ξ) = x2 + ξ2 + iǫx2º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º� pǫ(x, ξ) = x2 + ξ2 + iǫ(x2 + x3)º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º� pǫ(x, ξ) = x2 + ξ2 + iǫx4º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º� pǫ(x, ξ) = x2 + ξ2 + iǫx4º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½¾�

�º½ �ÓÒØ�ÓÒ ��ÙØ�ÙÖ �Ù ØÓÖ�º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ½�¼

�º½ Hǫ
k = Hk + iǫAk¸ hǫ(p, q) = h0(p, q) + iǫ2 cos(2πq)º º º º º º º º º º º º º º º ¾¼�

�º¾ Hǫ
k = Hk + iǫA2

k¸ h
ǫ(p, q) = h0(p, q) + iǫ (2 cos(2πq))2º º º º º º º º º º º º º ¾¼�

�º¿ Hǫ
k = Hk + iǫC3

k ¸ h
ǫ(p, q) = h0(p, q) + iǫ (2 cos(p))3º º º º º º º º º º º º º º º ¾¼�

�º� Dǫ
k = Dk + iǫAk¸ dǫ(p, q) = d0(p, q) + iǫ2 cos(2πq)º º º º º º º º º º º º º º º ¾¼�

�º� Dǫ
k = Dk + iǫBk¸ dǫ(p, q) = d0(p, q) − iǫ sin(2πq)º º º º º º º º º º º º º º º º ¾½¼

�º� Dǫ
k = Dk + iǫCk¸ dǫ(p, q) = d0(p, q) + iǫ2 cos(p)º º º º º º º º º º º º º º º º º ¾½¼

¾½¿
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���Ð�Ó�Ö�Ô���

���Ö��℄ Î�Ð�ÒØ�Ò� ��Ö�Ñ�ÒÒº ÇÒ � À�Ð��ÖØ ×Ô�� Ó� �Ò�ÐÝØ� �ÙÒØ�ÓÒ× �Ò� �Ò �××Ó��Ø��
�ÒØ��Ö�Ð ØÖ�Ò×�ÓÖÑº È�ÖØ ÁÁº � ��Ñ�ÐÝ Ó� Ö�Ð�Ø�� �ÙÒØ�ÓÒ ×Ô��×º �ÔÔÐ��Ø�ÓÒ ØÓ
��×ØÖ��ÙØ�ÓÒ Ø��ÓÖÝº �ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ ¾¼ �½�½¼½¸ ½���º

����+¼�℄ Æ�ÓÐ�× ��ÐÐÝ̧ Â��Ò ��×�Ó�×¸ Å�Ö��¹�Ð�Ü �ÙÚ�Ð¸ Å��Ý �Ð��×¸ È�×�Ð ÅÓÒ��Ù¸
�Ù�� ÈÐ�×ÞÞÝÒ×��¸ �Ò� Å���Ð ÌÓÙÐÑÓÒ��º ��È�Ë �� Ë��Ò�× Ô�Ý×�ÕÙ�×º
��Ð�Ò¸ ¾¼¼�º

���Å�½℄ ÄÓÙ�× �ÓÙØ�Ø �� ÅÓÒÚ�Ðº �ÓÙÒ��ÖÝ ÔÖÓ�Ð�Ñ× �ÓÖ Ô×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º
�Ø� Å�Ø�º¸ ½¾�¸ ½��½º

���Å��½℄ ÄÓÙ�× �ÓÙØ�Ø �� ÅÓÒÚ�Ð �Ò� Î�ØÓÖ �Ù�ÐÐ�Ñ�Òº Ì�� ×Ô�ØÖ�Ð Ø��ÓÖÝ Ó� ÌÓ�ÔÐ�ØÞ
ÓÔ�Ö�ØÓÖ×¸ ÚÓÐÙÑ� �� Ó� �ÒÒ�Ð× Ó� Å�Ø��Ñ�Ø�× ËØÙ���×º ÈÖ�Ò�ØÓÒ ÍÒ�Ú�Ö×�ØÝ
ÈÖ�××¸ ÈÖ�Ò�ØÓÒ¸ ÆÂ � ÍÒ�Ú�Ö×�ØÝ Ó� ÌÓ�ÝÓ ÈÖ�××¸ ÌÓ�ÝÓ¸ ½��½º

���Ò¼�℄ ��ÖÐ Åº ��Ò��Öº ÁÒØÖÓ�ÙØ�ÓÒ ØÓ ÈÌ¹×ÝÑÑ�ØÖ� ÕÙ�ÒØÙÑ Ø��ÓÖÝº �ÓÒØ�ÑÔÓÖ�ÖÝ
È�Ý×�×¸ �� �¾���¾�¾¸ ÂÙÐÝ ¾¼¼�º

���Ö��℄ ��Ð��× �º ��Ö�Þ�Òº ��Ò�Ö�Ð ÓÒ�ÔØ Ó� ÕÙ�ÒØ�Þ�Ø�ÓÒº �ÓÑÑº Å�Ø�º È�Ý×º¸
�¼ �½�¿�½��¸ ½���º

��Å½½℄ Ï�ÐÐ��Ñ �ÓÖ���ÙÜ ÅÓÒØÖ��ÙÜº ÄÓ� �� Ï�ÝÐ ÔÖ�×ÕÙ� ×�Ö� ÔÓÙÖ ÙÒ ×Ý×Ø�Ñ� ���¹
��Ö�ÒØ��Ð �Ò ��Ñ�Ò×�ÓÒ ½º �ÒÒº À�ÒÖ� ÈÓ�Ò�Ö�¸ ½¾´½µ �½�¿�¾¼�¸ ¾¼½½º

��Å½¿℄ Æ��Ñ� �ÓÙ××����Ò� �Ò� Æ�Û�Ð Å���ÖÓÙØº ÈÌ¹×ÝÑÑ�ØÖÝ �Ò� Ë�Ö���Ò��Ö ÓÔ¹
�Ö�ØÓÖ× ¹ Ì�� ×�ÑÔÐ� Û�ÐÐ �×�º �Ö��Ú �¹ÔÖ�ÒØ×¸ ¾¼½¿º

��ÅÊË½�℄ Æ��Ñ� �ÓÙ××����Ò�¸ Æ�Û�Ð Å���ÖÓÙØ¸ Ì���ÖÖÝ Ê�ÑÓÒ�¸ �Ò� ÂÓ��ÒÒ�× Ë��×¹
ØÖ�Ò�º ÈÌ¹×ÝÑÑ�ØÖÝ �Ò� Ë�Ö���Ò��Ö ÓÔ�Ö�ØÓÖ× ¹ Ì�� �ÓÙ�Ð� Û�ÐÐ �×�º �Ö��Ú
�¹ÔÖ�ÒØ×¸ ¾¼½�º

��ÓÒ½½℄ Â��Ò¹Å���Ð �ÓÒÝº �ÓÙÖ× �³�Ò�ÐÝ×� � Ì��ÓÖ�� ��× ��×ØÖ��ÙØ�ÓÒ× �Ø �Ò�ÐÝ×� ��
�ÓÙÖ��Öº Ä�× ���Ø�ÓÒ× �� Ð³�ÓÐ� ÔÓÝØ���ÕÙ�¸ ¾¼½½º

��Í¼¿℄ ��Ú�� �ÓÖØ�Û�� �Ò� �Ð���Ò�ÖÓ ÍÖ���º ÇÒ Ø�� Ô×�Ù�Ó×Ô�ØÖ� Ó� ��Ö�Þ�Ò¹
ÌÓ�ÔÐ�ØÞ ÓÔ�Ö�ØÓÖ×º Å�Ø�Ó�× �ÔÔÐº �Ò�Ðº¸ ½¼´½µ �¿½���¸ ¾¼¼¿º

���Î��℄ �Ú�× �ÓÐ�Ò �� Î�Ö���Ö�º ÍÒ� �ÒØÖÓ�ÙØ�ÓÒ �ÙÜ ÓÔ�Ö�Ø�ÙÖ× �� ÌÓ�ÔÐ�ØÞº ÁÒ Ë�Ñ�¹
Ò��Ö� �� Ì��ÓÖ�� ËÔ�ØÖ�Ð� �Ø ��ÓÑ�ØÖ��¸ ÆÓº ½¿¸ �ÒÒ�� ½����½���¸ ÚÓÐÙÑ� ½¿
Ó� Ë�Ñ�Òº Ì��ÓÖº ËÔ�ØÖº ��ÓÑº ÍÒ�Úº �Ö�ÒÓ�Ð� Á¸ Ë��ÒØ¹Å�ÖØ�Ò¹�³À�Ö�×¸ ½���º

������℄ �ÒÒ�¹Å�Ö�� ���Ö�ÓÒÒ�Ðº �ÓÑÔÓÖØ�Ñ�ÒØ ×�Ñ�¹Ð�××�ÕÙ� �Ù ×Ô�ØÖ� ÓÒ�Ó�ÒØ
�³ÓÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó����Ö�ÒØ��Ð× ÕÙ� ÓÑÑÙØ�ÒØº �×ÝÑÔØÓØ� �Ò�Ðº¸ ½´¿µ �¾¾��
¾�½¸ ½���º

����¼¿℄ Ä�ÙÖ�ÒØ ���ÖÐ�×º ÉÙ�×�ÑÓ��× �Ò� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÓÒ��Ø�ÓÒ× �ÓÖ Ø�� ÌÓ�ÔÐ�ØÞ
ÓÔ�Ö�ØÓÖ×º �ÓÑÑº È�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸ ¾�´�¹½¼µ �½�¾��½���¸ ¾¼¼¿º

����¼�℄ Ä�ÙÖ�ÒØ ���ÖÐ�×º ËÝÑ�ÓÐ� �ÐÙÐÙ× �ÓÖ ÌÓ�ÔÐ�ØÞ ÓÔ�Ö�ØÓÖ× Û�Ø� ��Ð�¹�ÓÖÑº Âº
ËÝÑÔÐ�Ø� ��ÓÑº¸ �´¾µ �½�½�½��¸ ¾¼¼�º

¾½�



�Á�ÄÁÇ�Ê�ÈÀÁ�

��Å½�℄ Ä�ÙÖ�ÒØ ���ÖÐ�× �Ò� ÂÙÐ��Ò Å�Ö��º ÃÒÓØ ×Ø�Ø� �×ÝÑÔØÓØ�× Á � �Â ÓÒ��ØÙÖ�
�Ò� ���Ð��Ò Ö�ÔÖ�×�ÒØ�Ø�ÓÒ×º ÈÙ�Ðº Å�Ø�º ÁÒ×Øº À�ÙØ�× �ØÙ��× Ë�º¸ ½¾½ �¾���
¿¾¾¸ ¾¼½�º

��ÓÖ��℄ À��ÒÞ Çº �ÓÖ��×º �ÐÐ�ÔØ� Ô×�Ù�Ó����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×��Ò ��×ØÖ�Ø Ø��ÓÖÝ¸ ÚÓÐ¹
ÙÑ� ��� Ó� Ä�ØÙÖ� ÆÓØ�× �Ò Å�Ø��Ñ�Ø�×º ËÔÖ�Ò��Ö¸ ��ÖÐ�Ò¸ ½���º

��Ê½¾℄ ÅÓÒ�ÕÙ� �ÓÑ��×ÙÖ� �Ò� �����Ö ÊÓ��ÖØº �Ó��Ö�ÒØ ×Ø�Ø�× �Ò� �ÔÔÐ��Ø�ÓÒ× �Ò
Ñ�Ø��Ñ�Ø��Ð Ô�Ý×�×º Ì��ÓÖ�Ø��Ð �Ò� Å�Ø��Ñ�Ø��Ð È�Ý×�×º ËÔÖ�Ò��Ö¸ �ÓÖ¹
�Ö��Ø¸ ¾¼½¾º

���½¼℄ Ì�ÒÝ� Âº ��Ö�×Ø��Ò×�Ò �Ò� Å���� �ÛÓÖ×��º ÈÖÓ����Ð�×Ø� Ï�ÝÐ Ð�Û× �ÓÖ ÕÙ�Ò¹
Ø�Þ�� ØÓÖ�º �ÓÑÑº Å�Ø�º È�Ý×º¸ ¾��´¾µ �¿¼��¿¿�¸ ¾¼½¼º

���Ø¼�℄ Æ�Ð�Ò��Ò� ��ØØ�º ÈÖ�Ö�ÕÙ�×�Ø�× �ÓÖ ÕÙ�ÒØÙÑ �Ò�ÓÖÑ�Ø�ÓÒ Ø��ÓÖÝº �ÓÙÖ×� �Ø Ø��
ÍÒ�Ú�Ö×�ØÝ Ó� ��Ñ�Ö����¸ ¾¼¼�º

���Ú¼¾℄ ��Û�Ö� �º ��Ú��×º ÆÓÒ¹×�Ð�¹���Ó�ÒØ ����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º �ÙÐÐº ÄÓÒ�ÓÒ Å�Ø�º
ËÓº¸ ¿�´�µ ��½¿��¿¾¸ ¾¼¼¾º

��Ë½¿℄ �ÒÒ� Áº �×�Ò� �Ò� �Ò�Ö�̈� Áº Ë����Ö�Ú��º �Ò�ÐÓ�× Ó� �Ó�Ö¹ËÓÑÑ�Ö��Ð�¹Å�×ÐÓÚ
ÕÙ�ÒØ�Þ�Ø�ÓÒ ÓÒ��Ø�ÓÒ× ÓÒ Ê��Ñ�ÒÒ ×ÙÖ���× �Ò� ×Ô�ØÖ�Ð ×�Ö��× Ó� ÒÓÒ×�Ð�¹
���Ó�ÒØ ÓÔ�Ö�ØÓÖ×º ÊÙ××º Âº Å�Ø�º È�Ý×º¸ ¾¼´¾µ �½�¾�½�½¸ ¾¼½¿º

��Ã½�℄ �ÐÓØ�Ð�� ��ÖÑ�Ò��Ò Ã�ÑÑ�Ö�Öº ÇÔ�Ö�Ø�ÙÖ× Ô×�Ù�Ó¹����Ö�ÒØ��Ð× ×�Ñ�¹Ð�××�ÕÙ�×º
�ØØÔ �»»ÛÛÛºÑ�Ø�ºÔÓÐÝØ��Ò�ÕÙ�º�Ö»ÜÙÔ×»ÜÙÔ×½�¹¼¾ºÔ��¸ ¾¼½�º

��Ö��¼℄ ÃÙÖØ Çº �Ö���Ö��×º È×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º �Ò �ÒØÖÓ�ÙØ�ÓÒº ÆÓØ�× ÔÖ�¹
Ô�Ö�� Û�Ø� Ø�� �××�×Ø�Ò� Ó� Êº Î��ÐÐ�ÒÓÙÖØº Ê�Ú�×�� ���Ø�ÓÒº �ÓÙÖ�ÒØ ÁÒ×Ø�ØÙØ�
Ó� Å�Ø��Ñ�Ø��Ð Ë��Ò�×¸ Æ�Û �ÓÖ� ÍÒ�Ú�Ö×�ØÝ̧ Æ�Û �ÓÖ�¸ ½��¼º

��ÖÙ�¼℄ Î��ØÓÖ Îº �ÖÙ��Òº È×�Ù�Ó����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ× �Ò Rn Û�Ø� �ÓÙÒ��� ×ÝÑ�ÓÐ×º
�ÙÒ��ÓÒ�Ðº �Ò�Ðº � ÈÖ�ÐÓö�Ò¸ �¸ ½��¼º

�À��¼�℄ Å�Ð�Ö�� À���Öº ÁÒ×Ø���Ð�Ø� ×Ô�ØÖ�Ð� ×�Ñ�Ð�××�ÕÙ� �³ÓÔ�Ö�Ø�ÙÖ× ÒÓÒ¹
�ÙØÓ���Ó�ÒØ×º ÁÁº �ÒÒº À�ÒÖ� ÈÓ�Ò�Ö�¸ �´�µ �½¼¿��½¼��¸ ¾¼¼�º

�À�Ø¼�℄ Å����Ð À�ØÖ��º �ÓÙÒ��ÖÝ ×Ô�ØÖ�Ð ����Ú�ÓÖ �ÓÖ ×�Ñ�Ð�××��Ð ÓÔ�Ö�ØÓÖ× �Ò ��¹
Ñ�Ò×�ÓÒ ÓÒ�º ÁÒØº Å�Ø�º Ê�×º ÆÓØº¸ ´��µ �¿�½��¿�¿�¸ ¾¼¼�º

�À�Ö��℄ Ä�Ö× À�ÖÑ�Ò��Öº È×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º �ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ ½�¸
½���º

�À�Ö��℄ Ä�Ö× À�ÖÑ�Ò��Öº È×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ× �Ò� ÒÓÒ¹�ÐÐ�ÔØ� �ÓÙÒ��ÖÝ ÔÖÓ�¹
Ð�Ñ×º �ÒÒº Ó� Å�Ø�º ´¾µ¸ �¿¸ ½���º

�À�Ö��℄ Ä�Ö× À�ÖÑ�Ò��Öº È×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ× �Ò� �ÝÔÓ�ÐÐ�ÔØ� �ÕÙ�Ø�ÓÒ×º ÁÒ
Ë�Ò�ÙÐ�Ö �ÒØ��Ö�Ð× ´ÈÖÓº ËÝÑÔÓ×º ÈÙÖ� Å�Ø�º¸ ÎÓÐº �¸ �����Ó¸ ÁÐÐº¸ ½���µ¸
Ô���× ½¿��½�¿º �Ñ�Öº Å�Ø�º ËÓº¸ ÈÖÓÚ���Ò�¸ ÊºÁº¸ ½���º

�À�Ö��℄ Ä�Ö× À�ÖÑ�Ò��Öº Ì�� Ï�ÝÐ �ÐÙÐÙ× Ó� Ô×�Ù�Ó����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º �ÓÑÑº
ÈÙÖ� �ÔÔÐº Å�Ø�º¸ ¿¾´¿µ �¿�¼����¸ ½���º

�ÀÊ��℄ ��ÖÒ�Ö� À�Ð��Ö �Ò� �����Ö ÊÓ��ÖØº ÈÙ�Ø× �� ÔÓØ�ÒØ��Ð ��Ò�Ö�Ð�×�× �Ø �×ÝÑÔ¹
ØÓØ�ÕÙ� ×�Ñ�¹Ð�××�ÕÙ�º �ÒÒº ÁÒ×Øº Àº ÈÓ�Ò�Ö� È�Ý×º Ì��ÓÖº¸ �½´¿µ �¾�½�¿¿½¸
½���º

�ÀË�¼℄ ��ÖÒ�Ö� À�Ð��Ö �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º �Ò�ÐÝ×� ×�Ñ�¹Ð�××�ÕÙ� ÔÓÙÖ Ð³�ÕÙ�Ø�ÓÒ
�� À�ÖÔ�Öº ÁÁº �ÓÑÔÓÖØ�Ñ�ÒØ ×�Ñ�¹Ð�××�ÕÙ� ÔÖ�× �³ÙÒ Ö�Ø�ÓÒÒ�Ðº Å�Ñº ËÓº
Å�Ø�º �Ö�Ò� ´ÆºËºµ¸ ´�¼µ¸ ½��¼º

�ÀË¼�℄ Å����Ð À�ØÖ�� �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º ÆÓÒ¹×�Ð����Ó�ÒØ Ô�ÖØÙÖ��Ø�ÓÒ× Ó� ×�Ð�¹
���Ó�ÒØ ÓÔ�Ö�ØÓÖ× �Ò ¾ ��Ñ�Ò×�ÓÒ×º Áº �ÒÒº À�ÒÖ� ÈÓ�Ò�Ö�¸ �´½µ �½��¿¸ ¾¼¼�º

¾½�



�Á�ÄÁÇ�Ê�ÈÀÁ�

�ÀË¼�℄ Å�Ð�Ö�� À���Ö �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º ����ÒÚ�ÐÙ� �×ÝÑÔØÓØ�× �ÓÖ Ö�Ò�ÓÑÐÝ
Ô�ÖØÙÖ��� ÒÓÒ¹×�Ð����Ó�ÒØ ÓÔ�Ö�ØÓÖ×º Å�Ø�º �ÒÒº¸ ¿�¾´½µ �½���¾�¿¸ ¾¼¼�º

�ÀË½�℄ Å����Ð À�ØÖ�� �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º ÌÛÓ Ñ�Ò�ÓÙÖ×�× ÓÒ �Ò�ÐÝØ� Ñ�ÖÓÐÓ�Ð
�Ò�ÐÝ×�×º �ØØÔ �»»�ÖÜ�ÚºÓÖ�»Ô��»½�¼�º¼¼���Ú½ºÔ��¸ ¾¼½�º

�ÀËÆ¼�℄ Å����Ð À�ØÖ��¸ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�¸ �Ò� Ë�Ò Î£Ù Æ�Óºº ��ÓÔ��ÒØ�Ò� ØÓÖ� �Ò�
×Ô�ØÖ�Ð �×ÝÑÔØÓØ�× �ÓÖ ÒÓÒ×�Ð����Ó�ÒØ ÓÔ�Ö�ØÓÖ×º �Ñ�Öº Âº Å�Ø�º¸ ½¾�´½µ �½¼��
½�¾¸ ¾¼¼�º

�ÃÆ��℄ ÂÓ×�Ô� Âº ÃÓ�Ò �Ò� ÄÓÙ�× Æ�Ö�Ò��Ö�º �Ò �Ð���Ö� Ó� Ô×�Ù�Ó¹����Ö�ÒØ��Ð ÓÔ�Ö�¹
ØÓÖ×º �ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ ½�¸ ½���º

�Ä�½��℄ �Ó��ÒÒ Ä� �ÐÓ�º ÁÒÚ�Ö×� ×Ô�ØÖ�Ð Ø��ÓÖÝ �ÓÖ ½� ÌÓ�ÔÐ�ØÞ ÓÔ�Ö�ØÓÖ×º Ì��×�×¸
ÍÒ�Ú�Ö×�Ø� Ê�ÒÒ�× ½¸ ¾¼½�º

�Ä�½��℄ �Ó��ÒÒ Ä� �ÐÓ�º Ë�Ò�ÙÐ�Ö �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÓÒ��Ø�ÓÒ× �ÓÖ ½� ÌÓ�ÔÐ�ØÞ ÓÔ¹
�Ö�ØÓÖ× � �ÐÐ�ÔØ� �×�º �ÓÑÑº È�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸ ¿�´¾µ �¾½¿�¾�¿¸
¾¼½�º

�Ä�½�℄ �Ó��ÒÒ Ä� �ÐÓ�º Ë�Ò�ÙÐ�Ö �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÓÒ��Ø�ÓÒ× �ÓÖ ½� ÌÓ�ÔÐ�ØÞ ÓÔ�Ö¹
�ØÓÖ× � �ÝÔ�Ö�ÓÐ� �×�º �Ò�Ðº È��¸ �´�µ �½����½�¿�¸ ¾¼½�º

�ÄÄ��℄ Ä�Ú Ä�Ò��Ù �Ò� �Ú�Ù�Ò� Ä����ØÞº È�Ý×�ÕÙ� Ø��ÓÖ�ÕÙ�º ÌÓÑ� ÁÁÁ � Å��Ò�ÕÙ�
ÕÙ�ÒØ�ÕÙ�º Ì��ÓÖ�� ÒÓÒ Ö�Ð�Ø�Ú�×Ø�º ÌÖ��Ù�Ø �Ù ÊÙ××� Ô�Ö ��ÓÙ�Ö� �ÐÓÙ����Òº
���Ø�ÓÒ× Å�Ö¸ ÅÓ×ÓÛ¸ ½���º

�ÅË¼¾℄ �Ò��Ö× Å�Ð�Ò �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º ��Ø�ÖÑ�Ò�ÒØ× Ó� Ô×�Ù�Ó����Ö�ÒØ��Ð ÓÔ�Ö¹
�ØÓÖ× �Ò� ÓÑÔÐ�Ü ���ÓÖÑ�Ø�ÓÒ× Ó� Ô��×� ×Ô��º Å�Ø�Ó�× �ÔÔÐº �Ò�Ðº¸ �´¾µ �½���
¾¿�¸ ¾¼¼¾º

�ÅË¼¿℄ �Ò��Ö× Å�Ð�Ò �Ò� ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÕÙ�ÒØ�Þ�Ø�ÓÒ ÓÒ��¹
Ø�ÓÒ �ÓÖ ÒÓÒ¹×�Ð����Ó�ÒØ ÓÔ�Ö�ØÓÖ× �Ò ��Ñ�Ò×�ÓÒ ¾º �×Ø�Ö�×ÕÙ�¸ ´¾��µ �½�½�¾��¸
¾¼¼¿º �ÙØÓÙÖ �� Ð³�Ò�ÐÝ×� Ñ�ÖÓÐÓ�Ð�º

�ÆÓÒ��℄ ËØ�Ô��Ò� ÆÓÒÒ�ÒÑ���Öº �Ø�Ø× ÔÖÓÔÖ�× �� ×Ý×Ø�Ñ�× Ð�××�ÕÙ�Ñ�ÒØ ��ÓØ�ÕÙ�×
��Ò× Ð³�×Ô�� ��× Ô��×�×º È�� Ø��×�×¸ ÍÒ�Ú�Ö×�Ø� È�Ö�× ËÙ� ¹ È�Ö�× �Á¸ ½���º

�ÊÓÙ½�℄ ÇÔ��Ð�� ÊÓÙ�Ýº �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÕÙ�ÒØ�Þ�Ø�ÓÒ ÓÒ��Ø�ÓÒ× �ÓÖ ÒÓÒ¹×�Ð����Ó�ÒØ
Ô�ÖØÙÖ��Ø�ÓÒ× Ó� ×�Ð����Ó�ÒØ ÓÔ�Ö�ØÓÖ× �Ò ��Ñ�Ò×�ÓÒ ÓÒ�º �Ö��Ú �¹ÔÖ�ÒØ×¸ ¾¼½�º

�ÊË�¾℄ Å����Ð Ê��� �Ò� ��ÖÖÝ Ë�ÑÓÒº Å�Ø�Ó�× Ó� ÑÓ��ÖÒ Ñ�Ø��Ñ�Ø��Ð Ô�Ý×�×º Áº
�ÙÒØ�ÓÒ�Ð �Ò�ÐÝ×�×º ����Ñ� ÈÖ�××¸ Æ�Û �ÓÖ�¹ÄÓÒ�ÓÒ¸ ½��¾º

�ÊË��℄ Å����Ð Ê��� �Ò� ��ÖÖÝ Ë�ÑÓÒº Å�Ø�Ó�× Ó� ÑÓ��ÖÒ Ñ�Ø��Ñ�Ø��Ð Ô�Ý×�×º ÁÁº
�ÓÙÖ��Ö �Ò�ÐÝ×�×¸ ×�Ð�¹���Ó�ÒØÒ�××º ����Ñ� ÈÖ�×× �À�ÖÓÙÖØ �Ö�� ÂÓÚ�ÒÓÚ��¸
ÈÙ�Ð�×��Ö×℄¸ Æ�Û �ÓÖ�¹ÄÓÒ�ÓÒ¸ ½���º

�Ë�Ù¼½℄ Å�����Ð �º Ë�Ù��Òº È×�Ù�Ó����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ× �Ò� ×Ô�ØÖ�Ð Ø��ÓÖÝº ËÔÖ�Ò��Ö¹
Î�ÖÐ��¸ ��ÖÐ�Ò¸ ×�ÓÒ� ���Ø�ÓÒ¸ ¾¼¼½º ÌÖ�Ò×Ð�Ø�� �ÖÓÑ Ø�� ½��� ÊÙ××��Ò ÓÖ���Ò�Ð
�Ý ËØ�� Áº �Ò��Ö××ÓÒº

�Ë��¼¾℄ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò�º Ä�ØÙÖ�× ÓÒ Ö�×ÓÒ�Ò�×º �ØØÔ �»»×�Ó×¹
ØÖ�Ò�ºÔ�Ö×ÓºÑ�Ø�ºÒÖ×º�Ö»�ÓÙÖ×���ºÔ��¸ ¾¼¼¼¹¾¼¼¾º

�ËÎ½�℄ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ò� Å�ÖØ�Ò ÎÓ��Ðº Ä�Ö�� ��¹����ÓÒ�Ð Ñ�ØÖ��× �Ò� Ö�Ò�ÓÑ
Ô�ÖØÙÖ��Ø�ÓÒ×º �Ö��Ú �¹ÔÖ�ÒØ×¸ ¾¼½�º

�Ë�¼�℄ ÂÓ��ÒÒ�× Ë��×ØÖ�Ò� �Ò� Å���� �ÛÓÖ×��º �Ð�Ñ�ÒØ�ÖÝ Ð�Ò��Ö �Ð���Ö� �ÓÖ ��¹
Ú�Ò�� ×Ô�ØÖ�Ð ÔÖÓ�Ð�Ñ×º �ÒÒº ÁÒ×Øº �ÓÙÖ��Ö ´�Ö�ÒÓ�Ð�µ¸ ��´�µ �¾¼���¾½�½¸
¾¼¼�º ��×Ø�Ú�Ð �Ú�× �ÓÐ�Ò �� Î�Ö���Ö�º

¾½�



�Á�ÄÁÇ�Ê�ÈÀÁ�

�Ì�Ý��℄ Å����Ð Ì�ÝÐÓÖº È×�Ù�Ó ����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º Ä�ØÙÖ� ÆÓØ�× �Ò Å�Ø��Ñ�Ø�×¸
ÎÓÐº �½�º ËÔÖ�Ò��Ö¹Î�ÖÐ��¸ ��ÖÐ�Ò¹Æ�Û �ÓÖ�¸ ½���º

�Ì�¼�℄ ÄÐÓÝ� Æº ÌÖ���Ø��Ò �Ò� Å�Ö� �Ñ�Ö��º ËÔ�ØÖ� �Ò� Ô×�Ù�Ó×Ô�ØÖ�º ÈÖ�Ò�ØÓÒ
ÍÒ�Ú�Ö×�ØÝ ÈÖ�××¸ ÈÖ�Ò�ØÓÒ¸ ÆÂ¸ ¾¼¼�º Ì�� ����Ú�ÓÖ Ó� ÒÓÒÒÓÖÑ�Ð Ñ�ØÖ��×
�Ò� ÓÔ�Ö�ØÓÖ×º

�Í���℄ �Ò�Ö� ÍÒØ�Ö��Ö��Ö �Ò� ÂÙÐ��Ò� �Ó�Ó�Þ�º Ä�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ð��ÖÓÒ¹�Ý�ÑÙÒ�
ÔÖ��×�×º �º Êº ���º Ë�º È�Ö�×¸ ¾��¸ ½���º

�ÎÆ¼¼℄ Ë�Ò Î£Ù Æ�Óºº �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÓÒ��Ø�ÓÒ× �ÓÖ �ÒØ��Ö��Ð� ×Ý×Ø�Ñ× Û�Ø� Ö�Ø��Ð
Ñ�Ò��ÓÐ�× Ó� �ÓÙ×¹�ÓÙ× ØÝÔ�º �ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ �¿´¾µ �½�¿�¾½�¸ ¾¼¼¼º

�ÎÆ¼�℄ Ë�Ò Î£Ù Æ�Óºº ËÝ×Ø�Ñ�× �ÒØ��Ö��Ð�× ×�Ñ�¹Ð�××�ÕÙ�× � �Ù ÐÓ�Ð �Ù �ÐÓ��Ð¸ ÚÓÐ¹
ÙÑ� ¾¾ Ó� È�ÒÓÖ�Ñ�× �Ø ËÝÒØ��×�×º ËÓ��Ø� Å�Ø��Ñ�Ø�ÕÙ� �� �Ö�Ò�¸ È�Ö�×¸
¾¼¼�º

�ÎÓ�½�℄ Å�ÖØ�Ò ÎÓ��Ðº Ì�� ÔÖ��×� ×��Ô� Ó� Ø�� ����ÒÚ�ÐÙ� �ÒØ�Ò×�ØÝ �ÓÖ � Ð�×× Ó� ÒÓÒ¹
×�Ð����Ó�ÒØ ÓÔ�Ö�ØÓÖ× ÙÒ��Ö Ö�Ò�ÓÑ Ô�ÖØÙÖ��Ø�ÓÒ×º �Ö��Ú �¹ÔÖ�ÒØ×¸ ¾¼½�º

��ÛÓ½¾℄ Å���� �ÛÓÖ×��º Ë�Ñ�Ð�××��Ð �Ò�ÐÝ×�×¸ ÚÓÐÙÑ� ½¿� Ó� �Ö��Ù�Ø� ËØÙ���× �Ò
Å�Ø��Ñ�Ø�×º �Ñ�Ö��Ò Å�Ø��Ñ�Ø��Ð ËÓ��ØÝ̧ ÈÖÓÚ���Ò�¸ ÊÁ¸ ¾¼½¾º

¾½�





Ê�×ÙÑ�

ÇÒ ×³�ÒØ�Ö�××� � Ð� Ø��ÓÖ�� ×Ô�ØÖ�Ð� �³ÓÔ�Ö�Ø�ÙÖ× ×�Ñ�¹Ð�××�ÕÙ�× ÒÓÒ �ÙØÓ¹

���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ �ÙÜ ��Ú�ÐÓÔÔ�Ñ�ÒØ× �×ÝÑÔØÓ¹

Ø�ÕÙ�× ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×º ��× ��ÖÒ��Ö× �ÓÒØ �ÒØ�ÖÚ�Ò�Ö ��× Ó���Ø× ��ÓÑ�ØÖ�ÕÙ�×

�××Ù× �� Ð� Ñ��Ò�ÕÙ� Ð�××�ÕÙ� ��Ò× Ð³�×Ô�� ��× Ô��×�× ÓÑÔÐ�Ü��� �Ø ÓÖ¹

Ö�×ÔÓÒ��ÒØ � ÙÒ� ��Ò�Ö�Ð�×�Ø�ÓÒ ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹

ËÓÑÑ�Ö��Ð� �Ù ��Ö� ÒÓÒ �ÙØÓ¹���Ó�ÒØº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ��Ò× ÙÒ ÔÖ�Ñ��Ö

Ø�ÑÔ×¸ ÓÒ �ØÙ��� Ð� ×Ô�ØÖ� �� Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ×

Ô×�Ù�Ó¹����Ö�ÒØ��Ð× �ÙØÓ¹���Ó�ÒØ× �Ò ��Ñ�Ò×�ÓÒ ÙÒ � Ð³���� �� Ø��Ò�ÕÙ�× �³�Ò�Ð¹

Ý×� Ñ�ÖÓÐÓ�Ð� �Ò�ÐÝØ�ÕÙ� �Ø �Ò ÓÖÓÐÐ��Ö�¸ ÓÒ �Ø��Ð�Ø ÕÙ� ÔÓÙÖ ��× Ô�ÖØÙÖ��¹

Ø�ÓÒ× PT ¹×ÝÑ�ØÖ�ÕÙ�× �³ÓÔ�Ö�Ø�ÙÖ× �ÙØÓ¹���Ó�ÒØ×¸ Ð� ×Ô�ØÖ� �×Ø Ö��Ðº �Ò×Ù�Ø�¸ ÓÒ

ÔÖ�×�ÒØ� ��× ÓÒ��Ø�ÓÒ× �� ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ¹

��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�× �³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ÔÐ�Ò ÓÑÔÐ�Ü�

�ÙØÓ¹���Ó�ÒØ×º ��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ ÓÒ ×³�ÒØ�Ö�××� �ÙÜ ����Ö�ÒØ�× ÕÙ�ÒØ��¹

�Ø�ÓÒ× �Ù ØÓÖ� T
2 �Ø ÔÐÙ× ÔÖ��×�Ñ�ÒØ � Ð� ÕÙ�ÒØ���Ø�ÓÒ �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ

�Ù ØÓÖ�¸ � Ð� ÕÙ�ÒØ���Ø�ÓÒ �� Ï�ÝÐ Ð�××�ÕÙ� �Ù ØÓÖ� �Ø � Ð� ÕÙ�ÒØ���Ø�ÓÒ ��

Ï�ÝÐ ÓÑÔÐ�Ü� �Ù ØÓÖ�º ÇÒ �Ø��Ð�Ø ��× Ð��Ò× �ÒØÖ� �× ����Ö�ÒØ�× ÕÙ�ÒØ���¹

Ø�ÓÒ× ÒÓØ�ÑÑ�ÒØ �Ö�� � Ð� ØÖ�Ò×�ÓÖÑ�� �� ��Ö�Ñ�ÒÒ¸ ÔÙ�× � Ð³���� �� ×�ÑÙ¹

Ð�Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×¸ ÓÒ Ñ�Ø �Ò �Ú���Ò� ÙÒ� ÓÒ��ØÙÖ� ×ÙÖ ��× ÓÒ��Ø�ÓÒ× ��

ÕÙ�ÒØ���Ø�ÓÒ �� �Ó�Ö¹ËÓÑÑ�Ö��Ð� ÔÓÙÖ ��× Ô�ÖØÙÖ��Ø�ÓÒ× ÒÓÒ �ÙØÓ¹���Ó�ÒØ�×

�³ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Þ�Ò¹ÌÓ�ÔÐ�ØÞ �Ù ØÓÖ� �ÙØÓ¹���Ó�ÒØ×º
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