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Patchy colloids

Patchy colloids are custom-fabricated
matter that exhibits both self-assembly
and the usual phase transitions (images
by Y. S. Cho et al., J. Am. Chem. Soc.
127, 15968 (2005)).

Usually modelled as hard spheres
(HSs) with attractive sites (all iden-
tical or not) on their surfaces.

The bulk phase behaviour of this model has been extensively studied
by both simulation and theory – mostly Werteim’s thermodynamic
perturbation theory (TPT).

But TPT cannot account for the orienting effects of surfaces [e.g.,
Gnan et al., J. Chem. Phys. 137, 084704 (2012)] – it averages over
the directionality of interpatch interactions. How do we fix this?
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The model we simulate

The interparticle pair potential is the sum of HS repulsion between
cores and attraction between surface patches:

u(ri , r̂j ) = uHS (rij ) +
2∑

α,β=1

Vij,αβ

Bol-Kern-Frenkel potential:

V12,αβ(r12, r̂α1, r̂β2) = V SW
αβ (r12)G (r̂12, r̂α1, r̂β2)

G (r̂12, r̂α1, r̂β2) =

 1

{
if

r̂12 · r̂α1 > cos θmax
αβ

and −r̂12 · r̂β2 > cos θmax
αβ

0 otherwise.

V SW
αβ (x) =

 ∞ if x < σ
−εαβ if σ < x < σ + δαβ
0 otherwise,
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How we fix the theory

Particles with one patch at either pole want to lie parallel to an
impenetrable wall.

Do the theory as if the model contained an effective orientation-
dependent potential that favours pole-to.pole alignment.

Veff (rij , ωi , ωj ) = v(202) + v(022) + v(222)
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The fix in more detail

These are spherical harmonic expansion coefficients:

v(l1l2l) =
∑

m1,m2,m

v(l1l2l ; rij )C (l1l2l : m1m2m)Yl1m1 (ωi )Yl2m2 (ωj )Y
∗
lm(ωij )

Use truncated and shifted generalised Lennard-Jones r -dependence:

v(l1l2l ; rij ) =


∞ if rij < σ

εl1l2l

[(
σ
rij

)24

−
(
σ
rij

)n
]
− εl1l2l

[(
σ

rmax

)24

−
(

σ
rmax

)n
]

if σ ≤ rij < rmax

0 if rij ≥ rmax

Potential parameters used:

cos θmax δ/σ ε202/ε = ε022/ε ε222/ε n
0.895 0.119 0.6 0.6 4

Only free parameter is cutoff (“range”) rmax .
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Theory for particles with 2 identical patches at hard wall I

Helmholtz free energy (FE) functional is sum of three contributions:

F
[
ρ(z), f̂ (z , θ)

]
= Fid

[
ρ(z), f̂ (z , θ)

]
+Fhs+b [ρ(z),X (z)]+FMF

[
ρ(z), f̂ (z , θ)

]

Translational + rotational entropy of ideal system (exact):

Fid [ρ(r)] = kBT

∫
dr ρ(r)

{
ln
[
Λ3ρ(r)

]
− 1
}

+kBT

∫
dz dω ρ(z)f̂ (z , θ) log

[
4πf̂ (z , θ)

]
Weighted-density approximation (WDA) to HS + bonding FE:

Fhs+b [ρ(z)] =

∫
dz ρ(z)Φhs+b (ρ(z))

Effective potential contribution, in MF approximation:

FMF [ρ(z), η(z)] =
1

2

∫
dzidzj ρ(zi ) [v(202; |zi − zj |)η(zi ) + v(022; |zi − zj |)η(zj )] ρ(zj )

+
1

2

∫
dzidzj ρ(zi )η(zi )v(222; |zi − zj |)ρ(zj )η(zj )
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Theory for particles with 2 identical patches at hard wall II

Minimise grand-canonical potential:

Ω
[
ρ(z), f̂ (z , θ)

]
A

= F
[
ρ(z), f̂ (z , θ)

]
+

∫
dz [Vext(z)− µ] ρ(z)

δΩ
[
ρ(z), f̂ (z , θ)

]
δρ(z)

= 0⇔
δF
[
ρ(z), f̂ (z , θ)

]
δρ(z)

= µ− Vext(z)

δΩ
[
ρ(z), f̂ (z , θ)

]
δf̂ (z , θ)

= λ

Outputs are number density profile ρ(z), fraction of unbonded sites
X (z), and orientational order parameter profile η(z):

η(z) =

∫
P2(cos θ)f̂ (z , θ) dω
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Simulations

Standard NVT MC of N = 10800 particles enclosed in a cubic box
of edge length 30σ (ρbulkσ

3 = 0.4).

Periodic boundary conditions along directions x and y , two hard
walls at z = ±15σ.

Elementary roto-translational moves consist of a random translation
of at most ±0.05σ and a random rotation of at most ±0.1 rad.

Temperatures from kBT/ε = 0.30 down to kBT/ε = 0.08.

Number of MC steps (one step = N attempts to move a particle)
increased progressively from 106 to 107 on lowering the temperature.
No difficulty equilibrating.
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Results: density and order parameter profiles, T ∗ = 0.3, 0.2

Density Order parameter

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Results: density and order parameter profiles, T ∗ = 0.15

Density Order parameter

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Results: density and order parameter profiles, T ∗ = 0.12

Density Order parameter

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Results: density and order parameter profiles, T ∗ = 0.11

Density Order parameter

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Results: profiles of fraction of unbonded patches

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Results: rmax and mean chain length vs T

P. I. C. Teixeira and F. Sciortino, J. Chem. Phys. 151, 174903 (2019)
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Summary and conclusions

We have introduced an effective, orientation-dependent potential to
mimic the directional character of the short-ranged bonds, which is
absent in DFT implementations of Wertheim’s TPT of self-assembly.

This is relevant to confined associating fluids.

The effective interaction was treated at the MF level and combined
with the well-tested WDA approximation of DFT.

For particles with two identical patches at their poles in contact with
a hard wall, the theory reproduces qualitatively the layering and
preferential alignment seen in simulations, with just one fit
parameter: rmax , the range of the effective potential.

rmax correlates consistently with the mean size of aggregates.

The theory is unable to predict the weaker bonding at the wall,

Other patch configurations could be modelled.
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