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ABSTRACT. We study billiards on polytopes in R? with contracting reflection
laws, i.e. non-standard reflection laws that contract the reflection angle to-
wards the normal. We prove that billiards on generic polytopes are uniformly
hyperbolic provided there exists a positive integer k such that for any k consec-
utive collisions, the corresponding normals of the faces of the polytope where
the collisions took place generate R%. As an application of our main result we
prove that billiards on generic polytopes are uniformly hyperbolic if either the
contracting reflection law is sufficiently close to the specular or the polytope
is obtuse. Finally, we study in detail the billiard on a family of 3-dimensional
simplexes.

1. Introduction. Given a d-dimensional polytope P, a billiard trajectory inside
P is a polygonal path described by a point particle moving with uniform motion in
the interior of P. When the particle hits the interior of the faces of P, it bounces
back according to a reflection law. Therefore, a billiard trajectory is determined
by a sequence of reflections on the faces of P. Any reflection can be represented
by a pair x = (p,v) where p is a point belonging to a face of P and v is a unit
velocity vector pointing inside P. We denote by M the set of reflections. The map
®: M — M,z 2’ that takes a reflection z to the next reflection z’ is called
the billiard map. The dynamics of billiards on polytopes has been mostly studied
considering the specular reflection law. More recently, in the case of polygonal bil-
liards, a new class of reflection laws has been introduced that contract the reflection
angle towards the normal of the faces of the polygon [1, 8, 2, 4]. These are called
contracting reflection laws. A billiard map with a contracting reflection law is called
a contracting billiard map. It is known that strongly contracting billiard maps on
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generic convex polygons are uniformly hyperbolic and have finite number of ergodic
SRB measures [5]. Recently, it has been proved that the same conclusion hods for
contracting billiard maps on polygons with no parallel sides facing each other (even
for contracting reflection laws close to the specular and for non-convex polygons)
[7].

In this paper we extend some of the previous results to contracting billiard maps
on polytopes. It is known that the contracting billiard map of any polygon has
dominated splitting [5, Proposition 3.1]. In this direction we show in Proposition 4
that the contracting billiard map of any polytope is always (uniformly) partially
hyperbolic, i.e. there is a continuous and invariant splitting £* & E* of the tan-
gent bundle of M into subbundles of the same dimension such that D® uniformly
contracts vectors in the stable subbundle E° and has neutral or expanding action
on vectors belonging to the centre-unstable subbundle E°“.

There are essentially two obstructions for the uniform expansion in the centre-
unstable subbundle E¢*. The first obstruction is caused by the billiard orbits that
get trapped in a subset of faces of P whose normals do not span the ambient space
R?. When P is a polygon (d = 2), those orbits are exactly the periodic orbits
of period two, i.e. orbits bouncing between parallel sides of P. In fact, when
P has no parallel sides the contracting billiard map is uniformly hyperbolic [5,
Proposition 3.3]. As another example let P be a 3-dimensional prism and consider
a billiard orbit unfolding in some plane parallel to the prism’s base. The normals to
the faces along this orbit will span a plane and the billiard map behaviour transversal
to this plane is neutral. This leads to an expansion failure in E°“.

In order to circumvent this obstruction we had to consider a class of polytopes
which have the property that for any subset of d faces of P the corresponding nor-
mals span R?. A polytope with this property is called spanning (see Definition 2.9).
In addition to being spanning, we suppose that the normals to the (d —1)-faces inci-
dent with any given vertex are linearly independent (see Definition 3.1). Spanning
polytopes with these properties are generic. In fact they form an open and dense
subset having full Lebesgue measure in the set of all polytopes.

The second obstruction to uniform expansion corresponds to the billiard orbits
that spend a significant amount of time bouncing near the skeleton of P. To control
the time spent near the skeleton we introduced the notion of escaping time. Roughly
speaking, the escaping time of x € M is the least positive integer T' = T'(x) €
NU{oo} such that the number of iterates it takes for the billiard orbit of x to leave
a neighbourhood of the skeleton of P is less than T (see Definition 2.11).

With these notions we prove that the contracting billiard map has non-zero Lya-
punov exponents for almost every point with respect to any given ergodic invariant
measure. More precisely we prove:

Theorem 1.1. If the contracting billiard map ® of a generic polytope has an ergodic
invariant probability measure pu such that T is integrable with respect to u, then
is hyperbolic.

When the contracting billiard map ® has bounded escaping time, then @ is
uniformly hyperbolic.

Theorem 1.2. If the contracting billiard map ® of a generic polytope has an in-
variant set A such that T is bounded on A, then ®|a is uniformly hyperbolic.
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Theorems 1.1 and 1.2 follow from Theorem 2.10 which gives a uniform estimate
on the expansion along the orbit of every point which is k-generating (see Defini-
tion 2.8). Being k-generating simply means that the face normals along any orbit
segment of length k span R?.

The strategy to prove Theorem 2.10 is the following. Consider the billiard orbit
Zn = (Pn,vn), n > 0 of a k-generating point xg = (pg,vo) € M. Denote by 7, the
inward unit normal of the face of P where the reflection x,, takes place. In some
appropriate coordinates, known as Jacobi coordinates, the unstable space E*(xg) is
represented by the orthogonal hyperplane vg-. If the velocity v; is collinear with the
normal 71, then the action of the derivative D® on E*(x) is neutral. Otherwise,
the map D® expands the direction Ué‘ N Vi where Vi denotes the plane spanned
by the velocities vy and v;. Similarly, D®? expands the directions contained in
vé- N Vo where now V5 is generated by the velocities vy, v; and vy. However, it may
happen that the plane spanned by the velocities v; and vy is the same obtained
from the span by the normals 7; and 7, thus implying that dim(vg-NVz) = 1. This
coincidence of the wvelocity front with the normal front is called a collinearity (see
Definition 5.6).

If a collinearity never occurs and zg is k-generating then the map D®* expands
d — 1 distinct directions in vg-. Although collinearities prevent full expansion of the
iterates D®"™(x() they have the good trait of synchronizing the velocity front with
the normal front. After a collinearity every time a new face is visited the angle
between the new velocity and the previous velocity front is always bounded away
from zero. This happens because this velocity angle is related to the angle between
the new normal and the previous normal front, and also because we assume the
polytope to be spanning. Consider now the velocity front V' at some collinearity
moment. The previous property implies expansion of D®"(z¢) transversal to vg- NV
after the collinearity moment. Choosing a minimal collinearity (see Definition 5.7)
in the orbit of zy we can also ensure the expansion of D®"(x) along the velocity
front up the collinearity moment. Putting these facts together, if at some instant
t < k a minimal collinearity occurs on the orbit of xg then for n > t + k we have
full expansion of D®"(xg) on E".

Because we seek uniform expansion, one has to deal with §-collinearities instead
(see Definition 5.9). Moreover, since the set of orbits in M is not compact (one
has to remove from M the orbits which hit the skeleton of P), d-collinearities are
more easily handled in a bigger set called the trajectory space. The trajectory space
is compact and defined in a symbolic space which only retains the velocities and
the normals of the faces of P where the reflections take place (see Definition 5.1).
Finally, using compactness and continuity arguments we derive Theorem 5.3 which
gives a uniform estimate on the expansion along an orbit segment of length 2k of any
k-generating point. Then Theorem 2.10 follows immediately from Theorem 5.3. The
crucial tool to prove Theorem 5.3 is Lemma 5.14 which gives a uniform expansion
estimate on compositions of linear maps. Since this lemma is formulated in more
conceptual terms, we believe that the ideas therein might be of independent interest.

In section 4 we show that contracting billiards on polytopes have finite escaping
time if either the contracting law is close to the specular or the polytope is obtuse.
This together with Theorem 1.2 prove the following corollaries.

Corollary 1. The contractive billiard map of a generic polytope with a contracting
reflection law sufficiently close to the specular one is uniformly hyperbolic.



4 P. DUARTE, J. P. GAIVAO AND M. SOUFI

Corollary 2. The contracting billiard map of a generic obtuse polytope is uniformly
hyperbolic.

The rest of the paper is organized as follows. In section 2 we introduce some
notation and define the contracting billiard on a polytope. We also derive several
properties of contracting billiards maps and rigorously state our main result. In
section 3 we show that polytopes on general position are generic and in section 4
we study the escaping time on polyhedral cones. Technical results concerning the
expansion of composition of linear maps are proved in section 5. In section 6 we
prove our main results. Finally, in section 7 we study in detail the contracting
billiard of a family of 3-dimensional simplexes.

2. Definitions and Statements. A half-space in R? (d > 2) is any set of the
form {x € R?: (x,v) < ¢}, for some non-zero vector v € R? and some real number
¢ € R. A polyhedron is any finite intersection of half-spaces in R%. A polytope is
a compact polyhedron. We call dimension of a polyhedron to the dimension of the
affine subspace that it spans. Let P C R? be a d-dimensional polytope.

The billiard on P is a dynamical system describing the linear motion of a point
particle inside P. When the particle hits the boundary of P, it gets reflected
according to a reflection law, usually the specular reflection law. In the following
we rigorously define the billiard map ®p with the specular reflection law. But first,
let us introduce some notation.

2.1. Basic Euclidean Geometry. Let V and V'’ be Euclidean spaces with dim V' =
dim V' = d. Given a linear map L: V — V', the maximum expansion of L is the
operator norm

L] := max{|[L(v)]| : v € V}[Jv]| = 1}
while the minimum expansion of L, defined by

m(L) == min{[L(v)] : v € V, o] = 1}

is either 0, when L is non invertible, or else m(L) = HL‘IHA.

We denote by L*: V! — V the adjoint operator of L: V — V’. Recall that
the singular values of L are the eigenvalues of the conjugate positive semi-definite
symmetric operator v L* L. Being real, and non negative, the singular values of L
can be ordered as follows

s1(L) > s9(L) > ... >s4(L) > 0.

The top singular value is s1(L) = || L||, while the last singular value is the minimum
expansion sq(L) = m(L). The product of all singular values of L will be referred as
the determinant of L

d
det(L) == [ ] s,;(L).
j=1

This determinant is the factor by which L expands d-volumes.

Given A > 0 we denote by Uf(L) the direct sum of all singular directions of
L (eigen-directions of L* L) associated with singular values p > A. Likewise, we
denote by vy (L) the direct sum of all singular directions of L associated with
singular values p < A. It follows from these definitons that

V =03 (L) ®05(L), L(vy (L)) =05 (L") and L(v3(L)) =03 (L")



HYPERBOLIC BILLIARDS ON POLYTOPES 5

and similar relations hold for L*. To shorten notations we will simply write v(L)
instead of nﬁL“ (L). This subspace will be referred to as the most expanding direction
of L

Given vectors vy, . .., v, € R%, the linear subspace spanned by the vectors vy, ..., v,
is denoted by (v1,...,v,). Let S denote the unit sphere in R, ie. S= {v € R? :
ol = 1}. Let v,n € S be unit vectors and u € R?. We denote by S} the hemisphere
associated with n,

Sy ={veS: (v, >0}.
Let n* denote the orthogonal hyperplane to . The orthogonal projection of u onto
the hyperplane n’* is,

Pyi(u) :=u— (u,m)n=u— Py(u),
where P, (u) = (u,n)n, is the orthogonal projection of w onto the line spanned by 1.

The reflection of u about the hyperplane n™ is defined by,
Ry (u) :=u—2(u,n)n.
Finally, the parallel projection of u along v onto the hyperplane n* is

) - (u,n)
) ==y

v .

Denote by Z(v,w) the angle between two non-zero vectors in R¢, defined as

£(v,) := arccos <<“’>> .

[ofl {lw]|

The angle between a non-zero vector v € R? and a linear subspace E C R? is defined
to be
(v, F):= min Z(v,u).
(v, B):= 1 nin (v, u)
The angle between two linear subspaces E and F of R? of the same dimension is
defined as
/(E,F) := (u, F), Z(v,E)}.
(B, F) := max{ e (w, F), Inax (v, )}

This angle defines a metric on the Grassmann manifold Gry (R?) of all k-dimensional
linear subspaces E C R

Given two linear subspaces F, F C R? with dim E < dim(F+), we define the
minimum angle

Ziin (B, F) :=min{Z(e, f): e€ E\ {0}, f € F\ {0} }.

Unlike the previous angle, this minimum angle is not even a pseudo-metric on
Gr(RY) = Up<<aGri(R?). Notice that Zyin(E, F) > 0 if and only if EN F = {0}.
The minimum angle /i, (E, F) quantifies the ‘transversality’ on the intersection
ENF.

We denote by 7 g1 B — F the restriction to E of the orthogonal projection
to Ft.

Lemma 2.1. Given linear subspaces E, F C R? with dim E = dim F,
Slnl(E,F) = H'TTE’FL H = HT{'F’EL H .

Proof. Given u € E\ {0} and v € F \ {0}, we have
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L ||7g, px (w]|/llull = d(u, F)/||ull = sin (£(u, F)),

2. |7 e )] /Il = d(v, B)/||v]l = sin (£(v, E)).
Since dim E = dim F, there is an orthogonal linear map ®: R? — R such that
®(F) = E. By orthogonality one has ®(F*) = E+. Hence np i = @ lomp pi1o®,
which implies that H’]TE,FlH = |}7TF7EL". Thus the sine of the maxima in the
definition of Z(E, F') coincides with this common norm. O

Lemma 2.2. Let E, E' and H be linear subspaces of R% such that
1. dim(F) = dim(E"),
2. ZL(h,E) > ¢, for all h e H\ {0}.

Then
in(Z(E, E'
sin (L(E + H, E' + H)) < S2EE E))
Sin e

Proof. First notice that
/(E4+HE+H) =/(E+H)NH" (E +H) NnHY).

Given u € (E+ H) N H* we can write u = v — h with v € E and h € H. Hence,
since u € H+,

d(u,(E'+ HYNH*Y) d(u,E'+H) d(v,E' +H)

[ N 1 I (]

dw B _ ol dw.B) ol o op gy

lull Tl ol = ]
sin (Z(E,E")) < sin (Z(E,E"))
sin (£(v,h)) — sine

On the last equality we use that v = h + u is an orthogonal decomposition with
h € H and u € H+. Thus taking the sup in u € (E+ H) N H+\ {0} we get

sin (Z(E+H)NH*",(E'+H)NH")) < W .

Lemma 2.3. Given linear subspaces E, F C R? with dim E < dim(F*),
det(ﬂ'E’FL ) S m(ﬂ'E’Fi )
Equality holds when dim E = 1.

Proof. Just notice that all singular values of g po are in the range [0, 1] because
g po is the restriction of an orthogonal projection. O

Given an integer k € N and a linear subspace E C R¢, the Grassmann space of
k-vectors in E will be denoted by Ax(FE). This space inherits a natural Euclidean
structure from E (see [10]).

Lemma 2.4. Let E, F C R? be linear subspaces with orthonormal basis {e1,...,er}
and {f1,..., fr} respectively such that k < d—r. Lete =e1 A...Ney € N\ (E) and
f=hAN . Nfr.eN(F). Then

sinlmin(E,F) = m(ﬂ'E}FJ_) > det(ﬂ'E’FJ_) = ||€ AN f” .
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Proof. Given a unit vector v € E, by the proof of Lemma 2.1 we have sin Z(v, F) =
||7TE7FL(U)H which implies that

sin Ziin (B, F) = m(7g o).
On the other hand
leAfll=llex Ao Ae) A(fi Ao A fr)]]
= |mpre(en) Ao AT prler) A(fi A A f)|
= HTFE’FL(e])/\.../\TK’E’FL(E]{;)H lfa Ao A Sl
= [Akmp e (e)|| 1F]] = det(mp pr)

because |le]| = || f]| = 1. The middle inequality follows from Lemma 2.3. O

Lemma 2.5. Let E C R? be a linear space and {vi,...,v;} be a family of unit
vectors such that for all 1 <i <k,

lmin(«’Uz’»,E D <<’01, . ,’Uz'_1>>) Z e>0.
Then
sin Zmin (B, (v1,...,vx)) > (sine)”.

Proof. Let {e1,...,e,} be an orthonormal basis of E. We apply Lemma 2.4 to the
subspaces (v;) and E® (v1,...,v;—1). Since the first subspace has dimension 1 the
inequality in this lemma becomes an equality. Hence, because ||v;|| = 1 we have
lles Ao Aer Avr Ao Al .
> sine
||61/\.../\er/\vl/\.../\vi,lﬂ

for all 1 < i < k. Multiplying these inequalities and using Lemma 2.4 again we

obtain
. lles Ao Aer Avp Ao Awgl|
smémin(E, <<’Ul, Ce ,’Uk>>) 2 ||61 /\ i erH ||vl . /\vk”
r

S lles Ao Aer Avp Ao Awgl|

- llex Ao Aes
k
:H let Ao Aer Aur AL A Y| > (sine)k.
i1 ||61/\.../\€r/\’U1/\.../\Ui_lH
We have used above that ||vg A... Avg] < |log] -+ |lug|| = 1. O

2.2. Billiard map. Suppose that P has N faces (of dimension d — 1) which we
denote by Fi, ..., Fy. For each i =1,..., N, denote by 7; the interior unit normal
vector to the face F;. Also denote by II; the hyperplane that supports the face F;.
We write the interior of F; as F?, and its (d — 2)-dimensional boundary as JF;.
Define 0P = Uiil F;, and the (d — 2)-skeleton P = UZ]\LI OF;. Finally define

N

M= F xst.

i=1
The domain of the billiard map ®p is the set of points (p,v) € M such that the
half-line {p +twv : t > 0} does not intersect the skeleton ¥ P. We denote this set
by M’'. Clearly, M’ is the complement of a co-dimension two subset of M.

Now the billiard map ®p : M’ — M is defined as follows. Given z = (p,v) € M’,

let 7 = 7(p,v) > 0 be minimum ¢ > 0 such that p +tv € F for some j =1,..., N.
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The real number 7 is called the flight time of (p,v). Then the billiard map is defined
by
(I)P(x) = (p + T, an (U))

Note that the billiard map ®p is a piecewise smooth map and it has finitely
many domains of continuity. The number of domains of continuity is at most
N(N — 1), which is the number of 2-permutations of N faces. If P is convex, then
all permutations define a branch map.

Let (p/,v") = ®p(p,v) for (p,v) € M'. Tt is easy to obtain a formula for the
branch maps and its derivatives.

Proposition 1. Suppose that (p;,v}) = ®p(p;,v;) for some p; € F such that
pi € Fj with i # j. For every x = (p,v) € FY x S} such that p" € F} we have

p(@) = (s + Pur (0= 17), R, (0) ) -

Moreover
DPp ()1, w) = (P, s (u+ () w), By, (w) )
where
o) = P —pj15)
’Y( )_ <U777j> .

Proof. Recall that p’ = p+ 7(p,v)v where 7(p, v) is the length of the vector p’ — p.
Taking the inner product with 7; in both sides of the equation and noting that
(0" = pj,m;) =0, we get

' —pni) _ (i —pmy)

Tlpv) = o) (o)

So
D —Dj, 15
P =p;+ ((p—pj) - wv) =pj+ P, (p—pj).
<U7 nj> 7
To prove the formula for the derivative, define the map ¥, : (p,v) = P, 1 (p) for
any given 7 € S. The claim follows from the formula

(p,n)

DUy (@)(w) = Poyys (u) + 7708

P,U’nl (w)
O

2.3. Contracting reflection laws. A contracting law is any family { C,, : S;;‘ —
ST‘;‘ }nes of class C? mappings that satisfies for every n € S,

(a) Cy(n) =n,

(b) there are non-negative C? functions a,, b, : Sy — [0, +00) such that,

Cy(v) = an(v)Py(v) + by (v)Pyr(v), Vv eS].
(c) 0 <sup{ |DCy(z)| : x€SF} <1,
(d) OoCy = Coy) 0O, for every rotation O € O(n,R).
A contracting law can be uniquely characterized by a single C? map of the interval

[0, g) as the following proposition shows.

Proposition 2. Given a contracting law { C,, : Sﬁ — S; bnes, there is a class C?
mapping f : [O, g) — [O, %) such that

(a) F(0) =0,
(b) D<sup{|f'(0)] :0<0<F}<1,
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(c) for everyn €S, and v € S;,
cos f(6)

cos 6

sin f(0)

sin 6

Cy(v) = By(v) + By (v)

where § = arccos(v,n) is the angle between n and v,
(d) for everymn €S,

sup |[DCy(z)| = sup [f(0)] .
zeSy 0<9<m/2

Proof. Let n € S and v € S;. By item (b) of the definition of a contracting law we
can write

Cy(v) = ay(v)Py(v) + by (v) Py s (v)

where a, and b, are non-negative C? functions. Taking the inner product with n
on both sides of the previous equation we get,

cos 6
where 0 = arccos(v,n) € [0,5) is the angle formed by the vectors v and 7. By
item (d) we conclude that (Cy,(v),n) = (Cowm)(O(v)), O(n)), thus its value depends
only on the angle 6. So, there is a C? function f : [0,5) — [0,%) such that
(Cp(v),n) = cos f(#). Similarly, we conclude that

9

sin f(6)
b = .
n(v) sin 0
This shows (c). The remaining properties follow immediately. O

A C? mapping f : [0,Z) — [0, %) satisfying (a)-(d) above is called a contracting
reflection law. We also define

A(f) = sup [f(0)].

0<O<m/2

2.4. Contracting billiard map. Given a contracting law {C,} with contracting
reflection law f, define the map x; : M — M by xy(p,v) = (p, Cyp)(v)) where
7(p) denotes the interior unit normal of the face of the polytope where p lies. The
contracting billiard map @y p : M' — M is

(I)ﬁp :Xfo(pp.

There is a system of coordinates which is convenient to represent the derivative of
the contracting billiard map. For each x = (p,v) € M define ¥, : T,M — v+ x vt
by

U, (u,w) = (Pyr(u),w) .

The previous linear isomorphism will be referred as Jacobi coordinates on the tan-
gent space T, M. We shall use the notation (.J,.J’) to denote an element in v+ x v*.
The following proposition gives a formula for the derivative of the contracting bil-

liard map in terms of Jacobi co-ordinates.

Proposition 3. Let z = (p,v) € M’ and suppose that ' = (p',v") = @5 p(x) with
p' € Fj. Then W, 0 DBy p(x) o W, is given by

(1) = (Por 0 Py (74 7(0,0) J'), (DCy, ), (0 By (7))

'U,'I’]j
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Moreover, if 8 = arccos |(v,n;)|, then

(v',nj) _ cos f(6) o1,
()|~ cost
Proof. Immediate from Propositions 1 and 2. O

2.5. Orbits, invariant sets and hyperbolicity. Denote by M the subset of
points in M that can be iterated forward, i.e.

M* ={zxeM: ®} p(x) e M'Vn >0}

A billiard orbit is a sequence {z,}n>0 in M’ such that z,41 = ®¢ p(z,) for every
n > 0. A billiard path or trajectory is the polygonal path formed by segments of
consecutive points of a billiard orbit.

Define

D:= () @} p(M™).
n>0

It is easy to see that D is an invariant set and ®; p and its inverse are defined on
D. Following Pesin we call the closure of D the attractor of ®yp. We say that
A C M is an invariant set if A C D and @;}(A) =A.

To simplify the notation let us write ® = ®¢ p.

Definition 2.6. Given an invariant set A of ®, we say that ® is uniformly partially
hyperbolic on A if for every & € A there exists a continuous splitting

T.M = E°(x) ® E““(x),
which is D®-invariant,
DO (E*(z)) = E°(®(x)), DP(E“(z)) =E“(P(z)), VzeA
and there are constants A < 1, 0 > 1 and C' > 0 such that for every n > 1 we have
|D®" ||| < CA" and  [|[D®"|geu| < Co™ ™.

Es

If 0 > 1, then we say that ® is uniformly hyperbolic on A and write E* for the
subbundle E°. When A = D, then we simply say that ® is uniformly partially
hyperbolic.

We denote by
1
x(z,v) = limsup — log || D" (x)v||
n—oo N
the Lyapunov exponent of a non-zero tangent vector v € T, M at x € D.

Definition 2.7. A ®-invariant Borel probability measure p supported on D is
called hyperbolic if u-almost every x € D satisfies x(z,v) # 0 for every non-zero
veT, M.

The proof of the following result is an adaptation of [5, Proposition 3.1].

Proposition 4. For any polytope P and any contracting reflexion law f, ®¢ p is
uniformly partially hyperbolic.

Proof. Given z = (p,v),z’ = (p/,v") € M such that 2’ = ®(z) we denote by L(z,z’)
the map from v+ x v+ to v+ x v+ that represents the derivative D®,, in the Jacobi
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coordinates (see Proposition 3). This linear map is represented by a block upper
triangular matrix of the form

o= (450 253)

where ||A(z,2')7!| < 1 and ||C(z,2")|| < A < 1, whose inverse is
_ Al —ATlBC!
L(va/) = < 0 c-1 )

where A = A(z,2'), etc. Given a linear map H' : v'* — v’ the pre-image of its
graph by L(z, ') is the graph of another linear function H : vt — v* called the
backward graph transform of H' and denoted by H =: I'(z,2’)H’. The operator
I (z,z") is hence defined by the relation

L(x,2") " 'Graph(H') = Graph (T'(z,z')H').
A simple computation shows that
D(x,2)H' = A(z,2") *B(z,2") — A(z,2") " H'C(x,2).

We claim that writing x,, = (pn,v,) = @™z and denoting by Z,, the zero endomor-
phism on v;-, the following limit exists

H5(z) := lim [(z,®z)...T(®" 1o, ®"2)Z,.

A recursive computation allows to explicit the right hand side composition in the
previous limit, which is a partial sum of the following series
o0
He(x) =Y (1) A5" - A" B;Cj 1 -+ Co
j=0

where A; = A(®Ix,®T1z), etc. This series converges because HA;1H < 1 and
1C511 < A(f) < 1 for all j > 0.

By construction, the subspaces E*(z) := ¥ 'Graph(H*(x)) determine a D®-
invariant subbundle of T'M satisfying ||D<I> Es(x)H < A(f) for all x € D. Given
r = (p,v) € D, define E°(z) := ¥, 1{(J,0): J € v1}. Clearly, E is invariant.
Moreover, HD<I>*1 Ecu(x)H <1forall x € D.

Finally, since T, M = E*(z) ® E*(z) the previous facts show that ® is uniformly
partially hyperbolic. O

2.6. Main results.

Definition 2.8. Given k € N, we say that x € M is k-generating if the face
normals along any orbit segment of length & of the orbit of x generate the Euclidean
space R<.

Definition 2.9. Given ¢ > 0, the polytope P is called e-spanning if for any d

distinct faces Fj,, ..., F;, of P with interior normals 7;,,...,n;,, the angle between
7, and E := (n;,,...,n:,) is at least ¢, i.e.
L(n,, E) > €.

We also say that P is a spanning polytope if it is e-spanning for some & > 0.
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The following theorem is the main result of this paper. It shows that the con-
tracting billiard map uniformly expands the unstable direction along the orbit of
any k-generating point. Moreover, the expanding rate only depends on the polytope
and contracting reflection law.

Theorem 2.10. Suppose P is a spanning polytope and f a contracting reflexion
law. There exists 0 = o(f, P) > 1, depending only on [ and P, such that for every
k > d and every k-generating x € D,

—2k
D@2 | ()|l < 1/
We prove this theorem and the following results in section 6.

Definition 2.11. Given x € M ™, the escaping time of z, denoted by T'(z), is the
least positive integer k € N such that x is k-generating. If x is not k-generating for
any k € N, then we set T'(z) = co. We also call the function 7' : M* — N U {oco}
the escaping time of P with respect to f.

Theorem 2.12. Suppose P is a spanning polytope and p is an ergodic ®¢ p-
invariant Borel probability measure. If T is p-integrable, then u is hyperbolic.

Theorem 2.13. Suppose P is a spanning polytope and A an invariant set of @5 p.
If T is bounded on A, then ®y p is uniformly hyperbolic on A.

The concept of polytope in general position, mentioned in the following corollar-
ies, is defined below (see definition 3.1).

Corollary 3. Suppose P is a polytope in general position. There exists A\g =
Ao(P) > 0 such that for every contracting reflection law f satisfying A(f) > Ao the
billiard map ®5 p is uniformly hyperbolic.

A polytope P in general position is called obtuse if the barycentric angle at every
vertex of P is greater than w/4 (see section 4 for a precise definition).

Corollary 4. Suppose P is a polytope in general position and f any contracting
reflection law. If P is obtuse, the ®y p is uniformly hyperbolic.

3. Generic Polytopes.

Definition 3.1. A d-dimensional polytope P is said to be in general position if

1. for any set of d faces of P, (d—1)-dimensional faces, their normals are linearly
independent,

2. the normals to the (d—1)-faces of P incident with any given vertex are linearly
independent.

Proposition 5. Given some d-dimensional polytope P C R in general position,
each vertex has exactly d faces and d edges incident with it.

Proof. Follows from condition (2) of the Definition 3.1. O

Consider the class Py of d-dimensional polyhedra P C R¢ that contain the origin,
i.e., 0 € int(P), with exactly N faces. Given N points (p1,...,pn) € (R?\ {0})¥,
define the polytope Q(p1,...,pn) C R?,

Qp1,---,pn) =Ml {z €R": (z,p;) < (pj,ps) } -
The set

U:={(p1,...,pn) € RN\ {0H)Y : Q(p1,...,pny) has exactly N-faces }
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is open in (RZ\ {0})¥, and the range of Q : i/ — - coincides with Py. Locally the
map @ : U — Py is one-to-one, and determines an atlas for a smooth structure
on Py. We will consider on this manifold the Lebesgue measure obtained as push-
forward of the Lebesgue measure on (R?\ {0})" by the map Q.

Let P denote the subset of polytopes in Py .

In Algebraic Geometry, the following result is a standard consequence of the
notion of ‘general position’. We include its proof here for the reader’s convenience,
also because we could not find any reference for this precise statement.

Proposition 6. The subset of polytopes in general position is open and dense, and
has full Lebesgue measure in Py .

Proof. Consider the subsets N7 C Py, resp. Na C Py, of polytopes where condition
(1), resp. (2), of definition 3.1 is violated. It is enough to observe that the sets N
and N3 are finite unions of algebraic varieties of co-dimension one.

For any vector v = (vy,...,vq) € R%, let ¥ := (v1,...,vq, (v,v)) € R¥TL. Then
N3 is covered by the union over all 1 < iy < i < ... < igy1 < N of the hypersur-
faces defined by the algebraic equation

det[ﬁil7ﬁi2,"',ﬁid+l] =0. (1)
In fact, if there is a point 29 € R? in the intersection of d + 1 distinct hyperplanes
<pik7x> = <pik;pik> k=1,...,d+1

then the matrix with rows p;,, Pi,, .- -, Pi,,, contains the vector (zg, —1) € R4 in
its kernel, which implies (1).

Analogously, N7 is contained in the union over all 1 < iy < iy < ... <ig < N of
the hypersurfaces defined by the algebraic equation

det[pi17pi27 e 7pid] =0.
O

4. Escaping Times. In this section we study the escaping times of billiards on
polyhedral cones with contracting reflection laws.

Let II4,...,II; be s hyperplanes in R? passing through the origin. For each
hyperplane IT; we take a unit normal vector n; and we suppose that the set of
hyperplanes are in general position, i.e. the normal vectors 7,...,7s are linearly
independent. A set of s hyperplanes in general position define a convexr polyhedral
cone

Q={zrecR (z,n;) >0, i=1,...,s}.

For polyhedral billiard with the specular reflection law, Sinai proved that there
exists a constant K > 0, depending only on @, such that every billiard trajectory
in @ has at most K reflections [9]. In this case we say that @ has finite escaping
time.

By projecting the billiard dynamics to the orthogonal complement of (_, II;,
we may assume that the normal vectors 71,...,n, defining the polyhedral cone @
span R?. Thus, from now on we set s = d. Associated with a convex polyhedral
cone ( there is a constant measuring the aperture of (). It is defined as follows.

Definition 4.1. The normal vectors 1, . . ., 74 regarded as points determine a affine
hyperplane H and a unit normal vector e such that

(miye)y =L, i=1,....d,



14 P. DUARTE, J. P. GAIVAO AND M. SOUFI

where ¢ is the distance of H to the origin. The barycentric angle ¢ of @ is defined by
sin ¢ = ¢ (see Figure 1). Note that 0 < ¢ < w/2. We say that a convex polyhedral
cone @ is obtuse if ¢ > w/4.

FIGURE 1. Barycentric angle ¢.

4.1. Zigzag reflections. According to Proposition 2, given any billiard orbit { (pk, vi) }x>0,
the sequence of reflection velocities satisfies

sin f(0k)
) _ >
Pmk (uk) + Sin 0y P’h‘t, (uk) , k>0, (2)
where uy = Rmk (vk), O = arccos (ug,n;, ) and n;, is the inward normal of P where

the k + 1-th collision took place.
Lemma 4.2. ||vky1 — vk|| = 2cos (w) for every k > 0.

Proof. Simple computation using (2). O

Given a sequence of consecutive reflection velocities vy, ..., v, we denote by L
the length of the zigzag path formed by the reflections, i.e.

n—1
L(UO7 “e ,’Un> = Z ||’Uk+1 — 'UkH .
k=0

We say that @ has bounded zigzag reflections if there exists a constant C > 0
such that L(vg,...,v,) < C for every sequence of consecutive reflection velocities
Vg, .-+, U, and any n > 0.

Lemma 4.3. A convex polyhedral cone has finite escaping time if and only if it has
bounded zigzag reflections.

Proof. If Q has finite escaping time, then there exists an integer K > 0 such that
every billiard trajectory has at most K reflections. Since the zigzag length L :
Hfil S™ — R is a continuous function with compact domain, it has a maximum.
Thus, @ has bounded zigzag reflections.
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Now suppose that @ has not finite escaping time. This means that for every K >
0 there exists a billiard trajectory in ) that has at least K reflections with the faces

of Q. By Lemma 4.2 we have ||vg41—vk|| > d > 0 where 6 := 2 cos (W) > 0.
This means that for every K > 0 there exists a sequence of consecutive reflection

velocities vy, ...,v, such that L(vg,...,v,) > 6K. So @ cannot have bounded
zigzag reflections. O

Next we provide a sufficient condition on the contracting reflection law that
guarantees boundedness of zigzag reflections. Thus finite escaping time.

Lemma 4.4. For every sequence of consecutive reflection velocities v, ..., v, we
have

(Vg+1 — Vg, €) = ||lvg+1 — vkllve, k=0,...,n
where

Y, = COs <f(9k)2_ ek) sin ¢ + sin (f(ek;_ 9k> hi

and hy, = <Pn; (ug)/ sin O, e>.
"k

Proof. Follows from (2) that

cos f(0x) + cos by,
cos 0y,

sin f(0k) — sin@kp  (ug)

P,
(k) + sin 0, ik

Taking into account that Py, (uy)/cos0 =n;, and (n;,,e) = sin¢ we get
(V41 — Vg, €) = (cos f(O) + cosbx) sin ¢ + (sin f(0x) — sin Oy ) hy

Vg41 — Vg =

where hy, = <P,7_¢ (ug)/ sin Gk,e>. Using classical trigonometric identities we can
1k

write
(Vk4+1 — Vg, €) = 2cos (‘W) Vs
where
Vi = COs (f(ok;_ ek) sin ¢ 4 sin (f(eké_ ek) h.
To conclude the proof apply Lemma 4.2. O

Theorem 4.5. If 2¢ > w/2 — f(7/2) then Q has finite escaping time.

Proof. Let vy, ..., v, be any sequence of consecutive reflection velocities. By Lemma 4.4,
n—1
2 Z <Un — Yo, €> = Z ||Uk+1 - Uk||7k ; (3)
k=0
where 0 0 0 p
Y = COs 7‘]0( k) = O sin ¢ + sin 7f( k) = O hi
2 2
and hy = <Pn_i (ug)/ sin Gk,e>. To estimate ~, from below note that hy < cos ¢.
Kk
Thus ) ) ) )
Y > sin <¢>+ F(0r) — 0 k)z_ k) > sin (¢+ fx/2) — /2 )2_7r/ ) :
By assumption p := ¢ + w > 0. Then, it follows from (3) that

2

sinp’

L(vg,...,v,) <
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for every sequence of consecutive reflection velocities vy, . .., v,. This proves that )
has bounded zigzag reflections. Thus, by Lemma 4.3, @ has finite escaping time. O

This theorem yields the following corollaries.

Corollary 5. Any polyhedral cone Q with contracting reflection law f sufficiently
close to the specular one has finite escaping time.

Proof. 1t is clear that 2¢ > 7/2 — f(n/2) for every contraction f sufficiently close
to the identity. Thus, @ has finite escaping time, by Theorem 4.5. O

Recall that a convex polyhedral cone @ is obtuse if ¢ > 7/4.

Corollary 6. Any obtuse polyhedral cone @ has finite escaping time for every
contracting reflection law f.

Proof. If the polyhedral cone is obtuse then ¢ > w/4. Thus, 2¢ > 7/2 > 7w/2 —
f(m/2) for every contraction f. Thus, @ has finite escaping time, by Theorem 4.5.
O

5. Uniform Expansion. By Proposition 3, the first component of the derivative
D®¢ p(p,v) of the billiard map is represented in Jacobi coordinates by the map

Lv,’r],v/ = L1 0 Pv,nL . Rd - Rd (4)

where v’, v, € R? are three coplanar unit vectors with v’ = C, (R, (v)).

The main result of this section is Theorem 5.3, which gives conditions that ensure
the uniform expansion of compositions of such maps. Since the second component
of the billiard map is contracting (see Proposition 4), these conditions will imply
the uniform hyperbolicity of the billiard map.

5.1. Trajectories. Let P be a d-dimensional polytope in R%, and Np be the set
of its unit inward normals. Denote by Ny the set of natural numbers N including 0.

In the sequel we introduce a space of trajectories containing true orbits of the
billiard map of P. The reason is to exploit the compactness of this space which
does not hold for the billiard map’s phase space, since one has to exclude from the
phase space all orbits which eventually hit the skeleton of P.

Define the map h: D — (S x Np)No_ h(p,v) := {(v;, ni, }jen, where for all j > 0,
@;,P(p, v) = (pj,v;) with p; € F;,. Recall that D is maximal invariant set defined
in Section 2.5. This map semi-conjugates the billiard map ®y p with the shift on
the space of sequences (S x Np)No. Since k(D) is not compact we introduce the
following definition extending the notion of billiard trajectory.

Although Np = {m,...,nn}, in order to simplify our notation from now on we
will write n;, j € Ny, for any normal in Np and not necessarily the j-th normal in
Np.

Definition 5.1. A sequence {(v;,7;)};50 € (S x Np)No is called a trajectory if for
all j € N

1. <(Uj71377j> S 07

2. vj = Cy; 0 Ry, (vj-1),
where R, is the reflection introduced in section 2, and C}, is the contracting reflection
law defined in subsection 2.3. We denote by T = T, p the space of all trajectories.
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Note that
h(D) C T C (S x Np)Ho.

Given i < j in Ng, we denote by [i,j] := {i,i + 1,...,5} C Ny the time interval
between the instants ¢ and j. Given a trajectory {(vj,n;)};>0 and a time interval
[4,7], the linear span Vj; jj := (vi,vit1,...,v;) is called the welocity front of the
trajectory along the time interval [7, j]. The linear span Ny; ;) := (1, Dit1,---,75)
is called the normal front of the trajectory along the time interval [i,j]. Given
i €N, let L; : v;- ; — v be the linear map defined by

L;, = Puii- o P'Ui—lynij‘.

Finally we define the wvelocity tangent flow along [i, j] to be the linear map Lj;
vt — UjL defined by

gl

L[i,j] = Lj ©0...0 Li+1.

When the trajectory is associated to a billiard orbit {(p;, v;) }i>0 of @y, p, the linear
map Ly; 5 represents, in Jacobi coordinates, the first component of the derivative

D(I)?c;; at (p;,v;). By definition, given i < j < k,
L[ivk] = L[J,k] o L[L]] .
We now extend Definition 2.8 to trajectories.

Definition 5.2. We say that the trajectory {(vi,m)}i>0 is generating on [i,j] if
N = R?. Given k € N, we say that the trajectory is k-generating if it is generating
on any interval [¢, j] with j —4 > k.

We can now state this section’s main result.

Theorem 5.3. Given ¢ > 0, d-dimensional polytope P and contracting reflec-
tion law f, there exists a constant o = o(e,d, f) > 1 such that for any trajectory
{(vj,nj)}j>0 in Ty p the following holds. If

1. P 1is e-spanning,
2. {(vj,n)}i>0 is k-generating, with k € N,

then the linear map Lo o) vy — ”579 satisfies
HL[O,%](U)H >o ||| forall ve vé‘.
The proof of this theorem is done at the end of the section.
Remark 1. From the previous theorem’s conclusion, for any n > 0,
HL[O_,n](v)H > gl vl all ve vd‘ .
This means, minimum growth expansion rate larger or equal than o > 1.

5.2. Properties of trajectories. The following result says that the trajectory
space T is compact.

Proposition 7. The space T is a closed subspace of the product space (S x Np)No.
In particular, with the induced topology T is a compact space.

Proof. The trajectory space T is closed in the product space because conditions (1)
and (2) in Definition 5.1 are closed conditions. By Thychonoff’s theorem (S x Np )Mo
is compact, and hence T is compact too. O
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Lemma 5.4. Given any trajectory {(vj,n;)}j>o there exist scalars aj, B; € R such
that for any j > 1,

v; = a;n; + Bjvj-1

where -
cos (5)\(]”)) <a; <2 and 0<B; <1
Moreover,
e 0.
(yoy) | _ cos f(6;) where 0; = arccos |(vj_1,1;)|.
)| cost;

Proof. According to Proposition 2,
v; = (aj + bj) COS 0]‘ Uk + ijj—l

where

cos f(6;) sin f(6;)
a; = ?0; b = TF); and 6, = arccos |[(v;_1,7;)|.
Since A(f) < 1, we have 1 < a; +b; < 2 and 0 < b; < 1. Moreover, cosf; >

cos(FA(f)). The last claim is a simple computation. O

Lemma 5.5. Given a trajectory {(v;, m)}i>o0, for all intervals [i, j],
1. Vr[iyj] = <<'Uz>> + N[i+1,j] and Vv[i,j]L - ’Uil N ’UjL.
2. Ly g ¢ v — vjl is the identity on V[m»]l.
Proof. Straightforward computation. O

5.3. Collinearities. Throughout the rest of this section, we assume that ¢ > 0 is
fixed and that P is e-spanning.
Consider a trajectory {(v;,m)} >0 in 7.

Definition 5.6. A time interval [i,j] is called a collinearity of the trajectory
{(v1,m) }1>0 if its velocity and the normal fronts along the time interval [, j] co-
incide, i.e. V; ;1 = N[; ;. The number j — ¢ will be referred as the length of the
collinearity [i, j].

Definition 5.7. A collinearity is called minimal if it contains no smaller subinterval
which is itself a collinearity.

For instance, if v; € {n;) then {i} is a minimal collinearity of length 0.

Proposition 8. Given a trajectory {(vi,m)}i>0, assume v; € Ny ;) with i < j.
Then there is some i’ € [i, j] such that the time interval [¢', 7] is a collinearity.

Proof. The proof goes by induction on the length » = j — i. If the length is 0 then

i = j and we have necessarily v; € {n;), in which case it is obvious that [i,i] = {i} is

a collinearity. Assume now that the statement holds for all time intervals of length

less than r, and let v; = A\;n; +--- + A\jn; with j — 4 = r. We consider two cases:
First suppose that \; # 0. By item (1) of Lemma 5.5,

Vi) = (uid + Niiv1,5) € N j)-
Conversely, because A; # 0 we have 1; € (v)) + Nj;41,5) which proves that
Niij) € (i) + Niiv1,5 = Vi)



HYPERBOLIC BILLIARDS ON POLYTOPES 19

where in the last equality we have used again item (1) of Lemma 5.5. Therefore,
[i, 7] is a collinearity in this case.

Assume next that A\; = 0. By Lemma 5.4, there are scalars a;y; and [;41
such that v;41 = ;41141 + Bit1v;. We may assume that ;11 # 0. Otherwise
vit1 € (miy1) and [i + 1,7] is a collinearity. Thus

Aig1Mig1 + o+ Ay =05 = — (Vi1 — Qip1nig1) -
6i+1
In this case

Q;

Vig1 = Bit1 [ (Aiﬂ - H) Mit1 + Nig2Nig2 + ...+ Ajn;
Bi+1

and the conclusion follows by the induction hypothesis applied to the time interval

[i + 1, 4] of length p — 1. O

Proposition 9. Given a trajectory {(vy,m) >0 and i < j < j' the following holds:

1. If [i, 7] is a collinearity then [i,j'] is also a collinearity.
2. If v; € Vi j—1) and n; & Nj j_1), then there is some i < i’ < j such that [i', j]
s a collinearity.

Proof. Let i < j < j'.

1. Assume V] Nii,j)- Then by Lemma 5.5,

i3] =
Vi1 = (i) + Niivg) + Ny g = Niig) + Ny = N
2. Assume now v; € Vj; j_1j. By Lemma 5.4,

1
= (vj — Bjvj-1),
where a; # 0. Thus n; € Vj; j_1;. By Lemma 5.5 we can write 1; = \jv; +u
for some u € N1 1. By assumption, \; # 0. Thus v; € Njj;q1. Again
by Lemma 5.4, we conclude that v;11 € Nj41 5. Now the claim follows by
Proposition 8.

O

Corollary 7. Let {(v;,m)} >0 be a trajectory and k > i > 0 be integers such that
the time segment [i, k] contains no subinterval which is a collinearity. Then for
every j € [i, k] either

1. mj € {Nix1,...,mj—1}, or else
2. v; & Viij—1)-

Proof. This corollary is a reformulation of item (2) of Proposition 9. O

5.4. Quantifying collinearities. We are now going to prove quantified versions
of Propositions 8, 9 and Corollary 7. The following abstract continuity lemma will
be useful.

Lemma 5.8. Let X be a compact topological space and f,g: X — R be continuous
functions such that g(x) = 0 for all x € X with f(x) = 0. Given § > 0 there is
0" > 0 such that for all x € X, if f(x) < & then g(x) < 4.
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Proof. Assume, to get a contradiction, that the claimed statement does not hold.
Then there is § > 0 such that for all n € N there is a point z,, € X with f(z,) < &
and g(x,) > 0. Since X is compact, by taking a subsequence we can assume x,, — «
in X. By continuity of f and g, f(x) = 0 and g(x) > §, which contradicts the lemma
hypothesis. O

Definition 5.9. Given § > 0, we call §-collinearity of a trajectory {(v;,m;)}; to any
time interval [i, j] such that dim V}; ;; = dim N}; 5 and
£ (Viig)s Niig)) <9 -
Proposition 10. Given § > 0 there exists 6’ > 0 such that for any trajectory
{(vi,m)}1 the following holds. If
/ (’L)i,N[iJ]) <
for some 0 < i < j, then there exists i’ € [i, j] for which the time interval [¢',]] is a

d-collinearity of the given trajectory.

Proof. Notice that, because the space of trajectories T is shift invariant, there is no
loss of generality in assuming that [i, j] = [0, p]. For each k > 0, define the functions
fk:a gk - T—-R by

fk ({<vla77l)}l) =Z (U()vN[O,k]) )
gr {(v,m) 1) = Join, Z (Vis i) Niiwg) -

These functions are clearly continuous.

Proposition 8 shows that for all x € T and 0 < k < p, fi(z) = 0 implies
gx () = 0. Thus, given 6 > 0, by Lemma 5.8, there exists §' > 0 such that for any
0<k<pandzeT,

fr(@)<d = gr(z)<d.
O

Proposition 11. Given any trajectory {(vi,m)}i, 4 < j < j' and 6 > 0 the following
holds.

1. If[i, j] is a §-collinearity, then [i, j'] is a &’ -collinearity, where §’ = arcsin(
2. There exists 6’ > 0 such that, if

A(Uj, ‘/[i,j—l]) < 6/

sin & )
sine/*

and 1; ¢ Ny j—1), then there is some i < i < j such that [i',j] is a d-
collinearity.

Proof. Denote by H the linear space spanned by the ‘new’ normals 7; in the range

Jj <1< j' ie., normals which are not in {n;,...,7n;}. By definition of H we have,
Viign = Vg + H
N[i,j'] = N[l,j] —|— H .

Hence by Lemma 2.2, if [i, j] is a d-collinearity,

sin &

sinZ (Vi Nign) < g sin (Vi) Nioj)) < = =sind’,

which proves that [4, j'] is a ¢’-collinearity. This proves (1).
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FIGURE 2. Composition of the projections P, 1 o P, , 1

To prove item (2) note that, as in the proof of Proposition 10, there is no loss of
generality in assuming that [z, j] = [0, p]. Define the functions fi,gxr : T — R by

S Qe m)b) = Z (ks Viok—1j) 5

gk {(v,m) h) = o, Z (Vi us Niiag) -

These functions are clearly continuous.

Item (2) of Proposition 9 shows that for every z = {(v;,m);} € T and for every
1 <k < p for which ng ¢ Ng r—1), fx (x) = 0 implies g (x) = 0. Thus, given § > 0,
by Lemma 5.8, there exists ¢’ > 0 such that for every = {(v;,m);} € T and for
every 1 < k < p for which n ¢ Njg r—1,

fe(@)<d = gp(x)<0.
This proves (2). O

Corollary 8. Given § > 0 there is &' > 0 such that the following dichotomy holds.
Let [i + 1, 7] be a time segment of a trajectory that contains no subinterval which is
a 0-collinearity of that trajectory. Then for everyl € [i + 1, j] either

1. m € {nit1,-- . ,m—1}, or else
2. Lo, Vizu—q) 29"

Proof. This corollary is a reformulation of Proposition 11 (2). 0

5.5. Expansivity lemmas. Recall the map L, ;. defined in (4). The first lemma
says that this map has two singular values: A = 1 with multiplicity d — 1, and
A = [(v',n)/{v,n)| with multiplicity 1. See Figure 2.

Lemma 5.10. Given coplanar unit vectors v',v,n € R%, the composition Lyno :
R? — R? satisfies:
(a) Ly (v) =0,
(b) Ly (z) =2, for every x € nt N,
(¢) Ly maps the line v- N W onto the line v'- N W, where W = (v,n),
multiplying the vector’s norms by the factor |{(v',n)/{v,n)|.
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Proof. Straightforward computation. O

Remark 2. If v,n, v are collinear vectors then L, , ,» = id on vt

The remaining lemmas are abstract. Let V, V/, V" be Euclidean spaces of the
same dimension, and L : V — V', L' : V! — V" be linear isomorphisms.

Given o > 1 and a subspace F C V, we say that L is a o-expansion on E if
ILv|| > o ||v|| for all v € E, i.e., m(L|g) > 0. Given another linear subspace H C V
such that £ C H we say that L is a relative o-expansion on H w.r.t. E if and only
if the quotient map L : V/E — V'/L(E) is a o-expansion on H/E. Note that the
quotient space V/E is an Euclidean space which can naturally be identified with
E+. Finally, we say that L is a o-expansion to mean that L is a o-expansion on its
domain V.

If we do not need to specify the minimal rate of expansion we shall simply say
that L is a uniform expansion on F, or that L is a relative uniform expansion on
H wort. E.

Lemma 5.11. Given a linear subspace H C' V| if

1. L is a o-expansion on H, and
2. L is a relative o-expansion on V w.r.t. H

then L is a o-expansion on V.

Proof. Follows immediately from the definition of o-expansion and relative o-expansion.
O

We will now derive some explicit formulas for the minimum expansion of compo-
sitions of linear expanding maps. For that purpose we introduce an exotic operation
on the set [0, 1] that plays a key role in these formulas.

a®db:=a+b—ab.

With it, ([0, 1],®) becomes a commutative semigroup isomorphic to ([0,1],-). In
fact, the map ¥ : ([0,1],®) — ([0,1],-), ¥(x) := 1 —z, is a semigroup isomorphism.
The numbers 0 and 1 are respectively the neutral and the absorbing elements of the
semigroup ([0, 1],). An important property of this exotic operation is that for all
a,b € [0,1],
adb<l & a<l1 and b< 1.
We will write @,x :=x @ ...® z for any @-sum of n equal terms z € [0, 1].
The following lemmas use the notation introduced in subsection 2.1.

Lemma 5.12. Let L, L' : R? — R? be linear maps such that m(L) > 1, m(L') > 1,
A=||L|| > 1 and X = ||L'|| > 1. If the sine of the angle between v(L*) and v(L') is
at least €, then L' o L has minimum ezpansion

1

olL)> >1
)_ \/(1_52)@)\—2@)\1—2

Proof. Without loss of generality we can assume that the automorphisms L, L’ €
GL(R?) have two singular values, respectively {1,A} with 1 < X, and {1,\}
with 1 < X. Otherwise simply normalize L and L’ dividing them by the min-
imum expansion. Hence HL’1|| =1= H(L’)*IH. These maps have gap ratios
| L7Y| /m(Z7) = X and ||[(L)7!]| /m((L’)~') = X'. The conclusion of this lemma
will folllow from [3, Proposition 2.23] applied to the composition of linear maps
L=1o(L')~!. The quantity o((L')~, L™1) in that proposition is the cosine of the

m(L
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angle between the most expanding directions of the linear maps ((L')~!)* and L~}
which coincide with the least expanding directions of L’ and L*, respectively. Since
these directions are orthogonal to v(L') and v(L*) we have

a((L)Y L7Y)2 = cos® Z(o(L)),0(L*)) <1 — &2
Thus by [3, Proposition 2.23]

B B B L—l ° (L/)—lH
L/ L 1 — L 1 L/ 1 — H
H( oL) || H o (L") || IL=1) ()1
<AL HLLTHY<VI-)@rzaoN2,
Since m(L' o L) = 1/||(L’ o L)~*||, the claim follows. O

Lemma 5.13. Consider linear maps L: V — V' e L': V! — V" between Fuclidean
spaces of dimension d. Given 1 < k < d assume that

1. m(L) > 1 and A = si(L) > 1,

2. N =L >1=sy(L).
If sinZ(o(L'),05(L*)) > ¢ then

1
s L'oL)> >1
s = VI—2) @A Za N2

Proof. We can assume that V = V' = V" = R4 Consider the singular value
decomposition L = U DV, where U and V are orthogonal matrices, and D = (D;;)

is the diagonal matrix with diagonal entries D;; = s;(L) for i = 1,...,d. We can
factor D as a product D = D Dq of two diagonal matrices: D= [ Aék IO }
d—k

and Dy with diagonal entries D\”) = D;;/D;; > 1. Set L = U D and Lo = Dy V', so

K2

that L = L o Ly. The linear mapping L has singular values

si(L)=...=sp(L) =A>1=s,1(L) = ... = s4(L),
while m(Lo) > 1. Hence sp41(L' o L) > sp41(L' o L). To simplify the geometry we
assume from now on that L = L.

Take a unit vector v € v(L'). By assumption v ¢ vy (L*). Let v) denote
the orthogonal projection of v' onto nf (L*). These two vectors span a plane Py :=
{v',v). Define also the subspaces Ej := Uf(L*)ﬂ(vé)J— and G := Uf(L*)J—ﬂ(v’)J—.
These three subspaces determine an orthogonal decomposition R? = Py @ Ey @ Go.
Because the mappings L : v (L) — v5(L*) and L : v5 (L)Y — v5(L*)* are both
conformal, it follows that R? = P_ @ E_ @ G_ is an orthogonal decomposition,
where P_ := L™ 'Py, E_ := L™ 'Ey and G_ := L™ 'Gy. In fact, since Poﬂt)f(L*) i
Ey and L : nf (L) — uf(L*) is conformal their pre-images are also orthogonal,
P_Nv3(L) L E_. Similarly, since v5 (L*)- NPy L Gy and L : v5 (L)+ — v5 (L*)*
is conformal their pre-images are also orthogonal, U)Z\(L)J- N P_ 1 G_. Define now
P, :=LPy, E4 := L'Ey and G; := L'Gy. Because m(L’) > 1 with o(L') C P,
and v((L")*) C Py, it follows that R = P, & E; @ G, is also an orthogonal
decomposition. Therefore the singular values of L’ o L are the singular values of
the restricted compositions L'|p, o L|p_, L'|g, o L|g_ and L'|g, o L|g_. Applying
Lemma 5.12 to the linear maps L’|p, and L|p_ we see that L'|p,oL|p_ has minimum
expansion 3 := ((1—&%) @ A2 69)\’_2)71/2. The map L'|g, : Ey — E4 is an
isometry while L|g_ : E_ — Fjy is A-conformal. Therefore the second composition
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has a unique singular value A with multiplicity £ —1 = dim Ey. Note that (1 —¢&2)®
A~2@® XN ~2 > A\~2 which implies that A > 3. Finally notice that L|g_ : G_ — Gy
and L'|g, : Go — G4 are isometries. Hence 1 is the only the singular value of the
third composition. Since dim(P_ & E_) = dim(Py & Ey) = k + 1, this proves that
Sk+1(L' o L) > min{B, A} = 5. O

The next lemma is designed to be applied to a sequence of linear maps L, , »; v; : Vi1 —
L

v;- associated with an orbit segment of the billiard map ®¢ p. Compare assumptions
(1)-(2) of Lemma 5.14 with the conclusions of Lemma 5.10 and Remark 2.

Lemma 5.14. Given ¢ > 0 and A\ > 1 consider unit vectors {vo,v1,...,v,} in RY
and a family of linear maps L;: v- | — vi-, 1 <i < n, such that:
1. ifu € v Nvi then Liu = u,
2. if {vi—1,v;} are linearly independent and u € v N (vi—1,v;) then Liyu €
v N (vie1,v) and [|Liuf = X lu].
3. for eachi=1,...,n, either v; € {vo,...,v;—1) or else

sin Z (vi, {vo, - .., vi—1)) > €.

Y

Then the composition map L™ := L, o...0Lg : vy — vk satisfies ||L(”) uH
o |[ul| for all u € vy N (v, ..., v,), where

o=1/\/(@a-1(1-¢?) & (@ar~2) > 1.

Proof. For each i = 1,...,n define, L) := L;o...0 Ly : v — vt and W; :=
(vo, ..., vi). Since Wi = vy N...Nwj- C Ni_gv;", and every vector u € W;- is
fixed by all L; with 0 < j <1, we have LWy =y for every u € Wit

We can delete from {vg,v1,...,v,} all vectors v; such that {v;_1,v;} is linearly
dependent, which by item (1) correspond to maps L; = id, and in this way assume
that for alli = 1,...,n, the vectors {v;_1,v;} are linearly independent and ||L;|| > .

Because W;t is a singular subspace it follows that L®) (vg- N W;) = v N W;. We
claim that L® : v N W; — vi- N W; is a o;-expansion, where k; := dim(W;) — 1
and

i 1= 1/\/(®r,—1(1 = €2) @ (B, A72).

The proof of this claim goes by induction in 4, applying Lemma 5.13.

The claim holds for ¢ =1 with &k =1 and o1 = A.

Assume now (induction hypothesis) that L0V isa 0;_1-expansion on vé- NW;_q.
We know by assumption (3) that either v; € W;_1 or else sin (Z£(v;, W;_1)) > .

= Assume first that sin (Z(v;, W;_1)) > e.

We have 02 ((LU=Y)*) = vt NW;_1 and v(L;) = v;-; N (vi—1,v;). To apply
Proposition 5.13 we need to check that

sin Z (v;2y N Wisq, vimy N (vim1,v:) > e (5)

Let v) denote the unit vector obtained normalizing the orthogonal projection of

v; onto vi- 1, so that
v; = (cos ) v) + (sina) v;_1 ,

with [|0?]| =1, (v, v;_1) = 0 and where v = Z(v{, v;). Note that v;=; N (vi—1,v;)
is the line spanned by v?. Take any unit vector v € vf_ 1 N W,;_1 and let us prove
that sin(Z(v{,v)) > e. This will establish (5). Define

v' = (cosa) v + (sina) v;_q
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which is a unit vector in W;_;. We can assume that (v{,v) > 0 for otherwise
the angle /(v?,v) that we want to minimize would be obtuse. Using the previous
expressions for v; and v/ we have

(v5,v") = (cos® a)(v?, v) +sin? o .
Since this expresses (v;,v’) as a convex combination between (v, v) and the number
1, it follows that

cos(Z(vi,v")) = (vs,v") > (09, v) = cos(£(v),v))
which implies that
sin (£(v),v)) > sin (£(v;,0")) > €.
This proves (5) and shows the assumptions of Proposition 5.13 are met. From this
proposition, we get that on the linear subspace vg- N W;, of dimension k; = k;_1 +1,
the linear map L = L; o L0~V is a ;-expansion where
. _ oy —1
6i=(1-e)do 3 A2 /
m The case v; € W;_ is somewhat simpler. We have W; = W,;_1, k; = k;_1,
and o; = 0;_;. Hence, since m(L;) > 1 by induction hypothesis the map L) =
L; o LU= is a ¢;-expansion on vg- N W;.

2
Z ;.

OJ

5.6. Proof of Theorem 5.3. In this subsection we relate collinearities with ex-
pansion of the velocity tangent flow, and then prove Theorem 5.3.
Recall that we are assuming that P is e-spanning.

Proposition 12. There exists o > 1, depending only on d, f and €, such that given
a collinearity [i,jo] of some trajectory, for all j > jo, the velocity flow Ly; ;) is a
relative o-expansion on v N Vj; j w.r.t. v OV} j-
Proof. Assume {(v;,m)}; is a trajectory with collinearity [¢,jo]. Because P is e-
spanning, for all j > jo such that n; ¢ Nj; ;1) we have Z(n;, Nj; j_1)) > €.

Notice that Vj; ;1 = N j_1j, for all j > jo, and by Lemma 5.4, we have
vj = ayn; + Bjvi—1 with a; > cos(§A(f)) > 0. Hence there is some 0 < &’ < ¢

depending on ¢ and on A(f), such that for all j > jo with n; & Nj; j_1),
L(vj, Viij-u) 2 €
Consider the set of ‘new normal’ times
Ji={jo<l<j:m & Nji-1}
and the corresponding velocity subspace
Viy={v:leld),

so that Vr[l’]] = Vv[i,jo] D VJ.

By Lemma 5.14 there exists ¢ > 1, depending only on d, f and € such that
Ly, .41 1s a o-expansion on vj-;) N Vyjo.5- In particular, L;, ; is also a o-expansion on
’Uj(‘) NnVy C vj(-) N V[jo,j]- By Lemma 2.5 we have

Zinin(Vji jo)» V) = arcsin(sin?(e')) =: &.
Hence there exists 1 < ¢ < ¢ depending only on € and o such that L ; is a

g-expansion on (V[MO])L N Vijo,5- This implies that Ly; ;) is a relative 6-expansion
on v NV j wr.t. v NV - O
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Corollary 9. Given the constant o > 1 in Proposition 12, and 1 < ¢’ < o, there

is & > 0 such that for every trajectory {(v,m)}i, if [i,70] is a 0-collinearity then

for all j > jo, the velocity flow Ly; ;1 is a relative o' -expansion on vk N Vii,j) w.r.t.
i

Crl V[id'o]'

Proof. This follows from Proposition 12 with a continuity argument like the one

used in the proof of Proposition 10. O

Proposition 13. Given § > 0 there exists o > 1, depending on d, f, € and §, such
that if a time interval [i + 1, j] of some trajectory contains no subinterval which is
a 6-collinearity then Ly; j is a o-expansion on vk N Vi, q1-

Proof. Let [i, j] be a time interval such that [i+1, j] contains no subinterval which is
itself a d-collinearity. By Corollary 8, there is ¢’ > 0 such that for every [ € [i +1, j]
either n; € {ni+1,...,m—1}, or else

ZL(vi, Vigg—1y) > 6" .

Thus by Lemma 5.14 Lj; ;) is a uniform expansion on vk N Vii.51-

Now we can prove Theorem 5.3.

Proof of Theorem 5.3. Take the constant o > 1 given in Proposition 12. Set ¢/ =
%—i— %O’ € (1,0), and pick § = §(c’) > 0 as provided by Corollary 9. Fix the constant
" = o(6) > 1 given by Proposition 13 and set o9 = min{o’,o"}.

Fix some integer k£ > 0 and let {(v;,n;)};en, be a trajectory. We consider three
cases:
» If [0,k] contains no d-collinearity, by Proposition 13 L is a ¢o”-expansion
on vy N Vjox- But since any trajectory is generating on [0,k], we have vy =
vg N Vio,x], which proves that Ly ) is a 0”-expansion. Finally, because Ly ok is
non contracting, Ljg ok) = Lik,2k] © Ljo,x] is also a 0”’-expansion.
» If [0, k] contains a d-collinearity [¢,j] C [0, k], we can assume it is minimal, in
the sense that [¢,j] contains no proper subinterval which is itself a d-collinearity.
Consider first the case j > i + 1. By Proposition 13, L; ;) is a 0”-expansion on
vf N V}; - Because Li; og) = Lij2x) © Lyi j), and Lj 23 is non contracting, the map
Li; 21 is also a o''-expansion on vil NV};,5- Remark that since 7 < k, the trajectory

is generating on [i, 2k], and hence v;- = vf- M V}s,2x)- Hence by Proposition 9, Ly; o)

7
is a relative o’-expansion on UZ-J‘ w.r.t. v N Vii,j)- Thus by Lemma 5.11, Lj; o5 is a
oo-expansion, which implies so is Lg oy
» Finally we consider the case [0, k| contains d-collinearities, but the minimal ones
have length zero, say {i} C [0, k] is a d-collinearity. In this case we have Z(v;, ;) < 6,

and the proof is somehow simpler. By Lemma 2.2

(Vi1 Niij—11) = Z(§vi) + Nyig1,j—135 €n6) + Nyig1,5-17)

. (sind N
< arcsin | — =:0.
sine
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On the other hand, because v; = a;n; + B; v;—1 with a; > ¢ and ¢ = cos(FA(f)),
whenever n; € {n;,...,nj_1} we have

c
4(Uj7‘/[i,j71]) > il(njav[i,jfl])
c cd
> 3 Z(nj, Njij—1)) — 53
c ce
> - (e=48)> —
>2-8=5,

provided ¢ is small enough. Thus, using Lemma 5.10 we get by induction that
Ly; i+x) is a uniform expansion, and as before that Ljg oy is also a uniform expansion.

Therefore, Lo s is a op-expansion in all cases. O

6. Proof of the Main Statements. Let P be a spanning polytope and [ a
contracting reflection law. Denote by ® = ®¢p: D — D the billiard map for P
and f.

Proof of Theorem 2.10. Let © = (p,v) € D be any k-generating point. We can
identify the tangent space T, M with v x v! using the Jacobi coordinates (.J, J').
From the proof of Proposition 4, the subbundle E°*(x) in the coordinates (.J, J")
is {(J,J') € vt xvt:J = 0}. Moreover, by Theorem 5.3, there exists o > 1
depending only on P and f such that

1D (2)(J,0)|| = | Lio 2w ()| = ol T]l, VT € v
This uniform minimum growth expansion on E“* proves the theorem. O

Proof of Theorem 2.12 . Assume that (®,p) is ergodic and [T dpu < +oo. First
note that, by Proposition 4,

lim sup — log||D<I>"( ) E=| =logA(f) <0

n—oo

for every z € D. Consider now the partition {A,, = T~1{n}},en of D, and define
the measurable function T': D — N, T'=n on A}, := ®(A,). This function satisfies

T (q)*f("”) (x)) =T(x) forall ze€D.
Moreover [Tdp = [T du < +oc. From Theorem 2.10 we have

HD@*QT@)(;ENEW <1/o forall z€D.

Define recursively the following sequence of backward iterates and stopping times

{ g =T _ { Tjp1 = (I)itj ($])
to  =2T(xo) tivr =2T(xj41)
n— 1

Let us write 7,, = ZJ o tj. Since t; > 2d for all j, this sequence tends to +oo, and
we have

1
—— log [|D® ™™ (2)|geu E logHDtl) ()| peu
m Ll Za =0 ti 5=o ’
logo—! = log o

2 - nnl 1 n—1 4 .
Z; ot n Zj:o T(xj-1)
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Thus, by Birkhoff’s ergodic theorem, for p-almost every x € D,
log o
[Tdu
By Kingman’s ergodic theorem, the above lim sup is actually a limit. Thus,

>0.

| >

1
lim sup - log HD<I>_"(gc)|Ecu

n—-+oo

1
lim — log||D® " (x)|ge| <0
n—oo N
for p-almost every € D. This proves that p is a hyperbolic measure. O

Proof of Theorem 2.13 . Assume that A C D is ®-invariant. By Proposition 4, ® is
uniformly partially hyperbolic on A. Moreover, it follows from Theorem 2.10 that
there exists a constant C' > 0 depending only on P and f such that

. 1
1D @)peol < € (1)

g

n
2k

for every x € A that is k-generating. Since the escaping time function T is bounded

on A, every x € A is 7-generating where 7 := sup,c, T'(). So the expansion
rate can be made uniform and equal to /7 > 1. This shows that ® is uniformly
hyperbolic on A. O

Proof of Corollary 3. Suppose P is in general position, in particular P is a spanning
polytope. By Corollary 5 there exists a positive constant A\g = A\o(P) such that the
escaping time function 7" is bounded on D. The claim follows by Theorem 2.13. O

Proof of Corollary 4. Suppose P is an obtuse polytope in general position, in par-
ticular P is a spanning polytope. By Corollary 6 the escaping time function 7' is
bounded on D. The claim follows by Theorem 2.13. O

7. Examples. In this section we study in detail the contracting billiard on a family

of 3-dimensional simplexes, illustrating the applicability of our main theorems.
Let {e1,...,eqy1} be the canonical basis of R4*1. Given d > 2, we denote by A;jl

the d-simplex in R4 defined as the convex hull of the vertexes v; = e; for 1 < j < d

and vy = 8 Z?Zl ej+heqi1. For any set of d facets of A} ((d—1)-dimensional
faces), their normals are linearly independent. Therefore, A;ll is in general position
according to Definition 3.1 and it is spanning according to Definition 2.9.

7.1. Near conservative billiards. We firstly consider contracting reflection laws
close to the specular one. It will be shown that the escaping time is uniformly
bounded, by computing the barycentric angles of A{.

The simplex Az has d + 1 barycentric angles, one for each vertex. By symmetry
all barycentric angles at base vertexes v;, with 1 < j < d, are the same. Denote
the barycentric angle at the base vertexes by ¢1 = ¢1(h) and the barycentric angle
at Vd+1 by ¢2 = ¢2(h) Define

Ao(h) := 1 —4 min{¢: (h), a(h)} /. (6)

Proposition 14. For every h > 0 and every contracting reflection law f satisfying
Ao(h) < A(f) < 1 the billiard map (I)vaZ is uniformly hyperbolic.

Proof. Notice that A;’ll is in general position and spanning. Moreover, by Theorem
4.5, if 2¢; > /2 — f(7/2) > w/2 — MN(f)7/2 for i = 1,2 then the polyhedral cones
have bounded escaping time. This is the case when A(f) > 1 — 4min{¢q, ¢2}/7.
Thus, by Theorem 2.13, @, Al is uniformly hyperbolic. O
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Figure 3 shows the graphs of the Ag(h) defined in (6) for d = 3, 4 and 5. The
shaded regions bounded between these graphs and A = 1 are called admissible
regions. This figure shows that the admissible regions decrease as the dimension
increases. The bottom tips of these admissible regions correspond to the heights h
of the regular d-simplexes.

Xo(h) in A3

Xo(h) in A2

region for
appropriate

0.56 | A(f)’s in A3

0 1

h : Height of the simplex
FIGURE 3. Parameter regions with uniform bounded escaping time

7.2. Near slap billiards. Here we consider the situation when A\(f) ~ 0 for a given
contracting reflection law f. These reflection laws are called strongly contracting
(see [5]). In this context the dynamics may loose uniformity due to unbounded
escaping times. To any strongly contracting billiard we can associate a degenerate
billiard map called the ‘slap map’ corresponding to f = 0, where reflections are
always orthogonal to the faces. When h is small enough the slap map has a trapping
region, called a chamber, away from acute wedges. Hence the escaping time is
bounded on the chamber. This concept generalizes the notion of chamber introduced
in [6].
For simplicity we will assume d = 3.

Proposition 15. For any h € (0,1/2) there exists Ag = Ag(h) > 0 such that for
every contracting reflection law f satisfying A(f) < Ao(h), the billiard map Py az
is uniformly hyperbolic.

Proof. Firstly, let us assume that A(f) = 0. This means that the billiard particle
always reflects orthogonally to each face of the polytope. Since after the first iterate
the angle is zero, we can reduce @ a3 toa multi-valued map ®g : A3 — A3
(skeleton points may have more than one image). Let A4;, ¢ = 1,...,4 denote the
vertexes of the simplex A} with A4 being the top vertex. The triangle A;A>As
is called the base of the simplex (see Figure 4). We show that there is a set V
on the base of the simplex which is invariant by ®2. Let Cp denote the center of
Ay As Az, ie., the point mapped by ®g to the top vertex of the simplex. Then,
the base triangle is partitioned into three triangles, namely A; A3Cy, A1 AsCy and
AsA3Cy. Since ®(Cy) is the intersection of the three faces, it has three distinct
images by ®¢. A simple calculation shows that when h < hy for some hy > 0,
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these images belong to the base of the simplex. Denote them by Cy, C5 and Cs.
The image of triangles A3 A2Cy, A2 A3Co and A3A1Co under ®3 are respectively
triangles A3 A2C3, A3 A3Cy and A3A;Cy. Therefore ®3 maps the triangle A; Ax A3
to itself.

Now we construct an hexagon H = My Mo M3 M, MsMg as follows (see Figure 4):
the point Mj is the intersection of A;Cs with the perpendicular to Ay Cy through Cf.
Likewise, M5 is the intersection of AsCy with the perpendicular to AsCy through
Cy. The other Mj;’s are similarly defined. The hexagon J is the union of three
pentagons whose images under ®3 are in the hexagon (. On the right of Figure 4,
we can see the image of the pentagon P = CoCy Mo M, Cy, ®3(P) = CHCLMLM/CY.

Ay

FIGURE 4.

Moreover, the intersection of the pentagon ®3(P) with the boundary of X is just
the point C) = C3. Hence, for some small enough neighborhood V of 3 on the base
triangle A; A A3 we have ®2(V) C V.

It is easy to see that every orbit of ®( eventually enters V. In fact, every orbit
starting near the wedges of the simplex will escape by a zig-zag movement and
enter H C V. Since V is away from the wedges, the escaping time T'(x) for z € V is
uniformly bounded.

Denote by 1 the inward normal to the base of the simplex and given Ay > 0
define

Sty = {v €S5: (v,m) > cos (Aog)}

Also define Ay, = (V X S:; /\0) N M™T. Then, by continuity, there exists g =

Ao(h) > 0 such that for every contracting reflection law satisfying A(f) < Mg we
have

®F a3 (Arg) C Ay, and D= N B pa (Ar,)-

n>0

The previous equality follows from the fact that for each x € M T there exists n > 0
such that ®% .5 (x) € Ay,. Since the escaping time is bounded on Ay, it is also
2}

bounded on D. LTherefore, the proposition follows from Theorem 2.13.
O
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