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Abstract

We derive some formulas that rule the behaviour of finite differences under
composition of functions with vector values and arguments.
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1. Introduction

The Faa di Bruno formula [2] gives an expression for the n-th derivative
(n > 1) of the composition fog of two functions f and ¢ in terms of
derivatives of f and g. Functions of class C'*° will be called smooth. To
simplify assumptions we shall always assume that f and g are both smooth
functions. This formula has many versions, depending on the type of deriva-
tives considered. Assume first that f and g are real valued functions of one
real argument. Then the formula takes the following form

n!

Fon0 =T g e (42)" o (226)°
1

where the sum is taken over all solutions (by,...,b,) € N" of the equation
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We note that N = {0,1,...} starts with zero, so that b; > 0 for every
1=1,...,n.

Assume next that f and g are functions between euclidean spaces of
possibly different dimensions, the domain of f containing the range of g. Let
e1,...,er be vectors in the euclidean domain of g. The list e = (eq,...,ex)
will be referred as a k-multi-vector. Given a = (a, ..., ax) € NF and a point
x in the domain of g, we denote by D%g,(e) the derivative D¢l o- -0 D g(x)
of order |a| = a; + ...+ ay. Given o € N*| let

] ={BeN":f<a}={00"0....0"}.

Then, Faa di Bruno’s formula takes the form

o a! Dﬁlggg e DP" g, (e
D<fog)x(e)=2—bllmb D bm>fg(x)< O (€)

(8")! (6™)!

(2)
where the sum is taken over all solutions (by,...,b,) € N™ of the equation
b+ b0+ + b =,
and o! = aglag! -+ ag! when a = (ay, ..., ax). Assume now the multi-index

a belongs to the discrete cube I* = {0,1}*. In this case we have a! = 1,
B! =1, and b; € {0,1}, which implies b;! = 1, for all i = 1,...,m. Then
formula reduces to

D(fog)ale) =) Dlvtm) fo (Dﬁlgz(e), o Dﬂmg$(€)>
where the sum is taken over all solutions (by,...,b,) € N™ of the equation
i+ b8+ .+ b, 8" =

We can simplify this formula a little more.

Definition 1. Given a multi-index o € I*, we call partition of o with size r
to any subset with r elements {a* ... a"} C I*—{0} such that o'+ - -+a" =
a.



Of course the size r must range between 1 and |al, since the smallest
partition {a} has size 1, and |a’| > 1 for each o' in some partition. Then

Da<f og)x(e) = Z Dmfg(z) (Dalgx(e>7 o Dargz<€>) (3)

al++ar=a

where the sum is taken over all partitions of a with size ranging from 1 to
|a|. Formula (3)) is at the same time a special case and an extension of (2).
Given o € N¥| take € to be the r-multi-vector with o; components equal to
e;, foreach i =1,... k, where r = |a|. Set @ € I" = {0,1}" to be the multi-
index with all components equal to 1. Then D*(f o g).(e) = D*(f o g).(é).
Grouping and counting equal terms we can derive from (3)).

After having written this article we found the reference [3] where a discrete
version of this formula is derived in terms of divided differences. Here we
deal with finite differences instead of divided differences, which means our
formula holds for general functions of several variables. The history of Finite
Difference Calculus goes back a long way, parallel to that of Infinitesimal
Calculus. We refer to [4] for a modern treatment of this calculus. We briefely
recall some basic definitions in order to state our discrete version of Faa di
Bruno’s formula. Given a vector u € X, in some euclidean space X, let 7, be
the translation operator defined by (7,f)(z) = f(x + w). This operator acts
on every space of functions f € YX. The difference operator along vector
u, A, : YX — YX is defined by A, = id — 7,, which corresponds to set
(Auf)(z) = f(x +u) — f(x). Notice these operators always commute, i.e.,
AyoA, =A,0A, for all vectors u,v € X, since 7,07, = Ty1p = Ty O Typ-

Definition 2. We call finite difference operator of order k to any composition

of k difference operators along possibly repeated vectors. Given a multi-vector

= (uy, - ,ux) € X*, we denote by A¥ : YX — YX the composite operator

AbF = A, 0A,0---0A,. More generally, given « € NF, A® = (A,,)™ o
.0 (Ay,)™ denotes a difference operator of order |a.

Next we introduce an algebra of symbolic finite difference expressions. Let
x,1, ... be symbols representing points, i, us,... be symbols representing
vectors, and f,g,... be symbols representing functions. We denote by D
the set of all symbolic finite difference expressions, which we define as the
smallest set of expressions such that:



if £ is a symbol representing a point then x € D;

if u is a symbol representing a vector then u € D;

if t € D and f is a symbol representing a function then f(¢) € D;
ift,s € D then t + s € D;

if « € N¥, s.tq,...,t, € D and f is a symbol representing a function
then A% . f(s) €D.

CUl W=

We consider as equal all terms which formally can be proved to be equal using
property transformation rules of finite differences. Of course, depending on
the interpretation given to the point, vector and function symbols, many
terms in D will be formal but meaningless expressions. We define recursively
the order of a term ord : D — N:

1. if z is a symbol representing a point then ord(z) = 0;

if u is a symbol representing a vector then ord(u) = 1;

if t € D and f is a symbol representing a function then ord(f(¢)) = 0;
if t,s € D then ord(t+ s) = min{ord(¢), ord(s)};

if « € N¥, s.t,...,t, € D and f is a symbol representing a function
then ord <A€21,...,tk)f(5)> = ajord(ty) + ... + oy ord(tx).

Gl N

Given a term ¢ = Af; f(s) € D which is meaningful for some interpre-

tation of its symbols (all functions being smooth), if all vectors w; in ¢ are

small of order ¢ then # is small of order ¢214®), The following theorem is

our main result. Let X, Y and Z stand for linear spaces.

Theorem A Given maps f € YX and g € X?, and a multi-vector u € Z*,

Afj(fog)(x) = Z A"31g(x)”A3ng(x)f(g(x)) + o, <4>

al+-+an=q
where the ellipsis stand for higher order terms.

Next theorem gives an explicit formula for (4)).

Theorem B Given a € I*, there are recursively defined sets, .Ag, Ail, e Air
associated with each partition € = {at, ..., a"} C I*¥ of «, such that
1. the sets Ag, Ail, cee Air are pairwise disjoint;

2. ﬁGAgC [a], for 3=0,a',...,a";



3. |y > 18|, for every v € .Ag —{pB}; and

for any given maps f € YX and g € X%, and any multi-vector u € Z*,

Aifog)@) = Y Al e flup), (5)

where ug = Zveﬂé AYg(z), for each 3 =0,a,... a".

See theorem . Note that u§ = g(z)+- - -, with remainder ZweAg—{o} AYg(x),
and for each ¢, ui = A%g(x) + - -+, with remainder Zveﬂii—{oﬁ} AYg(x).

By 3. both these remainders are terms of higher order.

2. The Infinitesimal Formula

Let D C X be an open domain. The tangent space T'(D), and the tangent
map T'f : T(D) — T(Y), are defined to be T(D) = D x X, respectively
Tf(x,u) = (f(x),Dyf(z)). The chain rule shows that construct 7" is a
functor, which essentially means that T'(fog) = T foTg. Inductively, we can
define higher order tangent spaces and tangent maps, by setting T%(D) =
T(T*Y(D)) and T*(f) = T(T*1(f)). Then the iterated correspondence
T* becomes also a functor. The tangent map of order k, T*(f) can be
explicitly expressed in terms of higher order directional derivatives of f. As
we shall see the pattern of these expressions rules the behaviour of higher
order derivatives under composition. To get an explicit expression for T*(f)
we need some special notation to denote elements in T%(D). We shall call
k-cuboid of X to any family @ = (us)aers of vectors in X indexed over the
discrete cube I* = {0,1}*. Notice that any k-cuboid u can be thought of
as a pair of (k — 1)-cuboids, corresponding to restrict its indices to the two
opposite faces {ay = 0} and {a; = 1} of the discrete cube I*. Therefore, we
can and shall identify the tangent space T*(X) with the set of all k-cuboids
of X:

TH(X) = {1 = (Ua)perr : Ua € X forall acIF}.

The k-tangent space T*(D), to an open domain D, is the set of all k-cuboids
u € T*(X) whose base point uy belongs to D. The k-tangent space over a



point # € D is the set T¥(D) of all w € T*(D) such that uy = z. We shall
use the multi-index derivative notation

Dy f(x) = (Du,)™ ... 0 (Dy,)™ f(x) .

Because multi-indices are cumbersome to write, we shall adopt the fol-
lowing writing convention. Given a cuboid u € T*(X), u;, _;, stands for the
component u,, where « is the multi-index (ay, ..., ay) defined by a; =1, if
j € {i1,...,in}, a; = 0 otherwise. Given a multi-index u = (uy,...,u;) € X*
we shall denote by ((z;u)) the k-cuboid W such that wg = x, wy = uy, ...,
Wy = Uy, and w;,_;, = 0 for all n > 2. With this notation is very easy to
check that

Proposition 1. If f € Y is a class CF map, then for all x € X, u € X*,

TH) (s ) = (DR (@) aer -

The following kind of notation
Z Aalw"an
al++ar=a

will always denote a sum taken over all partitions of « (see definition [1]) with
size ranging from 1 to |a/.

Proposition 2. Given a class C* map f € Y* and a k-cuboid w € TF(X),
writing T* f @ = (T f U)aerr, we have for each a € I*

Tfu= > Dl ..f@). (6)

al4-4anr=qa
Proof. This proposition is proved by induction. ad
Let us call order of a term D . f(x) to the sum |a'| + ... + |a"].
Then, it is clear that expression is homogeneous: all summands have

order |a/.
A couple of examples

TUY(f)@) = D, f(z) + D3, . f(2)



T(l’l’l)(f) (ﬂ) == Du1,2,3f($) +
D? f(z) + D?

ui,u2,3 ug,u1,3
. (

D x).
Uy, u2, USf

From proposition , we see that the tangent map pattern @ rules the
behaviour of higher order derivatives under composition.

flz)+ D2, ., f(x)+

Proposition 3. Given class C* maps f € YX and g € X?, and a multi-
vector u € ZF,

D;j(fog)(m) = Z Dnal Dg"g(x)f(g($)) :

Proof.
De(fog)e) = T(f o) (o)
= T(f) T*(g){(x; )
= T*(f) (Dgg(x))ﬁelk

- Z DDg‘lg(ac) ..... Dg‘"g(ac)f(x)

al4tar=a

3. The Discrete Formula

In order to characterize finite difference operators consider as before the
discrete cube I* = {0,1}* as a set of multi-indices. Given o € I* we write
a = (aq,- -+ ,aq), where each o represents a binary digit, a; = 0 or o; = 1.
The set I* is partially ordered by the relation

a<pf & o<, foral i=1,....k.

We also write |a| = a; +...+a, and «a-u=aqgu;+...+ apu,. A simple
computation shows that

Proposition 4. Given f € YX, for allx € X, and u € X,

Agflx) =Y (=) f (2 4 8- u)

BLa



A key property of the difference operator A is the following kind of ad-
ditivity.
Proposition 5. Given f € YX, forallxz € X, and u,v € X,
Ao f(x) =Auf(z) + Ay f(z+u) . (7)

We define now a discrete equivalent of the k-tangent map to f: X — Y.
This will be a mapping Ti(f) : T*(X) — T*(Y). The construct T} will
again be a functor. For that purpose we introduce the difference operator
A:THX) — THX)

AT = (A“T) e, where A% = Z(—l)m_'ﬁ‘uﬂ :
BLa

Notice that A% = ugy. The operator A is invertible. Its inverse is the sum
operator A=t : TF(X) — T*(X)

A_lﬂ: (ZUQ) .
Ba aelk

The correspondence f € Y ~ f, : TH(X) — T*(Y),

Je(®a)aerr = (f(xa))aejk )

is obviously a functor. Thus, defining T)(f) = Ao f, o A~ the correspon-
dence f ~» Ty (f) is conjugated to f ~> f,. Therefore, T}, behaves functorially
too.

Proposition 6. Given f € YX, for allx € X, and u € X*,

Te(f) ({3 uh)) = (AGS(@))aere -

Proof. It is enough to notice that A7 (z;u)) = (x + a - u) e pr. 0

We shall say that any component u,, of a k-cuboid @, has order |«|. Then,
we define recursively the order of a finite difference term A f(z) to be
the sum of the orders of terms uq, ..., u,. Each term u; can either be some
cuboid component, as in proposition below, or else another finite difference
term, as in theorem A. In both cases the formulas for T, fu and AY(fog)(z),
respectively, have a main part which is a sum of order |a| terms, plus a
remainder consisting of terms with order > |a].



Proposition 7. Given f € YX andu € TH(X), writing Ty f u = (To f W) e,
we have for each o € I*

Tfu= Y Al f(x) (8)
al++arn=«a
where the dots stand for a sum of higher order terms.

Proof. This proposition follows from theorem , using the property to
expand differences. O

Given a € I*, we shall denote by P, the set of all partitions & =
{a!,...,a"} of a. The multi-index obtained from a adding digit 1 at the
end will be denoted by a)1. Therefore a1 belongs to I**! and has order
|aQl| = |a| + 1. Next lemma relates P, with Pe1.

Lema 1. Given £ = {a?, ..., a"} € P,, consider the partitions of a1

&o = {001, @'00, ..., ™00}  with size n + 1,
& ={a'00, ..., a0, ..., a"00} with sizen, for 1<i<n.

These partitions exhaust Poe1 without repetitions,

?am:{é:ogign, and £ € P, }.

Given two k-cuboids %, v € T*(X), we shall denote by w = [u, ] the
unique (k + 1)-cuboid such that Waeo = e and Weer = Va-

Lema 2. For allu, v € TF(X),
1. A7, v] = [A™ u, A=Y u +v)].
2. Alu,v] = [Au, Av — Aq].
3. Tera (N, 0] = [Te(f)u, Te(f)(@+ ) — Te(f)u].

Lema 3.

A?ul—&-vl),..‘,(un—%vn)f(‘r + w) - Azl,,unf(x) =

n
Agﬁ}l, ,unf(‘r) + Z Azl, ey UG 1, Vg, (u¢+1+vi+1),...,(un+vn)f(x +w+ ul)
=1



Proof. Follows by an iterated application of . a

We call mazimum order of a partition £ = {a!, ..., a"} € P, to the
number maxord(¢) = max{|al|, ..., |a"|}.
Theorem 1. Given a € I*, there are recursively defined sets, Ag, Ail, cee Air
associated with each partition € = {at, ..., o"} C I* of «, such that
1. the sets Ag, .Ail, cee Air are pairwise disjoint;

2. 3 E.Ag Cla], for 6 =0,a',...,a";
3.0<y<a and |y| < mazord(), for everyy e A5 —{0};
4. o' <y <a and |y| < mazord(§), for everyy € Aii —{a'}; and

for any given maps f € YX and g € X?, and any multi-vector u € Z*,

Tofu= Z A’ ¢ f(ug) ; 9)

U g5y UWor
E={al,...,a"}ePy “

where ufg = Z%Ag U, for each B=0,a',... a".

Proof. This proposition is proved by induction in k. It is obvious when
a € I* with k¥ < 2. Assume it holds when k& < n. Any given multi-
index o € I*! is of the form a0, or a)1. Since the first case follows
by induction hypothesis, we now restrict our attention to the second case.
Given w € TF(X), write it as a pair w = [u, V], of k-cuboids u, v € T*(X).
Using lemma [3] we deduce

Toor(/)(@) = Toor (N[, 7] = To(f) (@ +) = Tu(f)u
= Z Ale | e e e flu§+0f) — A% uinf(ug)

. ua1+va1,...,uan+van ual,...,
E={al,...,a"}eP,

= Z AL usnf(ug) +

vO’ual FERET)
E={al,...,an}eP,

n
£ £ 3
+ g A" ug +vg + U,
i—1 U g iy 0 (S 0S5 ) (U 0 )f( 050 o)
1=

am

To finish the proof we just need to establish a one-to-one correspondence
between summands above and partitions in P,¢;. Using the notation intro-
duced in lemma , the partition & is associated with the first summand,

10



while the partitions & (1 <4 < n) are associated each with one of the sub-
sequent n summands. Making these identifications we arrive at the equation
between the previous sum and the following one:

n+1 n gai
Z Awéo 250 w50 w0<>0 + ZA €. € i € i € ; f(wooo)
t={al,...am}ePq 001"Caloo’ ™ Tam00 Yaloo ™ Wai=160"Yaig1 2 Yaro1

which, by lemma [T} is equal to

> A" o f(wf)

~ X ws 1o Wr
fz{ﬁ 7"'7BT}€T(X<>1

We assume that ug = Zv eng Uy and similar relations hold for vg, wgoo, etc.

Then, matching terms, we arrive at the following recursive equations on the
sets A%':

Aggo = A500

AS = AL 00
and
Al = AS01 if j =i
AL = A5, 00 if j <
Ai’wo = A%,00 U A%,01 if j >

Afsy = A500 U A501 U A5, 00

where Aoi={foi: fe€ A} fori=0,1. These recursive relations ensure
that Tho1(f)(w) has the correct development (9)). It is now easy to check
inductively that these sets satisfy the conditions 1., 2., 3. and 4. O

Theorem A in the introduction is a corollary of theorem [T Its proof is
completly analogous to that of proposition 3| and, therefore, will be omitted.

An algorithm that produces explicit expressions for T, fu has been de-
vised, which was also used to confirm the correction of the above recursive def-
initions. Its source code can be retrieved from http://ptmat.ptmat.fc.ul.pt/
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~pduarte/Research/FiniteDifferences/index.html. The following formulas
were computer generated by this package.

T(l’l)f(ﬂ) = Au1,2f (UO + ug + ul) +
Ail,’U,Qf (UO)

Taanf(@) = Auosf (up +ug + ug + ug s + ug + ur 3+ urg) +
Ail,uz’gf (uo + ug + ua) +
A2 f(u0+U3—l—u1)+
f(UQ+U2+U1>+

u1,3,u2+u2,3

A2

u1,2,u3+u2 3+u1,3

A?ﬂ JU2,U3 f (Uo)

Ay(fog)(@) = Anz g f (9(x) + Dug (2) + Auyg () +
AQAvlg(x),AUQQ(x)f(g(x))

A(fog)@) =Das . owf(9(x) + D0y () + Apg () + Dyyg (z) +
Agl,vgg (x) + A’lQ)l,'Ugg (x) + A’l2)2,’l)3g (I)) +
AQqulg(a:),A%Q’USg(m)f (g(ﬂf) + AU2g (.73) + Avsg ('T)) +
AR, o) Augg@+a2, o (9() + Buyg () + Auyg (7)) +

AX3, o) Dol 122, o(@)+87, o) | (9(8) + DBuyg (2) + Auyg () +

v

3
AAUI 9(x),Avy g(x),AUSQ(:t) f (g(.CC) )
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