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Abstract: For families of conservative maps near the identity we prove the eristence
of open sets of parameters with persistence of homoclinic tangencies between stable and
unstable leaves of “thick” horse-shoes. Such families are obtained, for instance, by per-
turbing integrable Hamiltonian systems in R? with a rapidly periodic oscillatory term
and then performing a slowing change in the time variable.

1. Introduction

Even for simple dynamical systems as surface diffeomorphisms there is a vast diversity
of possible orbit structure. This makes virtually impossible any attempt to extend to all
generic diffeomorphisms the well understood classification of structurally stable maps
via topological conjugacy. Omne of the phenomena that best illustrates this diversity
is the persistence, in some open set U of diffeomorphisms, of ”homoclinic” tangencies
between stable and unstable leaves of the same hyperbolic basic set A. If we focus on
one of these "homoclinic” tangencies then a convenient perturbation of the system inside
U will destroy it but other tangencies appear instead. This is the meaning of persistent
tangencies. An example of this phenomenon was first given on a 4 dimensional model by
R. Abraham and S. Smale [AS-70] to disprove the density of Q-stable diffeomorphisms.
In the context of surface diffeomorphisms the construction of such examples appears
with S.Newhouse [N-70] to disprove the density of Axiom A on S?. Let us briefly
discuss the mechanism behind these examples on surfaces. Look at one ”homoclinic”
tangency H between stable and unstable leaves of a basic set A. Near it we have
two Cantor like foliations, those of stable, and unstable, leaves of A. Extend them
into C! foliations over a neighborhood of H . Then there is a C' curve ¢ through H
consisting of tangencies between these extended foliations. Consider the Cantor sets K*
and K% formed by the points where the stable, resp. unstable, foliation intersects the
curve ¢. By definition of ¢, A has a "homoclinic” tangency at each point in K*NK".
With this construction the initial problem of finding persistent homoclinic tangencies
is transformed into a new problem, that of finding persistent intersections between two
Cantor sets. The key in [N-70] to ensure that K* and K™ intersect persistently is the
concept of thickness 7(K) of a Cantor set K , which is used through the following
gap lemma  If the product of the thicknesses of two interconnected Cantor sets K*°
and K" is larger then 1 then they must intersect.

The thickness of a Cantor set measures the relative size of its gaps, large thickness cor-
responding to small gaps. It is only invariant under isometries which, in general, makes
it much more difficult to compute, or even to estimate, then the Hausdorff dimension,
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which is invariant under Lipschitz homeomorphisms. Nevertheless, due to their dynam-
ical definitions, it can be proved that the thicknesses of the Cantor sets K® and K"
depend continuously on the diffeomorphism. Therefor if the initial map is chosen such
that K*® and K" are interconnected and 7(K*)7(K*") > 1, then in a neighborhood of
this map these Cantor sets will persistently intersect.

Now, if U is an open set of diffeomorphisms with persistence of ”homoclinic” tan-
gencies between stable and unstable leaves of A and we pick a fixed point in A then its
invariant manifolds will have true homoclinic tangencies for a subset of systems dense in
U . Unfolding these tangencies new hyperbolic structures are created around A which
can only be detected in very long iterates and at microscopic scales. In this creation
process non-hyperbolic long periodic orbits are formed close to the orbit of tangencies,
which therefore go near A for many iterates. These non-hyperbolic periodic orbits are
either sinks in the dissipative case or elliptic isles for conservative systems. A simple
argument then shows that for almost all systems of I/ in a topological sense, i.e. in
countable intersection of open dense subsets of U , every arbitrarily small neighborhood
of a point in A is visited by non-hyperbolic periodic orbits. In other words A is ac-
cumulated by sinks, in the dissipative case, or by elliptic islands, in the conservative
one. These implications of the persistent tangencies phenomenon go back to [N-74].
See [D-94] for a conservative example. This gives us a small idea of how complex the
dynamics of such systems can be. But there is more to it. If we look deep into ever
smaller dynamical details of ever longer iterates of the initial map in & we will see the
same type of picture repeated indefinitely. In the dissipative case, for instance, we will
see the basic set A accumulated by periodic sinks with long periods but also by small
periodic basic sets A; which exhibit persistent homoclinic tangencies too. Furthermore
we will see transversal heteroclinic orbits flowing from A to A; and vice versa. This
means that the hyperbolic structures of the large and the small basic sets are intercon-
nected. Then for Ay we will see a similar picture: A; accumulated by even longer
periodic sinks and smaller periodic basic sets Ay with persistent homoclinic tangencies
... And we will see the same type of picture repeated ad infinitum. Of course at any
given scale we need to know where to look for the smaller basic sets with persistence of
homoclinic tangencies and to allow ourselves to perform ever smaller perturbation ad-
justments to the initial system as we go deep into the microscopic dynamical structure.
This folkloric description can be stated and proved rigorously from the theorem below,
see [N-79].

Theorem [S. Newhouse| Let f be a surface diffeomorphism with an orbit O of homo-
clinic tangencies between stable and unstable manifolds of some dissipative hyperbolic
fizxed point P . Then there is a sequence of open sets U, with persistence of homoclinic
tangencies between stable and unstable leaves of some periodic basic set A, such that:

(1) U,, approaches f as n — +oo,
(2) A, converges to the closure O as n — 400,
(3) There are transversal heteroclinic orbits flowing from P to A, and vice versa.

Furthermore, for each n there is a residual subset of U,, for which systems the basic
set A, is accumulated by periodic sinks.

A similar result for area preserving diffeomorphisms, as it has been conjectured by
J. Palis to be true, is still missing. We should mention however that L. Mora and N.
Romero have have exploited other mechanisms, then the persistence of a basic set’s
homoclinic tangencies, to obtain similar consequences. See [MR1-97] and [MR2-97].
The present work grew out of the proof of Newhouse’s conservative version theorem,
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to appear [D-98]. During the years of 94 and 95 the author was supported by JNICT
grant PRAXIS/2/2.1/MAT/19/94. Since 1996 he was supported in part by JNICT grant
PBIC/C/MAT/2140/95 and also by FCT and PRAXIS XXI through the Research Units
Pluriannual Funding Program and Project 2/2.1/MAT/199/94.

2. Results

Let X; be a smooth family of Hamiltonian vector fields in R?, with respect to the
canonical symplectic form w = dx A dy, and fs, : R? — R? be a smooth family of
symplectic diffeomorphisms such that:

H1) X5 has a saddle connection 75 at some hyperbolic fixed point family Py,

H2) f50 is the time ¢ map of the Hamiltonian flow of X .

Through this article smooth will always mean C°°.

Families like these arise naturally in the following way:

Let Xo(z,y) and Yy(z,y,t) be a Hamiltonian vector fields in R? such that Xy has
a saddle connection vy and Yy(z,y,t) is periodic with period 7' in the time variable
t. Consider the perturbation of Xy with a rapidly periodic oscillatory term,

d t
_ — X Y _
dt(x,y) 0(%9)“‘# 0 <xay75> )

where § and p are small parameters. If we perform the slowing change in the time

variable 6 = % then the corresponding autonomous system is given by,

{ ai@y) = 6 (Xo(@,y) +nYs(z,y,0))

T = 1

It induces a flow ‘bg,u ‘R?2xS! - R?2xS! with a return map fou = qﬁgju, to the cross
section R? = R?x {0} C R?xS!, that satisfies hypothesis H1) and H2).

Two typical examples to which the main theorem below applies are the following:

Example 2.1.

2wt
i:2x+x2+ucos<§>

or equivalently

x

g =
0=

which is a perturbation of the Hamiltonian vector field Xo(x,y) = (y,2 T+ 332) de-

picted in figure 1.

0y
(22 4 2? + p cos(2m 0))
1

Example 2.2.
2wt
jj:2a:—:z3+ucos<§> ,

which is equivalent to

x
Y

0=
a perturbation of the Hamiltonian vector field Xo(z,y) = (y, T — :E3) of figure 2.

0y
§ (22— 2% + p cos(270))
1
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X

FIGURE 1. The Hamiltonian vector field Xo(x,y) = (y ,2x+ $2)

FICURE 2. The Hamiltonian vector field Xo(z,y) = (y, z — %)

Given a family f5, satisfying the assumptions H1) and H2) above consider the smooth
family of Hamiltonians Hg associated with the vector field family § Xj:

1 0
Definition 2.1. Let q5(t) = q(0,t) be a smooth family of solutions,

0 Xs =JVHs where J:(O _1>

d
£Q5=5X5(q(s(t)) VieR,

whose orbits {qs(t) : —oo <t < oo} describe the homoclinic connections ~s . Denote by

Ps . the unique (hyperbolic) fized point of fs, mnear Ps. For eacht € R define qj ,(t),

respectively qg’u(t) , to be the last point in W*(Ps,) , resp. first point in W*"(Ps,),

that intersects the line through qs(t) with direction VHs (¢s(t)) in a small neighborhood
of q5(t). The Melnikov function of fs5, , w.r.t. qs(t), is defined to be
0

M;(t) = VHs (q5(t)) - o (25, (1) = 45,,()) -

Although the Melnikov function seems to depend on the euclidean structure of R?

it really does not. The Melnikov function is a symplectic invariant of the family fs,,

c.f. proposition 5.2. It is a periodic function, with period one, in variable ¢ and it is

dominated, in absolute value, by any power 6V if § > 0 is small enough. See propo-

sition 5.1. Finally, it is well known that each simple zero ts of the Melnikov function,

M;s(ts) = 0 with %M(s(tg) =% 0, corresponds to some transversal homoclinic point
Hs, = q5(ts) + O(n) € W*(Ps,,) "N W*(Ps,,) for all small enough p#0 .
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In the two examples above one can compute, by the Poincaré-Melnikov method,
explicit expressions for the Melnikov function which have the following form:

M;(t) = ¥(5) sin(27t)

where for some constants C' and D the smooth function (d) has the following as-

ymptotic expression
$(6) ~ ? exp (—?)

Define for i = 0,1, 2,

(1) M) = me{

Theorem 1. Assume there is C > 0 such that for all small enough § > 0 the Melnikov
function satisfies C'my(5) > M2(0) and Cma(d) > My(9) .

Then there is an open set U in the (§, ) plane, whose closure contains some interval
[0, 60)x{0} , with 8o > 0, and there is a (discontinuous) family of basic sets {A‘Svﬂ}(&u)EU
of fsu containing the fized point Ps, and such that:

i For each (0,u) € U there is a quadratic homoclinic tangency between a pair of
stable and unstable leaves of As, which unfolds generically with p .
ii There is a residual subset R C U of parameters (J, 1) € R such that the closure
of fsu " generic elliptic periodic points contains As,, .
iii There is a dense subset D C U of parameters (6, ) € D at which W*(Fs,) and
W*(Ps,) generically unfold a quadratic homoclinic tangency in the parameter

-

Remark 2.1. The hypothesis is trivially fulfilled for the families fs, associated with
examples 2.1 and 2.2.

Remark 2.2. Consider the open set
W = {(5 >0 : Cm1(5) > Mg((s) and Cm2(5) > Mo((s) }

and assume 0 € W . Then there is an open set U in the (§,u) plane, whose clo-
sure contains ([0,00) N W) x {0} for some oy > 0, and there is a family of basic sets
{A&u}((s w)eU of fsu, containing the fized point Py, for which the same conclusions of

theorem 1 hold. This stronger statement follows also from the proof of theorem 1.

Remark 2.3. The symplectic character of fs, implies that the Melnikov function Ms(t)
must have zeros. By the assumption all zeros of Ms(t) are simple and, therefore, each
of them corresponds to a transversal homoclinic orbit of fs, which is created for small
u #£ 0 as the homoclinic connection s breaks down. It follows also that all critical points
of Ms(t) are non degenerated.
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Remark 2.4. From the assumption of theorem 1 it follows easily that all the functions
of 6: My, My, My, my and msy are asymptoticly equivalent, in the sense that the
quotient of any pair is bounded from 0 and from oo. In particular we see that all them
are dominated by powers 6~ , N € N, as § tends to zero. See proposition 5.1. Finally,
the distance between consecutive zeros of Ms(t) is at least 2/C and so in each period
M;5(t) has at most C/2 zeros.

Consider now smooth one parameter families of symplectic diffeomorphisms f5:R? —
R? such that: fy =1d, and (d% f(;) s—0 = Xo is a Hamiltonian vector field with a saddle
connection associated to some hyperbolic singularity Xo(Py) = 0, Py € R?. Such
families can be obtained from the previous two parameter families f5,, by considering
the second parameter = p(d) to be a smooth function of § such that u(0) =0. For
these families a similar theorem could be proved, namely that:

If there is a Melnikov function Mgs(t) = ¥ (0) u(t) 7describing the unfolding” of the
saddle connection at § = 0 such that p(t) is a smooth periodic Morse function, and
the function () does not vanish identically in any neighborhood of § =0, then there
is an open set I C (0,400) accumulating on § = 0 and there is a family of basic sets
{As}ser of fs containing the (continuation) of the fived point Py for which the same
conclusions 1), i), ii) of theorem 1 hold.

A word of caution: in this new context a Melnikov function can not be uniquely
determined by the family fs as it was in the previous context of two parameter fami-
lies. A rigorous meaning for the sentence ” My(t) describes the unfolding of the saddle
connection at § = 07 will be omitted since we will not prove this theorem here. Notice
however that, in any concrete analytic example, in order to verify the assumption in
the statement above we have to face the hard problem of estimating the exponentially
small size (in J) of the splitting angle of the separatrices of Py, see for instance [G1-97]
and [G2-97]. On the other hand checking the assumption of theorem 1 is usually an
easy task using the Poincaré-Melnikov method. Our motivation to prove theorem 1,
instead of this seemingly more natural one parameter statement, was to simplify things
in [D-98] where we use this theorem to prove the conservative version of the theorem of
S. Newhouse mentioned in the introduction.

Proof of theorem 1. Apply proposition 3.2 to the combination of corollary 8.1 with corol-
lary 9.1. Remark, as in the beginning of section 8, that As, is part of a basic set of
fsu, viewed in the @5, coordinates. O

We use the geometric assumption on the Melnikov function to construct a family of
basic sets As, , horse-shoes conjugated to the full Bernoulli shift in two symbols, for
some return map

- fé, (I’y) if (l‘,y) € 55, (0)
Tonloy) = {fﬁ(w,y) i (2,9) € S5(1)

where n = n(d, ) tends to infinity as (d,4) — (0,0). See figure 3. These horse-
shoes will be ”thick” in some sense which, once a tangency is found, implies persistent
homoclinic tangencies. We use here a generalization of the usual gap lemma in [Mo-96]
that introduces lateral thicknesses.



PERSISTENT HOMOCLINIC TANGENCIES 7

Glabal Scale

Megative Emgency scals

Basic set scale

E:ilasitive tangency scale

FIGURE 3. Scales of the construction

One of the technical difficulties in the proof of theorem 1 is getting uniform lower
bounds of the lateral thicknesses of the Cantor sets associated with As,. For this
we need also uniform estimates on the distortion of these Cantor sets. The material
in section 3 is well known and may be found, with some modifications, in [PT-93]
and [Mo-96]. There we recall dynamically defined Cantor sets, their lateral thicknesses,
distortion, and relation between them. We also remember the construction of the stable
and unstable Cantor sets associated with a horse-shoe type basic set and define the
left-right thickness of the basic set. Finally we state and prove an abstract proposition,
prop 3.2, relating lateral thicknesses with persistent homoclinic tangencies.

Bounds on distortion involve very technical and fastidious estimates on the differen-
tiability of the invariant foliations (stable and unstable). It would be very nice to have
a formula giving an upper bound for the distortion of stable and unstable foliations, of
a given basic set, based in the following quantities:

i first and second order derivatives of the map and its inverse on a Markov parti-
tion,
ii the scale, or diameter, of the basic set, and
iii the sizes of its larger gaps, i.e. the distances between rectangles of the Markov
partition.

To my knowledge there is no such distortion bounding formula available. In section 4
we describe a general setting where distortion of a conservative basic set is bounded



8 PEDRO DUARTE

in function of the quantities i, ii and iii above. This section was written completely
independent of the rest so that the main result in it, theorem 2, could be easily exported.
The conservativeness assumption simplifies things but it shouldn’t be crucial.

In section 5 we adapt, to our context of families satisfying the assumptions H1) and
H2), some well-known facts about Melnikov functions.

In section 6 we translate the geometric assumption on the Melnikov function into
conditions on the map along the homoclinic connection. The return map T, is defined
without yet specifying its domain. We also obtain some estimates on the derivatives of
the map which are needed to obtain the bounds on distortion.

In section 7 we introduce rescaling coordinates which will bring the tiny basic set
As,, to unit square. Some more estimates on derivatives are obtained there.

In section 8 the basic set As, , together with its Markov partition, is constructed.
All estimates on quantities i,ii and iii, needed to obtain small distortion according to
theorem 2, are checked. It is then shown that the basic set As, has left-right thickness
tending to infinity as (J, ) — (0,0).

Finally, in section 9 we prove the existence of homoclinic tangencies unfolding gener-
ically, which are needed to complete the proof of theorem 1.

3. Left-right thickness

We call dynamically defined Cantor set to any pair (K,1) such that K C R is a
Cantor set and ¢ : K — K is a locally Lipschitz expanding map, topologically conjugated
to some subshift of finite type of a Bernoulli shift o :{0,1,--- p} — {0,1,--- ,p}V.
For the sake of simplicity, and because this is enough for our purpose, we will restrict
ourselves to the case where ¢ is conjugated to the full Bernoulli shift o : {0, 1} —
{0,1}N. Moreover we will assume that there is a partition of K, K = Ky U K1, into
disjoint Cantor subsets such that the restriction of ¥ to each K;, ¢: K; — K is a strictly
monotonous Lipschitz expanding homeomorphism. P = {Ky, K} is called a Markov
partition of (K,1). Given a symbolic sequence (ag, - ,an—1) € {0,1}" writing,

n—1
K(ag, -+ an-1) = [ | ¥~ (Ka,)
=0

the map ¢":K(ag, -+ ,an—1)— K is a Lipschitz expanding homeomorphism.

A Dbounded component of the complement R — K is called a gap of K. For a
dynarmcally defined Cantor set (K1) the gaps are ordered in the followmg way. Denote
by A the convex hull of a subset A C R. Then the interval K- Ko U K, 1 is called a
gap of order zero. A connected component of

R\v_ U K(a()a"'aanfl)
(ao,"',an_1)€{071}n

that is not a gap of order < n — 1 is called a gap of order n. It is straightforward
to check that every gap of K is a gap of some finite order, and also that, given a gap
U = (z,y) of order n, for every 0 < k < n the open interval bounded by *(x) and
YF(y) is a gap of order n — k.

Following [Mo-96] we define

Definition 3.1. Given a gap U of K with order n, we denote by Ly, resp. Ry,
the unique interval of the form K(ag, - ,an—1), with (ag, -+ ,an—1) € {0,1}", that is
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left, resp. right, adjacent to U . The greatest lower bounds

L
7'L(K):i1[1f{|‘UU|| : U is a gap of K }

R
Tr(K) :inf{”(ﬁ‘ : Uis agap of K }
are respectively called the left and right thickness of K . Similarly, the ratios
‘LU0| |RU0|
TL(P and TR(P) = ,
1(P) |Uo| ~(P) [Uo|

where Uy is the unique gap of order zero, are called the left and right thickness of the
Markov partition P .

We should remark that this definition differs slightly from the correspondent in [Mo-96].
The reason is that we have ordered gaps not by their lengths but by the order in which
they appear as pull-backs of gaps of zero order by the map . However, for the binary
Cantor sets, to which we have restricted our attention, the two definitions coincide.

When the restriction of 1) to each K; is affine we have
T (K) =7(P) and  7r(K) = 1r(P) ,
but in general these thicknesses may be very different due to the nonlinearity of .
We now give precise definition of distortion. Given a Lipschitz expanding map (in-

jective in particular) g:J—R, defined on some subset J C R, we call distortion of g¢
on J to the lowest upper bound,

is — up logd 19W) —9(@)| |2 — 2| .
Dist (g, J) xMifg{w@»—mm|m—x} € [0, +o0]

where the sup is taken over all z, y, z € J such that z # x and y # x, which implies,
because ¢ is injective, g(z) # g(x) and ¢(y) # g(z) . Reversing the roles of y and z we
see that the distortion is always >log1 = 0. If Dist (g, J) = ¢ then for all z, y, z € J
with z # x and y # x we have

e ly—=z| _ |gly) —g(z)
@) 2 S e 9@

c |y—33|
|z — =

The distortion of a dynamically defined Cantor set (K, ) is defined to be the lowest
upper bound
Disty (K) = sup Dist (4", K(ao,- -+ ,an-1))
taken over all sequences (ag,---,an,—1) € {0,1}". Distortion is the key to estimate
thickness.

Lemma 3.1. Let (K,v) be a dynamically defined Cantor set with a Markov Partition
P and distortion Disty,(K) = c. Then

e ‘1 (P) < mn(K) < e“7r(P)
e “7r(P) < Tr(K) < e“7r(P)
Proof. Follows by a well known argument. See [PT-93]. O

We will need the following improvement of the usual gap lemma [Mo-96]:
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Lemma 3.2 ( left-right gap lemma). Let (K* ¢%), (K" y") be dynamically defined
Cantor sets such that the intervals supporting K° and K" do intersect, K°® is not
contained inside a gap of K" and neither K“ is contained inside a gap of K*. If
TL(K®°)r(K") > 1 and tr(K®) 1t (K") > 1 , then both Cantor sets intersect, K°N
K" #£ (.

Proof. The same proof as in [Mo-96] works. Just argue that one could obtain pairs of
linked gaps with ever higher order, instead of ever smaller lengths. The result is the
same because as we consider gaps with strictly increasing order their lengths converge
to zero. 0

Let us see now how this lemma will be applied to get open sets of persistent homoclinic
tangencies in the following class of ”horse-shoes”.

Definition 3.2. Define F to be the set of all maps f:SqUS; —R? such that:

(1) So and S1 are compact subsets, diffeomorphic to rectangles, with nonempty
mterior.

(2) f is a map of class C?, in a neighborhood of SoU Sy, mapping this compact
set diffeomorphically onto its image f(So) U f(S1) .

(3) the mazimal invariant set A(f) = (,cz [~ "(So U S1) is a hyperbolic basic set
conjugated to the Bernoulli shift o:{0,1}*—{0,1}2.

(4) P = {So, 51} is a Markov partition for f:A(f)— A(f), in particular f has
two fixed points, Py € Sy and Py € Sy, whose stable and unstable manifolds
contain the boundaries of Sy and S7 .

(5) Both fized points Py and Py have positive eigenvalues.

The action of f and f~! resp. on the stable, and unstable, foliation of A,
F* = { connected comp. of W¥(A)N (SpUS1) },
F* = { connected comp. of W*(A)N (f(So)U f(S1)) },
is described in the following way. Define
If = WISOC(PO) NSy and I}f = WI%C(PO) N f(So) .
I7 and I} are stable and unstable leaves of A respectively transversal to the foliation
F* and F?®. Then the Cantor sets
K*=ANI! and K“=ANI;,
can be identified with the set of stable leaves of F?, resp. unstable leaves of F*. Define
the projections 7s:A— K*® and m,: A— K" in the obvious way: 7s(P) is the unique
point in Wlsoc(P) NI}, and similarly 7, (P) is the unique point in WI%C(P) NI;. The
maps ¥*: K°*— K*® and ¢“: K% — K"
' =msof and ' =m0 f7,
describe the action of f, resp. f~!, on stable, resp. unstable leaves of A. The pairs
(K*,¢%) and (K", ¢") are dynamically defined Cantor sets, topologically conjugated to
the Bernoulli shift o:{0, 1} —{0,1}", with Markov partitions P* = {I*N Sy, [N S}
and P* = {I:N f(So), IN f(S1)}.

Given a map f € F we define the left-right thickness of A(f) to be
TR (A) = min {7 (K?®) 7r(K"), 70(K") Tr(K?)} .
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In order to estimate this thickness we define the left-right thickness of P as
TR (P) = min {71,(P®) Tr(P"), 7o.(P*) Tr(P?®)} .

If the distortion on both dynamically defined Cantor sets (K*,°), (K%, ") is small,
say less or equal than c¢, then it follows from proposition 3.1 that

6_20TLR(7)) < TLR(A) < e2¢ TLR(P) .
Bounding distortion is the key to the next
Proposition 3.1. The map t.r: F—R, f+— 1or (A(f)), is continuous.

Proof. As it is remarked in [Mo-96] the lateral thicknesses may be discontinuous for non
binary dynamically defined Cantor sets. However if one adapts instead the more dynam-
ical definition 3.1 then lateral thicknesses are always continuous. The same argument
as for the usual tickness applies, e.g. see [PT-93]. O

For one parameter families of maps, the usual gap lemma establishes a connection
between thickness of the invariant, stable and unstable, foliations and the existence of
parameter intervals with persistence of homoclinic tangencies. The left-right gap lemma
establishes a new, but entirely similar, connection which we now state.

Definition 3.3. Given a hyperbolic fired point P of some surface diffeomorphism, with
both its eigenvalues positive, we orient the stable and unstable branches of W*(P) — P
and W"(P) — P so that orbits increase along them. A homoclinic tangency of P is
called positive if both the orientations, on the stable and unstable branches, agree near
the point of tangency.

Proposition 3.2. Let ¢, € Diff? (M2) be a smooth family of diffeomorphisms, on
some surface M?, and Ay = @u(Ay) be an invariant basic set family. Assume there
are coordinates (possibly depending on the parameter) in a neighborhood of A, in which
the diffeomorphism ,, is expressed by a map f, € F, and that the left-right thickness
of the basic set, in these coordinates, satisfies TLr(Ay) > 1. If a fized point P, € A,
with both its eigenvalues positive, unfolds generically, at the parameter g, an orbit of

quadratic positive homoclinic tangencies , then there is an open interval I with pg € I
such that:

i For each p € I there is a quadratic homoclinic tangency between a pair of stable
and unstable leaves of A, which unfolds generically with .

i If all ¢, preserve some area form then there is a residual subset R C I of
parameters (€ R such that the closure of ¢, ’s generic elliptic periodic points
contains A, .

iii There is a dense subset D C I of parameters p € D where W*(P,) and
WY (P,) generically unfold quadratic homoclinic tangencies.

Proof. We will just outline the proof to stress the point where the positive tangency
hypothesis plays its role. Let us identify ¢, with f, and look at F as a subset
of Diff? (M 2). For every parameter g sufficiently close to g, we extend the sta-
ble and unstable foliations of A, filling in all So(u) U S1(p) with a foliation F; and
all f,(So(p)) U fu(S1(p)) with a foliation F;, respectively invariant by fu_l and f, .
Let Hy € W*(P,,) N W*(P,,) be a positive homoclinic tangency of f,,, which un-
folds generically with p. Take n,m > 1 such that f(Ho) € So(po) U S1(po) and
fug " (Ho) € fu(So(k0)) U fruo(S1(p0)) - Then for all p in a small neighborhood U of
po there is, near Hp, a line of tangencies ¢, between f,"(F;) and f'(Fy). £, is a
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curve of class C! which depends C! continuously on s . The line £, goes through Hy.
We denote by 7s:I! - £, and m,: 17— £, the projections along f,"(F;) and f"(F})
respectively. These are C! diffeomorphisms depending continuously on g . Defining

Ch = ms(K}}) and C}, = m5(K};)) we have:

e Points in C); N C}; are homoclinic tangencies of A, .

e Because the tangency is positive, both orientations induced in ¢,, by the projec-
tions 7, and 75 agree. Therefor the products 7.(C};) Tr(C};) and 7r(C}) TL(C})
are close to 7,(K;)Tr(Ky) and 7r(K,)7L(K}), at least if we restrict the
Cantor sets C);, C); to a very small neighborhood of Hj, where the distortion
due to the nonlinearity of the projection diffeomorphisms m,, 7 is also small.
Thus, by continuity of 7pr, if U is a sufficiently small neighborhood of pg we
have 71,(C) Tr(Cy) > 1 and 7r(C}) T(Cy) > 1.

At po we have Cj NCy # (). Now define I to be the open subset of U formed by
all p1 such that the Cantor sets C}; and C}} have supporting intervals whose interiors
intersect but such that no one of them is contained inside a gap of the other. By the
left-right gap lemma it follows that Vu € I, C;NCy # () and so I is an open interval
with persistence of homoclinic tangencies of A, . By definition it is clear that pgo € 1.
Because the tangency Hy at parameter g is quadratic and unfolds generically, if I is
sufficiently small then all these tangencies will be quadratic and unfold generically too.

Finally, items ii and iii are standard consequences of item i. See [D-94] for the con-
clusion in ii, and [PT-93] for item iii. O

4. Uniformly Bounded Distortion

In this section we describe a class of conservative horse-shoe maps where the dynamics
of the stable and unstable foliations have small uniformly bounded distortion.

Definition 4.1. Given positive small numbers ¢ > 0 and v > 0 define F(e,) to be
the class of all maps f:SoUS1 —R?, f € F , such that:

(1) diam (SoU Sy) = diam (f(So) U f(S1))=1.
(2) The derivative of f, Dfe,) = CCL
functions, satisfies all over SyU St

(a) det Df =ad—bec=1
(b) ld| <1< |a| <2/e
(© Bl lel < elal 1) ]
(3) The C' functions on f(Sp)U ]ﬁ(Sl)i a=aof !, b=bof™ ', é=cof ! and
d

d=dof !, ie. Df(;ly) = ( _z _db > , satisfy

Z , where a, b, ¢ and d are C*

@ || |2 (2b 0e) 9RO gy
ox| |oy|’ |0y Oox ox| |y =7
da ob ob Oc Oc od
_— = | — JR— R = < _
(b) Oy ox|’ ‘33/ ox Oy ox <7 (jof =1)
da| |od
= <~ lal(lal —
© |5 |52 < adar-
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Oa od

d — —| < —1

@ |5 |55 <vlal ol -1

(4) The variation of logl|a(z,y)| in each rectangle S; is less or equal than ~ (1 —
ozl-_l) , where a; = max, e, la(z,y)|.

(5) Finally, the gap sizes satisfy:
dist (So, S1) > % and  dist(f(So), f(S1)) >

=|m

Remark 4.1. Coments on some items of the definition of class F(e,7),

(1) This normalizing condition is to avoid having all subsequent items refering to
the scale of the basic set.

(2) This item says that f is symplectic and hyperbolic with stable direction close to
vertical and unstable direction nearly horizontal. Notice, however, that expansion
and contraction in (2b) may be arbitrarily weak.

(3) Here bounds are given on the second derivatives of f and f~! in terms of the

norms |a(z,y)| = HDf(w,y)H and |a(z,y)| = HDf(;}y)H . Notice that the second

deriatives in (3c) and (3d) can be very large compared with linear terms.

Remark 4.2. The class F(e,7) is symmetric with respect to inversion. Take the linear
involution I:R?—R? I(z,y) = (y,) as a coordinate transformation. Then if we write,

a 1

as above, D[, ) = Z the inverse map, in the new coordinates, g = I tof~lol

—C

has deriwative Dgy .,y = < j% i ) . Looking at the conditions defining F(e,v) we

see that

fEF(e,y) & g=ItoflolcF(en).
Thus any proof of a statement about differentiability of the stable foliations of maps in
F(e,7y) can be transformed into a proof of a similar statement about unstable foliations.

Remark 4.3. For the sake of simplicity, and because this is enough for our purposes,
we have restricted ourselves to the case of basic sets conjugated to the full Bernoulli shift
0:{0,1}2—{0,1}* . But adapting assumption 5., in the definition of class F(e,v), the
main theorem in this section holds for any class of basic sets modeled in any subshift of
finite type.

Theorem 2. For all small enough ¢ > 0 and v > 0, given f € F(e,7y), the ba-
sic set A(f) gives dynamically defined Cantor sets (K", y") and (K*,1°) with small
distortion, bounded by D(e,y) =20~ + 2¢€. In particular

e 2PN 115 (P) < 7o (A(f)) < 2P 7R (P) .

Lemma 4.1. For all small enough ¢ > 0 and ~v > 0, given f € F(e,7y) there are
functions of class C!
o’ W3 (A)N(SoUS1)—R and o“:W*(A)N(f(So)U f(S1))—

such that vector fields X, (x,y) = (1,0%(z,y)) and Xq(x,y) = (o°(x,y), 1) respectively
generate the line fields of stable and unstable directions of A(f) and the following esti-
mations hold:
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(1) |o°[ , Jo%[ < e,
(2) Lip(o®) , Lip(o") < 87,
where the Lipschitz seminorm Lip(c) is taken w.r.t. the norm |[(x,y)| = ||+ |y| in

R2.

In the lemma just stated we have chosen the norm ||(z,y)|| = |z|+|y| of R? in order
to have the following easy properties:

(1) Given functions ¢:R? =R and 7:S C R? = R? respectively Lipschitz and of
class C', we have

Lip(o o T) < Lip(o) | DT ,

where ||DT||g is the maximum absolute value, over S, of the first partial deriva-
tives of the components of T'.
(2) If 0:R?2 =R is of class C' then for all (z,y) € R?,

0o
)

, ‘gg(x,y)’ < Lip(o) .

It is well known, see [HP-70], that the stable and unstable invariant line fields of any
hyperbolic set of a surface diffeomorphism of class C? are always of class C''. The point
here is to give explicit bounds on the derivatives of these line fields. Before doing it, in
fact we will only estimate the unstable line field ¢, let us introduce some notation and
state some easy facts. Using the notation of assumption 6. on the class F(e,) define

p=pr:f(So)U f(S1) x R—=R

&(z,y) +d(z,y) s
a(z,y) +b(z.y) s
The relation between Df, ) and p(z,y,s) is given in the formula,

Df(:p,y)(L S) =(a+bs) (17 p(f(x,y),s)) :

Notice that since ad —bé¢ =1 we have,

p(xaya 8) =

op 1
- (z,y,8) = = 72
0s (a+0bs)
In the lemma below we give a list of inequalities which are simple consequences of
the mean value theorem and the definition of class F(e,v). We will use the notation

|h||g = max {|h(z,y)| : (x,y) € S} for a given continuous function h(x,y) on S.

Lemma 4.2. For all small enough ¢ >0 and v > 0, given f € F(e,y) and |s| <€,
if ,0 = pf then the following inequalities hold:

”P Hf(S)
i 2oy o 1
a? a7
dp -1
3) ' (ﬂ 2| <eva-am
9z lpsy 119y llpes)
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Proof of lemma 4.1. We only estimate o%, the stable case being entirely analogous.
Given f € F(e,7) consider the forward f~!-invariant compact set,

SUH(F) = WHUA) N (£(So) U £(S1) = [ ££(Son S1)

k>1

and define the operator Fy:CO(S4(f))—CO(Z4(f)),
Fy(o) (z,y) = p (2,9, 0 [ (z,y)) -

Here C°(X%(f)) denotes the Banach space of all real valued functions over the compact
set X*(f), with the usual maximum norm denoted by |[|-||. Remarking that Fy(o) = o
is equivalent to

Df (1,0) =(a+bo)of - (1,00f)
we see that a fixed point o of this operator corresponds to a f-invariant line field

generated by X (z,y) = (1,0(z,y)). To prove that o" satisfies the inequalities 1. and
2. we define the closed subset X C CY (2%(f)),

X={0eC’2"(f) : |lol <e and Lip(o) <87 },

and show that Fy(X) C X and Fy is a Lipschitz contraction on X'. Then Fy has a
unique fixed point in A which must coincide with ¢*, therefore proving that o% € X'.
Let us now prove that Fy(X) C X. Item 1. of lemma 4.2 immediately shows that
|lo|| < e implies |[F¢(o)|| < €. Assume o € X. We have to see that ¢* = Fy(o) is also
Lipschitz with constant Lip(c*) < 8. Given (z,y) € f(Sp) and (2/,y') € f(S1), we
have

* * * 2
|o*(z,y) — o™ (2, y)] < 20| < H(»’v—x’,;—y’)ll [(z =2,y — )|
2
6/72/ H(l’—m’/,y—y/)H :2,7 H(m—x’,y—y')H .

This inequality takes care of the case when the two points belong to different rectangles
f(S;) i=0,1. If both (z,y) and (2/,3’) belong to the same f(S;) then, by inequalities
2. and 3. of the previous lemma, we have

0" (z,y) — 0" (@,

)l 9p : ~1
< 1wpl s+ |35 g 1P 107 s

(@ — ',y — o)l
L et =ah
< 6y(l-a; )+ ——5—87
i
3 -1
_ 87(1 (1 _ai_l) +Qi_1 62(7+6)(1—Oéi )) < 8%

Finally from item 2. of lemma 4.2 we get that F; is a Lipschitz contraction with
constant k = max{ay’,a;'}. O

In the following three lemmas we will be dealing with a map f € F(e,~) where € > 0
and v > 0 are small enough constants fixed according to lemmas 1. and 2.

Lemma 4.3. Each leaf Fy € F*, resp. F§ € F*, is the graph of a class C? function
go:lo—R, F{ ={(z,g0(x)) : @ € Iy}, resp. Fy = {(go(z),z) : x € Iy}, such that
l90()| < €.
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Proof. Take one point (z9,y9) € A and the unstable leaf Fy € F* through it. Since
the vector field X*(x,y) = (1,0%(z,y)) is tangent to Fy at every point (z,y) € Fy,
the graph of the maximal solution gg:Ip—R of the Cauchy problem

90 (@) = 0"(x, go(x))
go(zo) = Yo

must coincide with Fy. By the previous lemma
|90 (z)| <o <e.

For stable leaves a similar proof holds. (|

Lemma 4.4. Given F?%, Fs ¢ F5 and Fy, Fi' € F* with intersection points Py =
(.%'o,yo) € FsﬁFu, P = (a;l,yl) € FsﬂFlu, Py = (5:0,3]0) c FsﬂFéL, and P, =
(T1,791) € F* N F* the following inequalities hold

(1) exp(—e—87) < 120 — ol < exp (e +87)
|r1 — 1

) exp(e—87) < T o 18v)
\yo—yﬂ

Proof. Let g:I—R, §:I—R, go:lp—R and g1:I; =R be C? functions such that
F*={(g(y),y):yel}, F ={(g),y):yel},

B ={(z, 90(x)) :yel}, F'={(zq):yeh}.
Using the mean value theorem and the fact that || , |g{| < € we have

|1 — g(y1)| + [g(y1) — 7]
lz1 — g(y1)| + € [y — 1]
21— §y1)| + € |o1 — T4

|1 — &1

IAIA A

Therefore
21 — @1 < (1= ¢ |1 = g(y)] -
On the other hand, since for y € INT we have |y — yo| < 1, and by item 2 of lemma 4.1

lg(y) =gl < lg9(yo) — d(vo)| + /y |0°(g(s), ) — °(g(s),s)| ds
Yo

IN

y
20 — g(yo)| +87 [ lg(s) —g(s)| ds,
Yo

using Gronwall inequality we obtain

21 = g(y1)| = lg(y1) — 9(y1)| < |zo — g(yo)| exp (87) ,
and so

|21 — &1 < (1 =€) exp (8%) [0 — G(yo)] -

Finally using the mean value theorem again and the fact that |g'| , |gy| < € we obtain
w0 — Zo| + [Zo — g(yo)|
|20 — Zo| + € [%o — Yol
|£C0 — f0| + € |570 — 1,‘0| = (1 + 62) ‘130 — X

|zo — G(vo)|

IN N IA
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This proves that

2
|lx1 — 1] < [ OXP (87) |zo — To| < exp (8y+¢€) |xo — To| -
Reversing the roles of xg, T9 and x1, £1 we obtain the opposite inequality, thus proving
item 1. A completely analogous calculation proves item 2. O

FIGURE 4. F°, F* F FU!

Lemma 4.5. Given two unstable leaves F, F\' € F" consider the functions of class
C? go:Io—R and g1 : I = R such that Fy = graph(go) and Fy = graph(g1) and
define for i =0,1 ¢;:IgpNS;— 11 by,

f(z, go(z)) = (¢i(2), g1 di(x)) Ve elpns;.
Then ¢; is of class C? and the following inequalities hold
(1) |¢5(@)] > aje= 0o
(2) [log|df(x)| —log|¢i(y)l| <27 (1 —a;h) [i(x) — di(y)]
A similar result holds for stable leaves.

Proof. Differentiating the identity that defines ¢; we get

D f(z.g0(2)) (1,0 (x, go(x)) ) = ¢i(x) (1, 0% (x, g1 ¢i(x)))
Thus
¢i(x) = (a+b0")(x,90(2)) -
A simple estimation, using the mean value theorem, shows that

a

v

ja = €* (la] = 1)) > o (1-€(1-a7))

EXES]

1

> e—(7+6)(1—a¢_1) )

Using the notation introduced in lemma 4.1 we can write the second derivative as

1(2) = (Bua + b o + b Buo™) (z, go(z))
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Thus,
|67(2)| < |0ual + € [9ub] + [b] [0u0"|
< (A+era(ai—1)+e(l+e)vy(w—1)+e(a;—1)8y
< (1+4+10€e)va;(a;—1),
and o (@) .
] < 1 007 (1= a7 29 (1 - )

Finally, given z, y € INS; write zz =tz +(1—t)y for ¢t € [0,1]. Then using the mean
value theorem, and the fact that ¢(z) has constant sign, we have

Mol (z)
¢ (2t)

1
< 27(1—%—5/0 (61(z0)| dt |z — o]

’

= 27(1-a;") [¢i(z

llog |¢(x)| —log |di(y)|| < dt |z —y|

= 2y(1—0a; ")

¢i(z) dt (z —y)
)

— ¢i(y)] -

Proof of theorem 2 . We will estimate the distortion of (K% ,1*®). The unstable case is
worked in the same way. Recall that the Cantor set K*® lies inside the unstable leaf
I, which is the graph of a C? function g,. Consider in I* the length induced by the
parameterization x — (x, g«(x)). Distortion will be estimated w.r.t. this metric. For
notation convenience we will write 1 instead of ¢®. Now, fix some symbolic sequence
(v, -+ ,Vn—1) € {0,1}" and the corresponding Cantor set

KS(V(),'”,Vn 1 ﬂ”l/) I“ﬂSVZ) .

We are going to estimate the distortion of the map o™ : K*(vg, -+ ,vp—1) — K*.
Take three points (xo,v0), (Zo,%0), (Zo,90) € K*(vo,--- ,vp—1). Then for every i =
0,1,--- ,n — 1 the three iterates

(@i, 9i) = f'(xo,90), (@0 8i) = (0, 90),  (1,90) = [*(Z0,70),
belong to the same rectangle S,, . Defining
(T3 Yn) = Ts(Tn, Yn) = 75 f" (20, %0) ,
(@ Un) = s(Zn, Gn) = 7s [ (Zo, Jo) ,
(@n,n) = ms(Zn, Gn) = 7s [ (20, J0) ,
our goal is to find the upper bound D(e,y) =20~ + 2¢€ for the logarithm,

’33 — x| |Zo — o

log +—

— x| [Zo — ol

This expression is the sum of the followmg two logarithms:
|z, — 23]

= log

|Zn — $n|

— Ty

|;U —.1:||33‘n a:n| n
iy — |’
n

log — + log I
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that, by lemma 4.4, is dominated by 16y + 2¢ and

] |Tr — Zn| |Zo — zo]
og

|Zn — Tp| |To — 20 ’

to be estimated next. Consider the sequence of unstable leaves recursively defined by
Fo=1} and Fi41 = f(F;NS,,). Foreach i =0,1,--- ;,n—1 let g;:I; =R be the class
C? function whose graph coincides with F; and define ¢;:I; N Sy; =+ 1it1 by

[ (@, 9i(x) = (di(z), giv10i(x))  (z,9i(2)) € FENSy,
as in lemma 4.5. Then the map @ = ¢_1 0 -+ ¢1 0 ¢y satisfies
" (@, @(@) = (2(2), gn ®(z)) for (x,90(x)) € K*(vo,--+ ,vn-1)
which shows that
Ty = B(zg) B = B(7y), and iy = B(ip) .

By the mean value theorem there are points 50, between Iy and xg, and fo, between
Zo and zq, such that

() =m0 and @(§) = T
o — Zo o — Zo
Thus
-~ 5 ‘1”(50)‘
Tn — Tp| |To — T ~ ~
log 12"~ : :f] = 0} = log——— < |log|®'(é)| ~ log|®'(é0)| |
In In| |0 i) (I)/(go)’
n—1 _ R
< Y |og|ié)| — 1ol |
1=0

3
—

(]

27 (1= a;!) [ (&) — 0:(&)

.
[e=]

3
—_

< 29(1—o;)

)

§iv1 — fz’+1’

Il
o

where EZ = ¢;_10-- -ogbo(go) and él = ¢;_10-- -ogbo(fo). Now foreach i =0,1,--- ,n—1
define

)\i — a;il e(7+6)(1—a17i1) (0 < )\,L < 1)

From lemma 4.5 one has,

Eit1 — £i+1‘ < Nitt o At (& =&l < Nip1 o Ano
——
<1
A simple computation gives
1—\
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and so
- . —1
|Zr, — x| |Z0 — o] . = -
log — . < 29(1 =y, ) [&iv1 — Siva
|xn_$n| |330_x0| i—0 ‘
n—1
2y
< .S — LV 5 Vi
— 1—2(")/+6) A A n
2
= Wz_i_e)(l*)\o)\r“)\nfl)é?w

This gives the desired bound D(e,y) = 20+ + 2¢ for the logarithm,

log & Y07 B0l 46y 4 264+ 3y <207 +2¢

5. The Melnikov Function

Let X5 and f5, : R? — R? be smooth families of Hamiltonian vector fields and
symplectic maps satisfying hypothesis H1) and H2) of section 2.

The first lemma shows that the Melnikov function is unique up to time shifts.

Lemma 5.1. Given two smooth families qs(t) and Gs(t) of homoclinic solutions parametriz-
ing the connection s, if we denote the respective Melnikov functions by Ms(t) and
Ms(t) then for some smooth function 7(8) we will have for all t € R, M;s(t) =
Ms(t+7(0)) .

Proof. Since gs(t) and Gs(t) parametrize the same orbit, for some 7(d) and all t € R,
gs(t) = qs(t + 7(9)) . It follows that My(t) = Ms(t + 7()). O

Lemma 5.2. Given open sets I CR, U C R?, and smooth families of maps ’y§’#, ’y}{u:
I—U and Hs,:U C R?2—R such that:

(1) 6Xs=JVHso on U,
(2) fs5, is the time one map of JVHs, on U,
(3) 750( )= 750( ) =aqs(t),
(4) v3, and 7§, are, respectively, parametrizations of W*(Ps,) and W*(Ps ).
Then, for all t € I, the Melnikov function is given by
0

M;(t) = o (Hou (5, (8)) = Ho o (75 ,(1)) g -

Proof. From item 1. it follows that Hso = Hs + Const where Hj is the family of
Hamiltonians that appears in definition 2.1. Write

0

As(t) = 87# (H(S,u(’ygiu(t)) - H57H(7§7u(t)))u:0 )
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Then

oOH oOH s
A5 (t) = (5) 07 rY(QSL,O (t)) - (57 0’ 7670 (t))
o I

d
= VH;o(as5(1)) - o (V5 () = 5,,(0))
Since vy, (t) and g§ ,(t), resp. ~;,(t) and g¢j ,(t), parametrize the same invariant
manifolds we can find smooth families of reparametrizations of (t) and of () such

that 7, (1) = a¥,, (agu(t)) and 3, (t) = 43, (agju(t)) . Of course a¥y(t) = o3, (t) = t
since 75o(t) = v50(t) = 4§ o(t) = 5 o(t) = gs(t) . Therefor
0

u=0

u S 8 U u S S
o (78 (8) — %s,u(t))u:o = o (a5, (05,.(1) — a5, (Ua,u(t)))uzo
9q" u dq° s
= ai'u ((5, O, Jé,O(t)) — % (6, 0, U(S,O(t))
oq* u oo
+ W (5,0,0’50(t>) 67(5,0,75)
or 00

9 U s
= @ (QJ,;L (t) - %,M(t))u:o

o (200
a0 (-5 ) 6o

and so

Bs(t) = VHso last) 5 (@alt) = 65,(0),.,

<(?9(;u - %f) VH;s (gs5(t)) - qs(t) = M5(t) .

d

Proposition 5.1. The Melnikov function of fs, , Ms(t), is periodic in t with period
one Ms(t+1) = Ms(t) , vanishing with all its 6-derivatives at 6 =0 ,i.e. given N € N,
if § >0 is small enough then for all t € R |Ms(t)| < 6V .

Proof. Choose Hs, according to items 1. and 2. of proposition 5.2 and take fygw fy}iu:
R —R? linearizing the invariant manifolds of Ps,,, in the sense that

Jsun5, () =%, +1) 5 f5,,(06,(0) =15, (E+1)
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and such that v;,(t) = 75,(t) = gs(t) . Then Hy,(v5,(t)) — Hsu(75,(t)) is periodic in
t with period one, which according to lemma 5.2 ensures the same periodicity for the
Melnikov function.

The second statement follows from the results in [FS1-90]. O

The Melnikov function is a symplectic invariant.

Proposition 5.2. Let ¢6,M3R2 —R? be a smooth family of symplectic change of vari-
ables and consider the family fs, expressed in the new coordinates, fs, = s, 0 fs,©
1/157} . Given the family of homoclinic solutions qs(t) and the correspondent family in

the new coordinates 4s(t) = 50 0 q5(t). Then the Melnikov functions of fé,u w.r.t.
ds(t) is equal to the Melnikov function of fs, w.r.t. qs(t).

Proof. Choose families Hs,(z,y), 7§ u(t) and vj u(t) under the hypothesis of proposi-
tion 5.2 and take U such that U C w{;(U) for all (0, ).

Then, since f5,, is the time one map of J VNH&M on~U and wg,g is symplectic, fg’“ =
s, 0 fou0 1/15;} is the time one map of JV Hs,, on U, where Hs, = Hs, o 1/’5;} . On
the other hand, since 7§, () and ;5 ,(t) parametrize the invariant manifolds W*(F;,,,)
and W?(Ps,), respectively, the families of curves V5 = Yspong, and 35, = Y50
73 , are parametrizations of the correspondent invariant manifolds of the fixed point

Ps = tsu(Psy) of fou. Of course F54(t) = vso(vio(t) = ¥s50(as(t)) = Gs(t) and
similarly 7§ ,(t) = ¢s(t). Thus Hs,, , Y5, and 75, fulfill conditions 1.,2.,3., and 4. of
proposition 5.2. The invariance then follows from this proposition, since

ﬁé,u (’?fsfu(t)) - I;ré,u (:Vg,u(t)) = H&,u (’Yﬁu(t)) - H&,,LL (’thu(t)) :

6. The Return Map

We are going to construct a return map, of f5,’s iterates along the homoclinic con-
nection, to a small neighborhood of the fixed point Fj, .

Let us introduce now some convenient terminology. Define N to be the class of all
subsets of the (4, u)-plane which have the form UN]0, +oc[?> where U is a neighborhood
of a segment line {(0,p) : =0, 0 < < d} for some small §p > 0. Any finite
intersection of elements in A is again in A and any union of elements in A/ belongs to
N. In other words N is a filter of subsets of |0, +oo[%.

The construction of the return map will work for all parameters (J, 1) in some small
enough N € N. First choose any zero of Ms(t) with negative derivative. By the implicit
function theorem we can choose these zeros depending smoothly on § . There is a smooth
function 6 — ¢(d), 0 > 0, such that

Mj(t(0)) =0 and %M(g(t(é)) <0.

Redefining the Melnikov function, for instance doing a time shift in the family of solu-
tions ¢s(t), we may just assume that t(0) = 0 for all §. Define Hso = ¢5(0) € 5.
Then, as we have pointed out in remark 2.3, we can extend this family, continuously,
to a family of transversal homoclinic points Hs, € W*(Ps,) "N W"(Ps,) defined for all
(0, ;1) in some open set N € .
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Next we take smooth (6, it)-dependent coordinates reducing the families Xs and fs,
to their Birkhoff normal form around P.

Proposition 6.1. In some small enough N € N there is a smooth family of symplectic
coordinates {5, : (6,pu) € N}, defined in a neighborhood of Py and conjugating both
families fs, and Xs to their Birkhoff normal forms,

L(;”u(ﬂf, y) = ¢6,u o f5,,u S 1/}5:111(‘7:7 y) = ()\(JZ y) Z, )\(LU y)il y) 5
where A(t) = A5 u(t) = A(J, u, t) > 1 is a smooth function of (9, u,t), and

Disso (s (2.9)) Xs (¥50 @) = (2 log Aso(ay) , =y log Asolay) ) -

Proof. The problem of reducing a C'*° volume preserving local map f:(R"™,0)— (R",0)
to a normal form is addressed in [St-58]. The two dimensional case, of area preserving
local maps at hyperbolic fixed points, is a special case to which theorem 1. in [St-58]
applies. One has to check, going through the proof of this theorem, that all choices
necessary to bring together Xs ( when p =0 ) and fs5, to their normal forms, first
on the formal level and then on the C'*° level, can be made smoothly in (6, u) . O

One could avoid this proposition working with the Birkhoff normal form of second
degree, i.e where A;,(t) is a polynomial of second degree in ¢, and dealing with a
remainder of order (wO(m3y3), yO(x3y3)) . Since the construction of the basic set
will be done remarkably close to the axis, the stable and unstable manifolds of P, the
remainder errors can be controlled and proved to be negligible.

These coordinates extend smoothly to a multiple valued map defined in a neighbor-
hood of W*(Ps,)UW"(Ps,). Scaling, if necessary, we may assume that the homoclinic
point Hs,, has coordinates (1,0) and (0,1).

For each (6,p) € N let G- (]R2, (0, 0)) — (]R2, (0, 0)) ,

Gsu(z,y) = (9100, 1,2, y) , g2(8, p,,y) )

be the transition map from a neighborhood of (1,0) onto a neighborhood of (0,1), map-
ping (1,0) to (0,1). For each (x,y) close to (1,0), the vectors (x,y) and Gs,(x,y)
represent coordinates of the same point. This transition map must, of course, satisfy
the following compatibility relation,

(3) Lspo0Gsp=GspolLsy -
Denote the components of the inverse map by,

Gy h(@,y) = (ha(6,p,2,y) , ha(6, p, 2,y) )

Lemma 6.1. For all (§,), x and y, where the functions below are defined,

1 a’) 91(5’051:’0) =0, 1 b) 92(&0355’0) :x_l,
1¢) %(5,0,3:,0) =2 2=-14+0(@xz-1),

ox
1d) 295,0,2,00 =22 =14 0@ —1),

dy
2 a’) h1(6> O>O7y) = yil ) 2 b) h2(570707y) = 0;
2¢) 225,00, =y 2= 14+0(y—1),

ox
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Ohy

2d) 5

——(6,0,0,y) = -y >=-1+0(y— 1),

Proof. Ttems a) and b) follow from the compatibility relation (3) plus the fact that the
stable and unstable manifolds of Psg form a saddle-connection. These two items in
turn imply c¢) and d) using the symplectic character of Gy, . (|

The following quantity will be related to the angle at the homoclinic point Hs , . Define
6 g1 82h2
5 0,1,0

The equality between these two partlal derivatives comes from the symplectic character
of G.

(4) 0 =05 =

(5,0,0.1).

Lemma 6.2. The function § — 05 is strictly positive and vanishes with all its deriva-
tives at & = 0. Moreover there is a constant C > 0 and some open set N € N such that
for all (6,1) € N and all z or y in A\"1,A], with X = X5 ,,(0),

1a) |g1(0,p,2,0)| <COsplogh, 10b) |ha(d,u,0,y)] <COsplogh,

2 a) ‘%?(&m%@‘écc%u, 2b) ’8;2(5/1,0 y)lécewa
%g1 05 1 8%hy 05 11
—=(0 <O —— b (6, .

3a) ‘axQ(’M’x’O)’_Clog)\7 3b) ‘ 92 /’Lvoy)' Clog)\

¢
Proof. Define o5,(t) = / log As . (s)ds and Hs,(x,y) = o05,(xy). The flow of the
0

Hamiltonian vector field JV Hs,, = (x log A5 .(xy), —y log A5 ,(xy)) is easily seen to
be ¢§7u(x,y) = (Ag,u(:ny)t x, )\57M(xy)_ty) . Thus items 1. and 2. of proposition 5.2 are
automatically fulfilled. We will compute the Melnikov function in two different ways
using this proposition.

First consider the homoclinic solution gs(t) = (0, A50(0)™") , which satisfies g50(0) =
(0,1), and define 7§ ,(t) = G5, (As,.(0)%,0) and V5, (8) = (0, X5,,(0)7*) . Clearly these
parametrizations satisfy the conditions 3. and 4. of proposition 5.2. Define also

C5,M<t) =01 (57 1, Aa,u(o)t7 0) g2 (67 K, )‘5,/L(O)t7 O) .
Then Hs,(v5,(t)) =0 and

(Ma) M) = 5 (o3l g = g (03202 o (), -

Alternatively consider the homoclinic solution gs(t) = ()\5’0(0)'5,0) , which satisfies
35,0(0) = (1,0), and define () = (Xs,.(0),0) and V5, (t) = Ggi (0, X5,.(0)71) .
Again these parametrizations satisfy the conditions 3. and 4. of proposition 5.2. Thus
defining

n5,u(t) =M (57 0, )\5,M(0)_t) ho (57 w, 0, )\5#(0)—15) 5
in this case Hj,(v5,(t)) =0 and

(Mb)  My(t) = 5 (~Ho, (1) 0

u=0 _ _@ <‘75,u O N6, (t))u:() .
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Next we are going to exploit these relations to translate the assumptions on the
Melnikov function into conditions on the components g1, g2 of Gs,, and hy, ho of G;}L.

Actually we will only estimate la, 2a and 3a out of the relation (Ma). An entirely
analogous calculation proves 1b,2b and 3b from the relation (Mb). Writing A = X ,,(0)
we have

a¢ do

Ms(t) = a5 (Cso(t)) %(5, 0,t) + o (6,0,Gs0(1))
(5) = IOgA %(5707 )‘tvo) 92(5707 )‘tao) +g1(5707)\t70) %(5707 )‘tvo)
ou ou
— 991
_ t 991 t
(6) = A 'logA o (6,0,A%,0)

Notice that by lemma 6.1 ¢1(8,0,A",0) = 0, which implies (s50(¢) = 0. By definition of
Osps 050(C0(t)) = 05(0) =log A. Notice also that

oo do

—(4,0 t)) = =—1(4,0,0) =0

alu( ? 7C5:0( )) 8M( » )

because o (0, u,0) =0 for all p.

M) = —X"tlog?\ %(5 0,\",0) + log*\ P g (6,0, \%,0)
6/1/ ) Y 8/,[,83:' » )
0%q1 _10q1
_ 2 t oyt t

For ¢ = 0 one has 291(5,0,1,0) =0 since ¢1(8,1,1,0) =0 for all x. Thus by (4)
1w

g1
0> Mj(0) = log® A 6,0,1,0) = —05 log? A,
0) =10g? A 58 (6.0,1,0) = ~6; log
which proves that 65 > 0. From remark 2.4 it follows that ¢ — 65 has all its derivatives
vanishing at 6 = 0. Using the notation introduced in (1) we have for some constant
C >0, M;(6) <C |[M}0)| =C s log” X\ for i =0,1,2. Define now,
8i+1gl
Ai(6) =

i) NI

(6,0,2,0)  i=0,1,2.
Equality (5) implies that

My(0)
Ao(8) < ——2 < C¥hs log A
0(9) < Tog \ < CfslogA,
which implies 1a, taking g small enough. From (7) we get

M (6
Ay(5) < M0
log® A

+ Ao(9) < C"65
implying that 2a holds for all (6,) € N in some small N € N'. Finally, differentiat-
ing (7) we have

t 8391 _ 8291 —l—A_t%
oudz?  Oudx o

M(;”(t) = logg )\ (A > (67 07 )\t) O) )
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and therefore )
MQ ) 06
Ao (9) < ,
2( ) —= 10g3 A lOg A
which implies 3a. O

+A1(6) + Ag() < C”

Lemma 6.3. For some constant C > 0 and some small enough open set N € N the
following inequalities hold for all (0,u) € N and all t € [0,1],

(1) logAspu(t) > C~'a,
(2) X5t <C,
(3) N0 <o,
where A = A5 ,(0).
Proof. Let ¢f(x,y) = (Ag(xy)t x,Ag(my)_ty) be the Birkhoff normal form, around Pj,

of Xs’s Hamiltonian flow. We have fso = ¢§ , the time § map of Xs. Therefor
Xso(t) = exp (6 As(t)) and for some constant C' > 0 we must have, log Aso(t) > 2C~14,

’)\370(0‘ < (/2 and ‘)‘g,o(t)‘ < C§/2. Thus taking N € N small enough the inequal-
ities above hold for all (4, 4) € N with C instead of C'/2. O

We define the half return time by

—log (u Os logg/2 )\>
2 log A ’

(8) n(d, ) = the integer part of

3/2

where A = )A5,(0). Because 65 has infinite zero jet at 6 = 0, pfslog”*X — 0 as

6,1) — (0,0) and therefore lim n(d,p) =+oc0.
(5.1~ (0,0 ol (e

Lemma 6.4. There is N € N such that, if we write A = X5,(0) and n = n(d, ),
then we have

(1) A" =(1+40(5)) ubs log** X,
(2) nubs=o(Vibs) |

(3) (i‘:z((é;)zn =140 (\/;795) , for 0<t< A1),

Proof. By definition of n(d, ) there is some s € [0,1] such that

—log (M 05 logg/2 A)
2 log A

n—+s=

which implies
)\—2 (n+s) _ )\—271)\—28 _ ,UH(S 10g3/2 AL
Since A\?® =1+ O(6), this proves item 1.
For the second item it is enough proving that

lim  n(d, 0s=0.
(6.)53(0.0) (6, 1) /1 Os
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Because 65 has infinite zero jet at 6 = 0, we see that

Vs
2 log A

< (u s log?’/2 A) i
Thus
n/ s < — (,u 65 log®/? /\) i log (,u 05 log3/? )\> ,

which converges to zero as (6, ) — (0,0). Note that lin% 2 *logz =0.
T—

If § > 0 is small enough, because by lemma 6.3 the variation of As, is small, there
is some small constant d > 0 such that A;,(t)™" < X\s,(0)™¢. Therefor

os (245)

IN

2n |log As . (t) —log As . (0)]

N, ’
on -2 < an 0o A1) 2"
N

2nC? log As,u(0) (/\5,/1(0)_2”)
d

_c? (Me(g log®/? )\) log (u 05 log™/? A)

02 (M 05)2d/3 =0

Thus for small N € N, 0<t¢< A, (t)" 2" <2X5,(0)72" < § which means that we
may take d > 0 above to be much closer to 1 and still have A;,(f)"! < )\5#(0)_‘1. For
3

instance if we take d = 4§ we will end up with

o ()

Latter, in section 8, we will find disjoint rectangles S, (0) C [0, A™""1]? and

IN

d

INIA

IN

W
NI

< (nbs)35 =/ pnbs .

- log®/% \
Sﬁ’”(l)c{(x’y) 0y <A and -1 <225 }

with n=n(d, ), A = A5,(0), and define the Return Map as

T§ ($ y) = L(S’M(x’y) if (xvy) € S(S,M(O)
o L§, 0Gsuo L (z,y) if (z,y) € S5,(1)

7. Rescaling Coordinates

In this section we introduce coordinates that will be used to scale the domain of the
return map up to the unit square. For all (4, 4) € N in some small enough N € N we
define the scaling map <I>57M:]R2 —R?

(I)(S,u(xvy) = (Aé,u(xy)n(é’“)l" )\&u(xy)n(é,,u)y)



28 PEDRO DUARTE

The product of ®;,’s components, As,(zy)?"zy, is a function of the product zy.
Therefor the inverse map is ® 5_#1 :R? 5 R?, given by

@5 (.0) = (At () O, A (1, (2) 0y
where t5,,(s) is defined implicitly by t5,(0) =0 and
9) Nopu(tsu(s))tsu(s)=s  forall se€l0,2].

Lemma 7.1. For some constant C > 0, some open set N € N and all s € [0,2],
tsu() . [t3,.()]  and [t7,(s)] < Cpbslog*? As,(0) .
Proof. By lemma 6.4, items 1. and 3. , we have
0<tsu(s) < sAsullton(s) 2" <2 (14 0(/1by)) Asu(0)72"
< Cubs log3/2)\ .
Differentiating relation 9 , we obtain
20 A (#(5))*" TN (#()) #(5) t(s) + A (#())*" #'(s) = 1,

and therefore,

(%) t'(s) <2n>\
A(t(s)™"

5 t'(s) <1, and so

0<t(s) <2A(H(s)) 2" < C by log®? X .

Differentiating now () we obtain

t'(s) (O(n) + A (¢(s))*") + () O(n) =0,

AU ) =1,

which implies 0 <

which implies

O(n)t'(s) < Cnpubs
N1+ 0(n) — A(t(s)”"
C 105 log3/2)\ .

‘t//(s)‘

IN

We now scale the return map to the unit square, setting Tg,# =®s5,0T5,, 0 @g’i .
The first branch is f’&u =®5,0Ls, 0 @gi. We will analyze it in the larger square
So = [0,2]?. Define
A(s) = 5\5,#(8) =6,y 8) == s Ots(s) -
Then it is easily verified that

(10) Lsu(w,y) = (Msulwy)z, Ay y) -

The second branch of Té,u is just,

~ _ n n -1
Gsp=Psp 0 L(w oGsy 0 La’# o ‘I)(m )
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To compute 515,# and its inverse égi we need the auxiliary functions
p(@,y) = pspu(T,y) == g1 (967;\(361/)_2"24) 92 (x,;\(xy)_%y)

r(@.y) = o) = by (A@y) e,y ) b (May) 2",y
where X = 5\5,;1,7 gl<'7') = 91(57/117'7‘)7 92('7') = 92(57M7'7')7 hl('7') = h1<57:u'7'7')7

hao(+,+) = ha(d, iy +,+) and n = n(d, ). Then, with these notation, we do the substitu-
tions and compute the following expressions,

A1) Goulay) = ((op@y)" g1 (@A) "y ) g2 (2 Ay "y ) )

(12) égi(x,y) = (hl (X(my)_%:v,y) , (Mo (x,y)*™ hy ( (xy)_Q”x,y) ) .

Notice that for all (4, p),
(13) Gs,(1,0) = (0,1) .

We will analyze G5, and Gy, ; respectively on the following rectangles
S, = {(x,y) D=1 3210g3/2/\ and 0§y§2} ,
St = {(x,y) :0<2x<2 and |y—1/<2 log3/2)\} )
to which all subsequent estimates on the derivatives of Gs, and G 5_/} will refer.

Lemma 7.2. For some small enough N € N and some constant C' > 0 we have for all
(‘T’ y) € Sl

1 |p(@,y)| < C pbs log®? A

dp
9 |Z£ <
&C(l‘,y)‘ < Cpubs
3 é”wwﬂSCM%béﬂA
dy
d%p 105
4 |2L <
Ox? (m,y)‘ - Olog)\

where, as usual, A\ = X5, (0). Similar inequalities hold for all (x,y) € St if we change

p to r and each derivative with respect to a% by the correspondent derivative with

respect to 6% .

Proof. Once again because the two cases are entirely similar we will only prove the
inequalities corresponding to the function p(z,u). Consider the differential operators

1d, 8%7 8%, and 59—;2 . If D stands for any of these operators and i = 1,2 then of course

Dg;(0, i, z, M(xy)~2"y)| is bounded by some constant independent of (8, ). On the
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other hand for g; and the Ox derivatives we can get much better estimates using the
mean value theorem,

<o 0 < _on
D91(57ﬂax7)‘ 2 y) = Dg1(5,u,x,0)+@(Dg1) ()A 2 Y

= Dgi(d, p,2,0) + O (5\_2")

(14) = Dgi(8,p,2,0) + O (05 log*? 1) ,

and the correspondent estimates of lemma 6.2. In particular we see at once that item
la must hold. To estimate higher derivatives note that, using lemmas 6.3 and 7.1, we
have

(15) ‘S\g#(s)’ — M (8) ()| = O(nbs log¥22)  and
(16) N, 5)] < (AL )] #(5)2 + [N () ()] = Ol Tog™2 ).
Therefor
ap ag X—2n N\ —2n
5 (@Y = 8731(9“ y) galw, AHy) + -
dg
~ S (@ 0) = 0(ud),
where above, and below during this proof, the dots mean terms of lesser order.
8]? _ agl Y —2n Y —2n 0 Y —2n
ay(:r,y) = (2, A""y) g2(2, A" "y) 2y <>\ y) +

~ ;y(Z\Z”y>+~-:X2” <1—2ny5§:>+-~

= OA2) = O(ubs log®? \)

82]7 829 y—2n \—2n

92y = ax%(%k y) ga(w, A y) + -
g1 s
W(x,()) =0 <log/\>

We have been using above the fact that O(A~2") = O <,u 05 log>/? )\> which follows

from item 1 of lemma 6.4. We have also used also the relations g ~ 1 and %—*‘2 ~1
which follow from items 1b and 1d of lemma 6.1.
O

8. The Basic Set

The goal of this section is to prove that the return map Tg}u belongs to some class
F (€8, ), v(6, 1) ), see definition 4.1, where €(d, ) and (9, ) tend to zero as (9, u) —
(0,0). Notice that since both branches of the return map 75, are defined as rescaled
iterates of f5,, the corresponding basic set As, , viewed in the coordinates ®g,,, is
also part of a basic set of the diffecomorphism f5, , namely U%:"O f({ " (Asp), where n =

n(d, 1) . Using the distortion bounds of theorem 2, we prove that 6 %in%o . TLrR(As ) = +00.
7# _> k)
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_ Let us import the notation used in definition 4.1 and write the Jacobian matrices of
Ls,, and its inverse Lgi as

= ([ ag bo = ([ dy —bo
DLs, = ( co do ) and DL;, = ( & G ,
over the square Sy = [0,2]?.

Lemma 8.1. There is N € N such that for all (§,n) € N and (x,y) € [0,2]?, all
components of the difference matrices

= A0 ~_ Ao
Dsuen) (5 \0 ) e pEean- (%)

with X = X5 ,(0) , are of order O <u 05 log3/? A) .
Proof. Differentiating (10) we obtain the expressions,

ao(x,y) = ao(z,y) = Mzy) + N (zy) zy = AMzy) + - --
bo(z,y) = N (zy) «*
(

. Nzy) s
bo(x, =
o(z,y) = )\(~xy)
éol,y) = =X (ay)a® = - -
_J 3 —1_5\/(373/)33 — Naz) 4.
do(z,y) = do(z,y) = A(zy) ki Alzy)™ +

Using the estimates (15) and (16) in the proof of lemma 7.2 we see that all terms involving
N (xy) are of order O (u 05 log>/ 2)\) . Since, by the mean value theorem, the difference

5\57,1(333/) — As,u(0) = 5\5’#(0) xy is of the same order O (65 log3/2)\) the lemma follows.
(|

Lemma 8.2. There is N € N such that, for (6,u) € N and (z,y) € [0,2]*, all
second order partial derivatives of ag, bg, co, do, g, by, Co and dy, are of order

0 (,u(95 log®/2 A) .
Proof. All second derivatives of ag, l~)0, co , doz aop , 130, ¢o and Jo are sums of terms

which involve one of the derivatives X (xy) or X’(xy). Therefor we just have to apply
the estimates (15) and (16) in the proof of lemma 7.2. O

Write the Jacobian matrices of éé,u and G Yy Ml as

. b - di —b
DGj,. = < o d ) and DGyl = < S > .
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Lemma 8.3. There is some small enough N € N such that for all (6,1) € N and all
(l’, y) € Sl )

pas) = (THEN ) (O0E )

and for all (x,y) € Si ;

DGy, (x,y) = ( _01 _logl—?»/n ) * ( 383 0(1321‘)1 ) )

where X = A5 ,,(0) , and all the o(1) components tend to zero as (d,1) — (0,0).

Proof. In this proof the dots ”---” will stand for any term, or sum of terms, converging
to zero as (9, ) — (0,0). The first component of G, , see (11), is

3100, ,2.9) = Ap(,9))*" g1 (2, May) 2"y ) -

Combining lemma 7.2 with the estimate for g (x, A(zy)~2"y), obtained in (14) during
the proof of the same lemma, we see that both

0

o (9™ gl<m’x_2ny> and aay(A(p(fmy))Q”) gl(m,f\—Q”y)

converge to zero as (6, ) — (0,0). From the estimates (15) and (16), obtained in the

proof of lemma 7.2, we get that all partial derivatives of A(wy) 2"y converge to zero as
(0,) — (0,0). Thus,

W) = Al )" 2 A

= AP (G040 4
= A (o + 520 e-1)+on+

= A5 u(0)*" <%gl( 0) + (u9alog1/2k)>+0(1)+~-

+0
891
log A

We have used above the estimate (14) in the proof of lemma 7.2. We did also use the
definition of S) and item 3a of lemma 6.2 which give us that (z —1) = O(log*? \) and

6 [
4 @,0) =0 ().
On the other hand

= >\57u( )

on B 891 %g
= —M95+O(M )

and if we assume that N € N is such that 0 < p < 65 log"/? X for all (6,) € N, then
o1 1 1

= @) .
ox ( ) 10g3/2 A + <log )\>
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For the other first order derivatives we combine lemma 6.1 with (14). The second
derivative of gi(x,y) is
0g 0 ~ ~
Pew) = Mpwy)™ Fh@ iy i

Oy
_ 991 5-2n
_ 9n f—2n
= 8y(m,0)+0()\ )+

- 14

Now the second component of ég,# is, see (11),

g?(&:“’alivy) = g2 <$75\(ij)_2ny) .

Thus
9g2 g2, < _op
_ 992
= 14
and
992 992 . < _op \5-2
) = 22 N2 N 4
So(m) = R AN
= O(X_Qn)_"_...:...
The derivatives of G ’y ul are worked in the same way. O

Lemma 8.4. There is some open set N € N and some constant C > 0 such that,
for (0,u) € N, all second order partial derivatives of ay, by, c1, dyi, except the one
below, are bounded over Si, in absolute value, by C . Similarly all second order partial
derivatives of a1 , by , ¢1 and d1 except the one below, are bounded over 5'{ , in absolute
value, by C. The exceptional derivatives satisfy:

0 ~ oa C -
aa S —5 o over S1, and ga 3527 over S’ .
0x | ~ 1og®2 Xs,(0) 0z | ~ 1og®? A5, (0)
Proof. In this proof the dots ”---” will stand for any term, or sum of terms, bounded

as (6,u) — (0,0). It is clear that all second derivatives of the second component
g2(z,y) = go(x, :\_2”y) are bounded, or converge to zero. Thus we only have to deal
with the first component §i(x,y) = A(p(x,y))?" g1(z, Mzy) 2"y) .

All derivatives of the form

D ()\(p(x, y))zn) g1(z, S\(QL’Z/)_My)
92 92

where D = 4, 52 Or 8ggy are bounded. Up to some multiplicative constant they

can be dominated by A(p(z,4))?" g1(z, M(zy) ~2™y) and this is easily seen to be bounded

from item la of lemma 6.2, lemma 6.4, and (14) in the proof of lemma 7.2.
Also all derivatives of the form

Dy (o)) Do (e Aan) ")) |
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where D; and Ds is any of Id, % or 8% , are bounded because the function % (X(:py)_%) Ap(z,y))?
is bounded. Therefor all partial derivatives of §; with second order involving Jy are
bounded. It remains to analyze the following one
R on 91, <o
@(%y) = Ap(z,y)) ﬁ(%)\ y)+ -

2
= Asu(0)?" ((?):ngl(x, 0)+ 0(5\2”)> +-

1 ,u95>
= (@) +0(1)+---
105 10g3/2/\ <10g/\ @

1
- o ——
(log5/2)\>

The proof for the second derivatives of G Y Ml is similar. O

Lemma 8.5. There is some N € N and some constant C > 2 such that defining
€0, p) = g log®? X and (8, 1) = C log"/? X, where \ = A5, (0) , then for all (6,p) €
N the maps INJ(;# and E({i defined in Sy, the map éfm defined in Sy, and the map
é{i defined in g{ they all satisfy the conditions 2, 8 and 4 in the definition 4.1 of
class F (e(d, ), v(6, 1)) .

Proof. Choose a constant Cy > 2 according to lemma 8.4 and set v = 3} log'/? .
2. (b) On the first branch of 7' combine lemma 8.1 with the inequality

€ lag] <2e=310g%% )\ <« 2.
On the second branch combine lemma 8.3 with the inequality
3
€ la1] = 5 +0 <log1/2/\> <2.
2. (c¢) On the first branch of T' combine lemma 8.1 with the inequality
€ (Jao| —1) > C 7 og”2 X > 105 log/? X
On the second branch combine lemma 8.3 with the inequality
3
(o] =1) = 5 +0 (1og"/22) > 1.
3. On the first branch of T' combine lemma 8.2 with the inequality

v (Jag| = 1) = C 7 1og®2 X > 1165 log®/? X

On the second branch combine lemma 8.4 with the inequality

1 1
wal\—l):3oo<1og1/2x>0<bg3m) ~0(is5) > 6.
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for the subitems (a) and (b), or with the inequality

300 1 CO
- 1)=—+—+0 > ,
7 laa] (Jaa] ) log5/2)\ <log2/\) 10g5/2)\

for the subitems (c) and (d) .

4. On the first branch of T, if ay = max {|ao(z,y)| : (z,y) € [0,2]2}, we have
ag = A+ O(ubs log®? \) . Then for some constant C > 0,

1—a0_1 >C'A=1)>C"tlogA and ~ (1—a0_1) > Clog?? X .

Given (z1,71) and (z2,%2) in [0,2]?, we get from lemma 8.2

ao(w2,y2) dag day
Jog 20\¥2:42) | _ Ygao| , | 940 _ _
o S < {5004 | S0 a1 = )
<2
< Cubs log3/2)\<<C_1 log3/2/\§'y (1—040_1) .

On the second branch, setting oy = max {|ai(z,y)| : (z,y) € [0,2]*}, we have
a; =0 <log_3/2 )\) and therefore ~y (1—a1_1) = (1 — O(log?’/2 A)) =3Cp log"/? A+
O(log? \) . Take now two points (z1,%1), (x2,%2) € S1. By definition of S;

we have |z; — zg| <2 10g3/2 A and |y; — y2| < 2, and applying the mean value
theorem,
a1(z2,%2) 1 |0aq 1 |day
log ———= — = |1 — 22| + — | = _
’ ai(x1,y1) lai| | Oz |21 2] la1] | By ly1 — 2|
1 C
= 0 210g%2 X+ O(log*? \)
1 O (L) 10g5/2 )\
log3/2 X log A
2Cp log'/? X f

1 —O(log'/2 \)
< 3Colog? A+ 0(log?\) =~y (1 —a7l).

Lemma 8.6. For all (0,u) in some small N € N the map CNJ&M has a fixed point
Qs = (x1,y1) with both coordinates satisfying x1 = 1+ O(p log®2 ), y1 = 1+
O(u log®/? \) . This fived point is hyperbolic and there are C* functions T'*, T'*:[0,2] —
R such that:

(1) the graph {(z,IT'%(z)) : = €[0,2]} is a local unstable manifold of @ and for all
z€(0,2], —3log?? X\ < LT%(z) < —2 log*/? X

(2) the graph {(I'*(y),y) : y €[0,2]} is a local stable manifold of @ and for all
yel0,2), —3log¥? A< £1%(y) < —2 log*2 A .
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Proof. Let us begin by proving that

(1a)  Gap(1,1) = (1+0(u), 1+ 0(ubs log”? 1) )
and 3

(1b)  G;l1,1) = (1 +O(ubs log®2 N, 1+ O(u)) .
Since these facts are proved in the same way we will restrict to (1a). The first component
of Gs,(1,1) is

a1 = Ap(L, 1)) g1(1,A(1)7*)
) _ _
= AL 1D))™ { g1(1,0)+F1(1,0) A2 4 0 (A7)
—— Oy

=0

L)\ o /
_ ( w5 ) S (1.0) + 005 log?2 )
on

= 07(1’ 0) + OV ubs) -
In the last step we have used item 3. of lemma 6.3. But by item 1d. of lemma 6.1,

991
Jy

Therefor the first component of @5#(1, 1) is of order 14+ O(p). The second component
of Gs,(1,1) is

B2(1,1) = g2(LAD) ™) = (1,0 + 0 (A7) =140 (A7),

where, again, we have used item 1b. of lemma 6.1, and item 1. of lemma 6.3. Notice
that G5, (1,0) = (0,1) for all (4, ).

0
(6,1,1,0) = ,O%(a,o,l,m +0(u) =1+ 0() .

The strong hyperbolicity of the map Ga,;“ proved in lemma 8.3, together with (1a)
and (1b), above, shows that we can apply a standard Graph Transform argument to
prove the existence of a fixed point () with stable and unstable manifolds written as
graphs of C' functions. Let us assume the existence of such objects: the fixed point @
and the C! functions I'(x) and T'*(y) whose graphs lay in the invariant manifolds of
Q) , and proceed with the estimations.

Now denote by £§  , respectively £; ,, the intersection of the line through (1,1) with
3/2

slope —log”“ A\, respectively — log_g/2 X, with the rectangle S;, respectively gi . Let

us prove that
(20)  dist (Goullh,).08,) = O (108" 2)
and
(2b) dist (@5_;( gw), 3#) =0 (,u log?’/2 A) )
Writte (Z1,71) = Gs,(1,1) and take the unique point (1,9;) € éé,u(g(su,u) in this line
with abcissa equal to 1. Then

dist (Ciou(65,),05,) < i =11 < g1 — Gl + |3 — 1]
0 (log?’/2 A) 1 —2:|+ 0O <u log®/? )\)

= 0 (,u log®/? )\> .

IN
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Remark that [1 — &1 = |1 — 1(1,1)] = O(p) , and [j1 — 1| = [g2(1,1) — 1| = O(p log®? ),
and finally observe lemma 8.3 implies that Gs, (fgﬁ u) is a curve with tangent slope of

order O(log®? \). (2b) is proved in the same way.
Because the hyperbolicity granted by lemma 8.3 is strong enough we get from (2a)
and (2b),

dist (W, (@), 65,,) < 2 dist (Gap(ly,), 05,) = O (log™?2)

and analogously
dist (WISOC(Q),%) < 2 dist (é(m( $0); fm) -0 (M log®/? )\) .

But this implies that dist (Q, (1,1)) = O (M log?/? )\> )
Consider now the map

& (z,y) +di(z,y) s

a1 (z,y) + b (z,y) s

defined as in the proof of lemma 4.1. A simple computation using lemma 8.3 shows that
for all (d,) in some small N € N, all (z,y) € [0,2]* and all |s| <1

plx,y,s) = — log?’/2 A+O (10g3 )\) .

p(x,y,s) =

By the definition of p, if G (x,T%(z)) = (& I'*(%)) then
d Ul ~\ u d u
v = (x,r (@). ot <x>) ,

Therefor %F“(a}) = —log®2 X+ 0O (log3 A) for all = € [0,2]. The stable manifold is
worked analogously.
O

In particular W (Q) intersects transversally W*(P) = {(z,0) : # € R} at the
heteroclinic point (25,0) = (I'(0),0). Similarly, Wy¢ (Q) intersects transversally
W#(P) = {(0,y) : y € R} at another heteroclinic point (0,y,) = (0,T'“(0)). Denote
the arcs of stable and unstable manifolds that connect the fixed points P and @ with
these heteroclinic points by,

76 (P) ={(2,0) : z € [0,z] },

% (P)={0,y) : y€[0,5.] },
10 (Q) ={(z,I'"(z)) : x € [0,21]} and
%(Q) ={(I*(y).y) : y€[0,3] }.

Lemma 8.7. For all (6,p) in some small N € N,
(1) M%(z)—1]<% log®2 \ for all 0 < x <z, and
(2) [T¥(y) —1] < % 10g3/2)\ forall 0 <y <.

In particular v§(Q) C S1 and 4#(Q) C S .
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Proof.
T(z) =1 < [I(2) =l + [y =1
= [I'(z) —T%x)|+ O <u log®/? )\)
< 202 n] + 0 (10?2 )
< ZZ log?’/2 A
The second inequality is analogous. O
(%, TV (%))
(X.IED) 0.y,

Q

(T w), v
o S

0y,

(0, 1)

F. o
NRVANS A

(R

(5,0 (x.0) P (x,0)
4R

F1GURE 5. The Markov Partition

Let S be the square with the following

e edges: V5(P), v¢(Q), 7(Q) and ~§(P), and

e vertices: P = (0,0), (0,y,), Q = (x1,71) and (zs,0).

The sets Sy = SNL~'(S) and TSy = L(S) NS are rectangles bounded between the
following edges and vertices.

e Vertical edges of Sp: v§(P) and +*(Q) = SN L '(Q).

e Horizontal edges of Sp: pieces of v((P) and §(Q).

e Vertical edges of T'Sp: pieces of 15(P) and 5(Q).

e Horizontal edges of T'Sy: ~§(P) and 74 (Q) = SN Ly§(Q) -

e Vertices of Sp: (0,0), (0,94), (#4,T%(&y)) and (A"'z,0). The arc 7 (Q)
is bounded between the heteroclinic point L~'(z,,0) = (A\~'z,,0) and some
homoclinic point in v5(Q) that we denote as (Zy, 1" (Zy)) .

Vertices of T'Sp: (0,0), (zs,0), (I'%(7s), ¥s) and (0, A" y,). 75(Q) is bounded
between the heteroclinic point L(0,4,) = (0,A"'y,) and some homoclinic point
in 75(Q) that we denote by (I'*(¥s), Us) -

The sets S; = SNG~(S) and T'S; = G(S)N S are rectangles bounded between the

following edges and vertices. Remember the relation (13) satisfied by the homoclinic
points (1,0) and (0,1).

e Vertical edges of S1: v°(P) = {é‘l(O,y) 1<y < yu} and 75(Q) .
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Horizontal edges of S;: pieces of 7§ (P) and 7{(Q).
Vertical edges of TSy : pieces of v§(P) and 75(Q) .

e Horizontal edges of T'S1: 7¢(Q) and 7% (P) = {é(m 0): 1<z <ux, }
)

e Vertices of Sy: (1,0), (zu,"(24)) = C;’;l(O,yu , (r1,11), and (0, zy).
e Vertices of T'S1: (0,1), (I'*(ys), ys) = G(5,0), (z1,91), and (yu,0).

Lemma 8.8. For all (§,) in some small N € N,
Sl g 51 and TSl g Si

Proof. To prove that T'S; C S} it is enough to see that v%(P) = {G(w 0) : 1<z <uz, }

is contained in Si . For that matter take 1 <z < x,. Using lemma 8.7,

0 0
(@0 -1 < 2260 lo-11 <| 7260 o, -1
0 7
< 92(33*,0)' log®? A < 2 log®/? A
ox
Notice that, by lemma 6.1, if (6, 4) is small enough % ﬂ ~ 1. O
The maximal invariant set of T in S, Ag o= ﬂ T7"(S), is a "horse-shoe” type

nez
basic set with Markov partition P = {Sp,S1}. The map T :SyUS; — S belongs to
class F of definition 3.2, and all conditions of definition 4.1, except the fifth one, have
already been verified. Let us now check this last condition.

Lemma 8.9. There is some small N € N' and some constant C > 0 such that for all
(6,p) €N,

(1) dist(So,S1) > <
(2) dist (T(S0), T(51)) >
y
where € = €(0, ) and v = (0, u) were defined in lemma 8.5.

Proof. Because the right vertical boundary of Sy, which goes down from (%5, I'(Zs))
o (A71zs,0), and the left vertical boundary of S;, going down from (z,,%(x,) to
(1,0), are both graphs of C! functions with negative derivatives, the distance between
So and Sy is greater or equal to x, — A"'z,. A simple application of the mean value
theorem shows that

0§x3—1§0(10g3/2)\) and Ogl—xu§0(10g3/2)\>.

Therefor
Ty — AN lzg > (e —Alzy) — (zs— 1) — (1 — )
> z,(1-2"H -0 (log3/2 )\>
> = — >
z 5 logA — O (log /\) 2 log A
3 €
> — logh=—.
20 8 ¥
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In a similar way one proves that
dist (T(50).T(1)) = ys = A"y >
~
OJ

Define If = W*(P)nS = {0} x [0,y,] and I = W*(P)N S = [0,z5] x {0}. The
dynamically defined Cantor sets (K*=1TI*NA,¢%) and (K*=1I:NA,¢"), induced
respectively by the action of 7! on the stable leaves and by the action of T on the
unstable leaves, have the following Markov partitions

Ps = {I'NSo, 14 N S1} = {[0, A 'z), [1,24]}

and
P = {0 L) NG = {02 vl (1w} -

Lemma 8.10. There is some small enough N € N such that for all (§, 1) € N,
1
1 S u >
W) P, P 2

@) (P, TR(PY) > i\/x_i

1

where X\ = X5 ,(0) . In particular TR (P) > T
Proof.

Al Al 1

5) = 5> E =
7(P’) 1—Alzg " zg—Alzg, A—1"

and similarly

Ay, Ay, 1

_1_)‘_1yu_yu_A_1yu A_l.
Applying the mean value theorem to I'* | at the points y =0 and y = y; , we get from
lemma 8.6,

1 1
T < S 10g¥ A < -1 go(log?’/?A) <A1,
Therefor,
sy _ g —1 S Ts— 1 >Axé‘_1
7r(P?) 1—Aloeg —zs(1—A71) g A—1

_ 1\3/2
R
4 -1 4

Using I'"* instead of I'® we obtain the same estimates for y, — 1 as we did for zs— 1.
Thus,

w— 1
TR(PY) = 2 VAT,

= >
1—Mly, —

1
4

Corollary 8.1. There is some small N € N such that for all (§,u) € N,
Tsp € F(e(b,0), 70 p))  and  TLr(Asu) > 1.
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Proof. From lemmas 8.5 and 8.9 we obtain T € F (e,). Combining theorem 2 with

lemma 8.10 we see that for (0,u) € N lim  77r(As,) = 400, which proves this
(6,1)—(0,0)

corollary. 0

9. Positive Homoclinic Tangencies

In this final section we find orbits of positive homoclinic tangencies, of the fixed
point Ps ,, for sequences of parameters (6, u,(6)) accumulating in (,0) as n — +oo.
Actually, because it is much easier, we find orbits of negative homoclinic tangencies
and then use an elementary abstract lemma relating negative with positive homoclinic
tangencies.

First we need some definitions. Let P be a fixed point of a diffeomorphism ¢:M? —
M? | in some oriented surface M2, having both eigenvalues positive. We orient the stable
and unstable branches of W*(P) — { P} and W"(P) — { P} so that orbits increase along
them. Homoclinic tangencies of P are called positive, c.f. definition 3.3, if both the
orientations, on the stable and unstable branches, agree near the tangency. Given an
orbit of transversal homoclinic points {¢"(z) : n € Z} between two components, v*(P)
of W#(P)—{P}, and v*(P) of W*(P)—{P}, consider the family of linear ”return maps”
to a neighborhood of P,

Rn,m = D(,O:Zj_:zx :T(pfn(w)(Mz) —>T¢m(x)(M2) .

)

For all large enough n, m € N, identify both domain and target space with Tp(M?)
via some local coordinates. Then R, ,, is strongly hyperbolic. Two cases may occur:

Case I The linear map R, ,, has two positive eigenvalues, for all large n, m € N. In
this case the pieces of v*(P) through ¢™(z), resp. of v*(P) through ¢ "(x),
that by the A-lemma accumulate in Wit (P) as m — 400, resp. in Wi (P) as
n — 400, are oriented in the same way as nyC(P) =~“(P)N WI%C(P) . In this
case we will say that the points of the orbit are positive transversal homoclinic
points.

Case II The linear map R, ,, has two negative eigenvalues, for all large n, m € N. In
this case the pieces of v*“(P) through ¢™(z), resp. of v*(P) through ¢ "(x),
that by the A-lemma accumulate in Wf(‘)c(P) as m — —+00, resp. in Wfoc(P)
as n — 400, are oriented in the opposite way of ’nyC(P) =~+“(P)N Wf(‘)C(P) .
In this second case we will say that the points ¢"(z) are negative transversal
homoclinic points.

In our working context let ¢(6), d > 0, be a smooth family of (simple) zeros of the
Melnikov function M;(t) and consider the corresponding family Hj, of transversal
homoclinic points in W#(P5,,) N W*(P; ). It is easily seen that

I If for all small § > 0, 4M;(¢(5)) < 0 then Hj, is a positive transversal
homoclinic point for all (4, ) in some small enough N € NV,

I1 If for all small § > 0, 4M;s(¢(5)) > 0 then Hs, is a negative transversal
homoclinic point for all (, ) in some small enough N € V.

In particular, since the Melnikov function must have zeros with positive derivative

then there is a family of negative transversal homoclinic points in W*(Ps ,) "W*"(Ps )

for all (§, 1) in some small enough N € N .
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Lemma 9.1. Let ¢, : M? — M? be a family of C? orientation preserving diffeomor-
phisms with a hyperbolic fized point P, having both eigenvalues positive. Assume there
is an orbit of negative transversal homoclinic points between the components ~"“(P,)
of W*(P,) — {P.} and ~*(P,) of W*(P,) —{P.}. If an orbit of negative quadratic
homoclinic tangencies, between these components, unfolds generically at p = po then
there is a sequence p, converging to g, as n — +o0o, of parameters where orbits of
positive quadratic homoclinic tangencies, between ~“(P,) and v°(P,), are generically
unfold.

Proof. Take two homoclinic points in v*(P,) Ny"(P,) :

e 1€ 71800 (P,), close to P, , a negative transversal homoclinic point and

o y € fyl”OC(PMO), close to P, , a negative quadratic homoclinic tangency which

unfolds generically at u = pg .

By the A-lemma there is a sequence of arcs oji(p) € v*(P,) containing z whose for-
ward iterates v, (u) = ¢, (o (1)) converge in the C* topology to ’yl“OC(PM) . Because
x is a negative transversal homoclinic point the arcs ~/(u) are oriented in the opposite
direction of their limit . . (P,) . The stable branch v*(P,,) makes a negative tangency

with vi‘oc(PMO) at point y and locally v*(P,) moves transversally with ”positive veloc-
ity” with respect to qfi’oc(P“) . Therefor v*(P,) will also move with ”positive velocity”
with respect to v%(n) and will have a tangencial contact with it for some parameter
iy close to po. Because of the opposite orientation of ~v/(u), relative to vf‘oc(PH) , the
new tangency between )i (u) C v*(P,) and v*(P,) will be positive. Since the tangency
at x is quadratic so is the new one. O

Denote by ~“(Ps,), resp. ~°(Psy), the component of W*(Ps,) — {Ps .}, resp.
W#(Ps,) —{Ps,,}, depending continuously in (9, ) that coincides with the homoclinic
connection s when pu=0.

Lemma 9.2. For each 6 > 0 there is a sequence (0, un(0)) converging to (4,0) as
n — oo, at which parameters some orbit of negative quadratic homoclinic tangencies,
between v*(Ps,,,) and v*(Ps,,), unfolds generically with parameter .

Proof. Denote by I'* the arc of stable manifold in Ri connecting the negative transversal
homoclinic point (1,0) with the previous (positive) transversal homoclinic point (zg, 0)
with zo < 1. Similarly denote by I'* the arc of stable manifold in Ri connecting
the negative transversal homoclinic point (0,1) with the previous (positive) transversal
homoclinic point (0,yp) with g9 > 1. These arcs can be written as graphs of smooth
positive functions,

[ =T%0,p) = {(2,9°(0, u,)) : ;o< <1},
r“=1%0,u) ={(¢"6,my)y) : 1<y<wo} .
For each n € N let us write,
L7(6,p) = Ls } (I°(6, 1)) and  I7(6, p) = Ly, (T(6, 1)) -

These arcs are also graphs of smooth functions, respectively g, and gy. From the
asymptotic relation,

L (z,y) ~ (X2, A7"y) A= 2Xs0(0), as p—0,
we obtain,

(%) gn(0, ) ~ A" g°(6, p, A"z)  and g, (6, p, y) ~ A" g"(8, pu, A"y)
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Define now

1(8) = sup { = 0 : T3(6, 1) N TG, ) =0} .
Then for p < pn(0), T (0, u) NI (6, u) = 0. By compactness of the arcs I'*(d, up,) and
(0, pin,) we have T8 (0, pun) NTE (8, up) # 0. Therefor this is a first intersection between
these arcs, and so it must be a tangency. The sequence pu,(J) converges geometrically
to zero. One can easily prove that 0 < u,(6) < C(8) pA=2" for all large n € N and
some constant C'(§) > 0.

We still have to prove that these tangencies are quadratic and unfold generically. For
= pin(9) denote by (zn,yn) = (2n(9),yn(0)) € I'; NI} the point of tangency between
the graphs (z, g5 (9, pu,x)) and (g2(, u,y),y). Then of course

S U
TG nl0):20) G (8) ) = 1.
and both these derivatives are positive. The slope of the first tangency must be positive.

To prove that the tangency is quadratic we just outline a qualitative argument that

may easily be quantified into a rigorous, but tedious, analytic proof. The argument

relies on the following facts, which may seen from (x):

a) If %(6, tn,Zn), TESP. 8895 (0, tn, Yn) , is very small then the curvature vector

of I (6, un), resp. TE(S, pun), at (zn,yn) is very large and points inward the
domain bounded by I'} and the z-axis, resp. I';y and the y-axis.

b) If the curvature vector of I'Y (§, ), resp. T%(, p) , at (xp, yn) points outward
then it must be small and the tangent slope %Lf(é, fns Tn) 5 TESD. %ii(é, Hns YUn) s

will be large.

We just remark that in the case z,, or y,, were close to local minima of g; , or g,
these facts would fail to be true. But this situation is ruled out by the assumption that
(zn,yn) is a first tangency.

Now, if both curvature vectors of I'} (6, upn) and T2 (9, pn) at (xn,yn) point inward
they will have opposite directions and the tangency will, therefore, be quadratic. As-
sume that one of them, the curvature of T'%(J, uy,) for instance, points outward. Then

by item b) this curvature is small while %(5, ln,Yy) is very large. But this implies

that %ij(é, Un,y) is very small and from item a) above it follows that the curvature
of I'? (9, un), pointing inward, is very large, much larger then the curvature vector of
I'? (9, pp) which points in the same direction. And the tangency is again quadratic.

Before establishing the genericity of the unfolding remark that the Melnikov function
of the family fs, may be expressed as either:

_ 9 t _ dg* t
Ms(t) = 5 (90,1 25,1(0)') g = 5,7 (8:0: A50(0))
or 5 B
u _ __0g _
Mé(t) = @ (g (53/% >\§,M(O) t)'u:() - 8M (67 07 )‘5,0(0) t) .

Then because the Melnikov function is a Morse function we will have on some small
enough N € N and for all (d,u) € N,

S S 1 n
% (5, ) ~ A7 297 (5, 1, A" ) o A" M <Og(M)> >0

ou ou log A
for all zg < A"z <1, and similarly
99y, dg" log(A\"y)
YIn ~ )\ n ~ A\ M Yo\ JJ
o (6, y) ~ A o (0, 1, A" y) ~ A 5< Tog ) >0
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for all 1 < \y <yp.
Now, consider the vertical line z = x,,, which crosses transversally both arcs I'; and
'Y at the point (x,,y,). Let us fix § and vary p close to (). The intersection of

% (6, ) with this line, (xy, g2 (, 1, x,)), moves upward since %—j(é,u,xn) > 0. The
intersection of I'l'(d,n) with the line = = =z, is (xn,¢(n)), where ¢(u) is defined
implicitly by g, (6, 1, (1)) = gy, (9, i, Yn) . Thus

ogl
d¢ B (0, pny Yn) dg dg?’
= (k) = */i— = ——"(6, ftns Yn) 5 (0, i, Tn) <0,
I %55, ins Yn) I Oz
which shows that this intersection point moves downward. Therefor the tangency unfolds
generically. N

Corollary 9.1. For each 6 > 0 there is a sequence (0, pu,(0)) converging to (6,0) as
n — 0o, at which parameters some orbit of positive quadratic homoclinic tangencies,
between v*(Ps,,) and v°*(Ps,,), unfolds generically with parameter .

Proof. Combine lemmas 9.1 and 9.2. O
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