
Note on the ergodicity of the Gauss map

Abstract

This note sketches the proof of the ergodicity of the Gauss map.

Let T : [0, 1]→ [0, 1] be the Gauss map, T (x) = 1
x −b

1
xc, and µ be the Gauss measure,

which is defined by

µ(A) =
1

log 2

∫
A

1

1 + x
dx .

The Gauss map with this measure determines a measure-preserving dynamical system
(MPDS) (T, [0, 1],F, µ).

Theorem 1. The MPDS (T, µ) is ergodic.

Given two functions f1, f2 : X → R we write f1(x) � f2(x) (x ∈ X) to express that
there exists a constant c > 0 such that for all x ∈ X,

e−c f2(x) ≤ f1(x) ≤ ec f2(x).

With this terminology we will prove that

Proposition 1. µ(A ∩ T−nB) � µ(A)µ(B) (A,B ∈ F, n ∈ N) .

Proof of Theorem 1. Given B ∈ F such that T−1B = B, defining A = X \B, we have

0 = µ(∅) = µ(A ∩B) = µ(A ∩ T−nB) � µ(A)µ(B)

Hence µ(A) = 0 or µ(B) = 0, which implies that µ(B) = 1 or µ(B) = 0. Thus (T, µ) is
ergodic.

The rest of this note is devoted to prove the previous proposition.

Given integers a0, a1, . . . , an ≥ 1 define

I(a1, . . . , an) := { [a1, . . . , an, x] : x ∈ [0, 1] }.

1



Proposition 2. ∃ c > 0 ∀ a1, . . . , an ∈ N, Tn : I(a1, . . . , an)→ [0, 1] é um difeomorfismo
tal que ∀x, y ∈ I(a1, . . . , an),

e−c ≤ |(T
n)′(x)|

|(Tn)′(y)|
≤ ec .

Proof. (log |T ′(x)|)′ =
|T ′′(x)|
|T ′(x)|

=
2

|x|
≤ 2

log |(Tn)′(x)| =
n∑

i=1

log
∣∣T ′(T i−1x)

∣∣
∣∣∣∣log
|(Tn)′(x)|
|(Tn)′(y)|

∣∣∣∣ ≤ n∑
i=1

∣∣log
∣∣T ′(T i−1x)

∣∣− log
∣∣T ′(T i−1y)

∣∣∣∣
≤ 2

n∑
i=1

∣∣T i−1(x)− T i−1(y)
∣∣

≤ 2

n∑
i=1

∣∣gai−1
◦ . . . ◦ gan

(Tnx)− gai−1
◦ . . . ◦ gan

(Tny)
∣∣

≤ 2

n∑
i=1

1

2n−i−1
≤ 8 .

In = I(a1, . . . , an) = { ga1 ◦ . . . ◦ gan(x) : 0 ≤ x ≤ 1 }

∀ [α, β] ⊆ [0, 1],
In ∩ T−n[α, β] = { ga1

◦ . . . ◦ gan
(x) : α ≤ x ≤ β }

β − α = m[α, β] = |(Tn)′(x)| m(In ∩ T−n[α, β])

1 = m[0, 1] = |(Tn)′(y)| m(In)

⇓

m(In ∩ T−n[α, β]) = m[α, β]m(In)
|(Tn)′(y)|
|(Tn)′(x)|

⇓
e−cm[α, β]m(In) ≤ m(In ∩ T−n[α, β]) ≤ ecm[α, β]m(In)

∀ J = I(a1, . . . , ak) com k < n, J é uma união numerável de intervalos disjuntos
In(a1, . . . , ak, bk+1, . . . , bn), bk+1, . . . , bn ∈ N.
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⇓
∀ [α, β] ⊆ [0, 1],

e−cm[α, β]m(J) ≤ m(J ∩ T−n[α, β]) ≤ ecm[α, β]m(J)

⇓
m(J ∩ T−n[α, β]) � m[α, β]m(J) (J, [α, β])

⇓
m(A ∩ T−nB) � m(A)m(B) (A,B ∈ A)

Lemma 1. Let m denote the Lebesgue measure on [0, 1]. Then

(a) µ(A) � m(A) (A ∈ F)

(b) m(A ∩ T−nB) � m(A)m(B) (A,B ∈ F)

(a) 1
2 log 2 m(A) ≤ µ(A) = 1

log 2

∫
A

1
1+x dx ≤

1
log 2 m(A)

(a) + (b) ⇒ µ(A ∩ T−nB) � µ(A)µ(B) (A,B ∈ A)

Theorem 2. For almost every x ∈ [0, 1], the convergents

pn(x)

qn(x)
= [a0(x), a1(x), . . . , an−1(x)]

of x satisfy

lim
n→+∞

1

n
( a0(x) + . . .+ an−1(x) ) =∞

lim
n→+∞

1

n
log qn(x) =

π2

12 log 2
= 1.186 . . .

lim
n→+∞

1

n
log

∣∣∣∣x− pn(x)

qn(x)

∣∣∣∣ = − π2

6 log 2
= −2.373 . . .
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